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Abstract

An asset is considered whose logarithmic price is the sum of a drift
term, a Brownian motion and jumps of a Poisson process. The optimal
attainable wealth of both informed and uninformed agents are compared.
Various items of future information about the price process are considered
available to the informed agent. Detailed analysis is made of the case where
the informed agent knows the total number of jumps.
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1 The model

We study a market where are traded

e a riskless asset

e a risky asset.
We assume that the riskless asset has a zero return rate so S = 1, V¢t > 0. The
dynamics of the risky asset are given by the equation

Here W = (W,;,t > 0) is a Brownian motion and (M;,¢ > 0) is the compensated
martingale of a Poisson process, i.e., M; = N; — At where the intensity of the
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Poisson process N is assumed to be a constant A > 0. We recall that M and
W are independent, as are any pair of BM and PP on the same filtered space.
The coefficients u, o, ¢ are constants and ¢ > —1 in order that the price remains
non-negative.

The solution of (1.1) is

2

Sy = Spexp(ut) exp(cW; — %t + Ny In(1 + @) — Agt) . (1.2)

This market is incomplete and, in general, the uninformed agent must consider
a range of viable prices for any non-hedgeable contingent claim (, i.e., consider
all the set of expectations Eg(() of the terminal payoff under any equivalent
martingale measure (). This set is an interval and is is quite large in general. For
example, denoting by BS(t, x) the Black and Scholes function

BS(t,z) Y E(Xr — K)*|X, = 2)

where dX; = X;0dW,, it is proved in [1] that, for a European option, the range of
viable prices is the open interval |BS(t, S;), Si[.
Write (F;, 0 < t < T) for the complete, right continuous filtration generated by
S; this is the same as the filtration generated by W and M.

Let us now consider, as in [4] [6] [9] among others, an informed agent who,
from time 0, knows, for example, any one of the following pieces of information :
The number of jumps over the interval [0, T], i.e., Np;

The times when the jumps occur, i.e., (N, s < T);

The path trajectory of the B.M., i.e., (W, s <T);

The terminal value of the Brownian motion W, i.e., Wr;

The terminal value of the underlying asset, i.e., St;

. Any Fr random variable (.

We do not claim that this model is a "real world” model. We just try to under-
stand better the nature of inside information, modeled as an enlarged filtration.

SRR ANl

As was noted in [4] [6] [9], in an incomplete market, when the informed agent
knows any hedgeable Fr random variable, there does not exist an equivalent prob-
ability measure for the informed agent. From a financial point of view, this is
obvious; the informed agent knows the price of the hedgeable ( contingent claim
and he immediately obtains an arbitrage opportunity. This arbitrage opportunity
is revealed only at maturity, in the case where ( is not included in F; for ¢t < T
(for example ¢ = Sy). Therefore, the optimization problem for such an informed
agent has no solution.

In [6], the authors study a smaller enlargement of the filtration, as the market
is driven by two Brownian noises, and the informed agent knows only the terminal
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value of one of the BM. More precisely, they assume that the dynamics of the price
are given by :
dSt = St(,utdt + 01 (t)dWl (t) + 09 (t)dWQ(t))

and the informed agent knows W;(T'), which is not hedgeable. The filtration is
the filtration generated by the two BM. They conclude that, if ¢;,7 = 1,2 are
deterministic functions, the non-informed agent and the informed one assign the
same price to contingent claims of the form h(St), which are hedgeable for any h.
This is obvious if one notes that for the uninformed agent

dS, = Si[pudt + o1 (AW, (£) + o2 (H)dWa(t)] = Si[pudt + o3 (H)dWs (2)]

where W3 is a F;-Brownian motion. Therefore, the market is complete if we con-
sider only contingent claims measurable with respect to o(S;,t < T'). Moreover,

in the filtration F; “rv o(W1(T)), the process

tWi(T) — Wi(s)
T—s

t
W) < w ) - /0 ds < w (1) — /0 Iyds

is a Brownian motion. For the informed agent
dSy = Si[(pe + o1 (B)Ty)dt + o (8)dW () + o2(t)dWa(t)]

= S| (pe + o1 (H)Ty)dt + o3(t)dW5(t)] .

Therefore, under the risk neutral probability for the uninformed agent dS; =
Sio3 (t)th and for the informed agent, under the appropriate risk neutral proba-
bility, which is proved to exist, dS; = S;o3(t)dW;*. The dynamics of the price are
the same, and the prices are equal. This does not remain true if the coefficients o
are stochastic, except in the case where they are of the form o, = o (¢, S;).

1.1 Some particular cases

In this section, we assume that o # 0 and ¢ # 0.

e In case 2, for the informed agent, the value of the underlying risky asset is log-
normal with known jumps at known times. These jumps affect the return of the
risky asset. If F2 & o(W,,s < t,N,,s < T), any (F2) martingale is a stochas-
tic integral with respect to the Brownian motion W and is continuous; since S
is discontinuous, there does not exist an equivalent martingale measure. This is
obvious from a financial point of view: the arbitrage opportunity comes from the
knowledge of the times of jumps, and from the fact that the agent knows if the
jump is a positive or a negative one. In the case of positive jumps, the agent
can buy low before and sell high after the jump. In the particular case Ny = 0,
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we are reduced to the study of case 1, which will be discussed in sections 2, 3 and 4.
e In case 3, let F} de] o(Ws,s < T,Ns,s < t). If there were an equivalent
martingale measure for the informed agent, the dynamics of the price would be
of the form dS; = S;_¢dM*(t), where M*(t) is a compensated martingale. Under
the historical probability the drift part would be a finite variation process, which
is not the case. In the case of positive jumps, theQinforrned agent would be able

to know the infimum m of Sy exp(ut) exp(c Wy — %t — A¢t). Therefore, he knows

that S; > m(1 + ¢)™ and he can buy at the last lowest price before T and sell at
a high.

Similarly, in case —1 < ¢ < 0, the informed agent knows the supremum M of
2

So exp(ut) exp(cW; — %t — A¢t). Suppose this occurs at t*. Then, for t* <t < T,

Sy < M1+ )V < Spe (14 )N N < Sy

Therefore, the informed agent knows he should sell at time ¢* and buy at any later
time.

e In case 4 we suppose the informed agent knows Wy. Write K = SpetT exp(cWp—
2

%T — X¢T). Then Sy = K(1 + ¢)M. Suppose ¢ > 0, then Sy > K. Write
A =A{w @ infoqy<r Si(w) < K}. Then P(A) > 0. If w € A and S+ (w) < K,
the informed agent would buy at time ¢* and sell at T'; consequently, there is an
arbitrage opportunity.

Suppose ¢ < 0, then Sy < K. Write B = {w : supyc;cy Se(w) > K}. Then
P(B) > 0. Ifw € B and S;- > K, the informed agent would sell the asset at time
t* and buy at T'; again there is an arbitrage opportunity.

e In case 5, there is obviously an arbitrage opportunity on the interval [0, T], but
there are no arbitrage opportunities on [0,¢] with ¢ < T. This case is studied in
[4], as well as case 6.

2 Poisson bridge

In the remaining sections of the paper we restrict attention to case 1, that is we
suppose the informed agent knows N from time 0. Denote by (F;) the filtration
generated by the price of the risky asset

ftdéfa(ss;SSt) :O.(WsaMs’SSt)'

The uninformed agent can use only portfolios which are measurable with respect
to (F;). The informed agent will use the enlarged filtration

ft* défft\/O'(NT).
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As in [8], [7] we can establish that

« de t N —Ns

is an F;-martingale. Therefore, for the informed agent, the process NN is a point
process with the stochastic (F;)-predictable intensity

def Np— Ns_
Ay = ———,
T—s

This intensity is zero after the (F;)-stopping time 7* wf inf{s < T : Ny, = Nr}.
Therefore NN N N
| T ) oy <oe as

Note that, for the informed agent, the jumps occur with a hypergeometric
distribution. For example, if the agent knows that Ny = 1, the single jump occurs
with a uniform law on [0,7]. Furthermore, if the agent knows that Ny = n, as
soon as he (or she) observes the occurence of the nth jump, he (or she) knows
that there are no remaining jumps and the market is complete for him or her.
Consequently, for the informed agent, the dynamics of the price are

dSt = St_ [Mdt + d)(At - )\)dt + O'th + QSdM:] s

where

dM; S M, — (A, — N)dt = dN, — At .

3 The set of equivalent martingale measures

3.1 The uninformed agent

It was proved, in [1] and [2] for example, that the set of equivalent martingale
dP?
measures is Q = {P7|ﬁ|ﬂ = L]} where L] = L] (¢ydW; + v,dM;). In these

formulae, the two predictable processes 1) and ~ are related by
oy + Aoy =0, dP ®dt.p.s. (3.1)

and the process v must satisfy (1 + ;) > 0. Note that in the case o = 0, the

existence of v requires that )\—Md) < 1. In fact, if ¢ > 0 and )% > 1, the risky asset

has a return rate © — A¢ > 0 = r and the jumps increase the value of this asset.
The arbitrage opportunity is obvious. In what follows, we assume that g — A¢ #£ 0

ifo =0.
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Under P7,
t
W) L w - [ ds
0

is a Brownian motion and
M) S ) - /Ot Mysds = N, — /Otm +,)ds
is a martingale. The dynamics of S, in terms of W7 and M” are given by
dS; = S (cdW] + ¢pdM]),
SO

St = Sgg(O'W’y)t 8(¢M7)t .

Here £(cW?) (resp. £(¢pM?)) is the Doléans-Dade exponential, i.e., the solution
of dXt = XtO'thfy,XO =1 (resp. dXt = Xt_QSth’y, XO = ]_)
The range of European option prices is the open interval |BS(t, S;), Sy[.

3.2 The informed agent
3.2.1 Equivalent martingale measures for the informed agent

Recall that for the informed agent,

The pair (W, M*) has the predictable representation property. Therefore, if P*7 is
any equivalent martingale measure for the informed agent, the Radon-Nykodym
density of P*7 with respect to P is a P martingale L*7 which admits a represen-
tation of the form

dL;" = LY (1 dWy + v d M)

The process S is a P*7-(F;")-martingale if and only if (SL*7) is a P-(F;)-martingale,
which is equivalent to

pA ol = Ao+ oM (1 +97) =0, dP®dtp.s. (3.2)
d

t
Under P*7, the process (W;” <y, — / Yids,t > 0) is a Brownian motion and
0

t
(M = N, — / As(vi+1)ds,t > 0) is a martingale. Unfortunately, the indepen-
0

dence of these processes is lost under P* because ©* depends on N.

Note that when o = 0 there does not exist a process v such that (3.2) is sat-
isfied, as for t > 7*, Ay = 0 and (3.2) reduces to y — A¢ = 0. We have studied
this case in the previous section, proving that there is an arbitrage. In the case
i — A¢ # 0 we can easily check that there is an arbitrage opportunity: as soon
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as the informed agent knows that there will be no more jumps, the risky asset
is riskless with return rate g — A¢. If this return differs from the return of the
riskless asset, clearly there is an arbitrage opportunity.

For the informed agent, the price of the underlying asset is, in the general case
dS; = Sy (cdW;" + ¢dM;"),
and
Sy = SoE(eW* ) E(PM™), .
3.2.2 Range of prices for the informed agent
Definition : In the case r = 0, we define the Black-Scholes function BS(t, z) by
BS(t,z)=E((Xy—K)"|X;=2), BS(T,z)= (x — K)"
when the dynamics of X are given by
dX; = XyodWy, (3.3)
i.e. BS(t,r) = E[(zexploV/T —tU — %O'Q(T —1)] — K)*] where U is a standard

normal random variable.

As in [1], it is easy to establish that the price of a European claim is bounded be-
low by the Black-Scholes function evaluated at the value of the asset, i.e. BS(t, Sy):
[t6’s formula and the PDE satisfied by BS yield

t
BS(t,50) = BS(0,5) + [ [TBS(S,SS)AS(I—i—v;‘) ds + 7, .

Here YBS(t,z) = BS(t,z(1+ ¢)) — BS(t,x) — d)xag—s(t, r) and Z is an F; mar-
T

tingale. From the convexity of the Black-Scholes function, E*Y((Syr — K)*) >
BS(0,Sy). The Black and Scholes price is the lower bound of the range of prices,
as can be seen when v goes to —1. As soon as ¢ > 7%, the range interval is reduced
to the Black-Scholes price, because we have noticed that, after the last jump, the
market is complete for the informed agent.

Before the last jump, the upper bound is equal to the value of the underlying
asset, as shown in [5].

4 Optimisation

4.1 A toy market
We restrict our attention to the simple case of a complete market where

dSt = St_ [Mdt + ¢th]



September 7, 1998 8

and r = 0. We study only the case of the optimisation problem for the uninformed
agent, since the informed agent has an arbitrage opportunity after time 7*. The
non-arbitrage condition is equivalent to the existence of v such that v > —1 and
Ap — p
Ap

d
measure () is defined by P |7, = L; where L is the strictly positive martingale

AG — i\ Ve
L= (*551) expltn/o)
def

which satisfies dL; = —Lt_)\—’ud)th. Under the measure (), Mt = M, +tu/¢is a

martingale. Suppose «; and 3; are predictable processes representing the portfolio
of the uninformed agent. That is, a; is the amount of riskless asset owned at time ¢
and f3; is the number of units of S held at time . The wealth of the investor is then
X, = oy + 6:S;. If ¢4 > 0 is an adapted process representing the consumption, X
satisfies the self-financing condition dX; = 5;dS;—c;dt = m; X, (pdt+pdM;) —cydt,
where 1, = 3,;S;/X; is the proportion of the wealth invested in S at time ¢. The
process

i+ Apy = 0. This implies that

> (. The unique equivalent martingale

t
(/0 ¢oLods + X;Lot < T)

is a local martingale under the historical measure. Suppose the investor wishes to
maximize the expectation

E(/OTu(cs)ds + g(Xq))

Here u and ¢ are appropriate utility functions, @ and ¢ will denote their con-
jugate functions. Write X, = z for the initial wealth. Then the Lagrangian is

T T
E(/ u(es)ds+ g(Xr) — v(Lr Xt —|—/ Lscsds — x)). The optimal pair is given by
0 0
& = —i'(7Ly), X&: = —§ (VL)

N T

with 7 such that the following budget constraint holds : E(LTXT+/ L555d3> =
0

x. Using the fact that for any 3 the process (L;)? exp(—T'(3)t) is a martingale,

where 5
T(3) = (1 — A%)ﬁ— 1+A—g],

we are able to make explicit the computations in some cases:
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e Log utilities.

- In the particular case u(x) = g(z) = Inx, we obtain

. 14+T = x _ x
U= , - = .
x T +T)Ly " (1+T)L
~ t
The current optimal wealth is X, = £(1 — ——) and the optimal portfolio is
L, 1+T
A C—
$(Ap — 1)

- In the case u(z) = 0, g(z) = In(z), we obtain X; = 2(L,) ! and the same optimal
portfolio.

e Power utility functions.
Consider the case u(z) = g(x) = 2, with 0 < @ < 1. The optimal consumption

L\P
is ¢, = <Q> where 3 = and
o a—1
L_ 1 reyr L reenr
- - - -1
v xaf le * L'(B+1) (e )
The current optimal wealth is
= ———=—L;
o(T)

where ®(7) =T(8+1) exp[['(B+1)7] +exp[['(B+1)7] — 1. The optimal portfolio
1s

These quantities X7 and consumption strategy ¢ give the maximum expected
utility for the uninformed agent. We have seen that, if the informed investor knows
Nr, he (or she) has an arbitrage opportunity and so his (or her) expected potential
wealth can be infinite.

4.2 General case
4.2.1 The un-informed agent
We suppose now that the risky asset has dynamics
dS; = Si_ (pdt + odW, + ¢d M)

Let (X;,t > 0) be the wealth of an agent whose portfolio is again described by
(m¢), the proportion of wealth invested in the asset S at time ¢. Then

dXt = ﬂ'tXt_ (/Ldt + O'th + ¢th) - Ctdt (41)
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The market is now incomplete. There are various ways to solve the problem.
One is to complete the market with a second asset, solve the optimization problem
in the complete market and adjust the parameters of the fictitious asset such that
the optimal portfolio has a zero component in this asset.

A second is to solve directly the problem in the incomplete market by means of
the dynamic programming method. Let

c,x

T
V(t,z) =sup E [/ u(cs)ds + g(X7™9) | X, = x]
t

be the value function for this optimal control problem, representing the maximum
t

attainable expected utility. The process V (¢, X}) +/ u(cs)ds is a supermartingale
0

and a martingale for optimal wealth. Therefore, the value function V is a solution
of the HJB equation

V(T,z) = g(x)

oV )% 1, 5 5 0%V
= E(t, r) + s;lg{u(c) + 8—x(t’ z)(mxp —c) + 0T W(t’ )

+ AV (t,z(1 + 7)) = V(t,z) — mxd %—Z(t, x)]}

This problem can be solved explicitly for some particular cases.

4.2.2 Logarithmic utilities

e Case: g(z) =In(z),u(zr) =0
A solution of the HIB equation is of the form V(t,z) = p(t)Inxz + ¢(t) with
P(£) = 0, p(T) = 1. ¢(t)+pm = 0, q(T) = 0 where m = sup, wp-+ Alln(1 + 76) —

7rq§]—§7r2a2, the supremum being reached for 7 satisfying /L—)\gﬁQ[m]—ﬁ'oj =0
7
and 1 4+7¢ > —1.
Then V(t,z) = Inxz + m(T — t). In particular,
-~ 1 1
V(0,2) = E(In(X7)) =Inz + 50 27T + Mn(1 + ¢7)T + )\(1 e nT.

This gives the maximum expected utility which can be attained by the uninformed
agent.

For this case, there is in fact a third way to solve the problem: determine E(In(X7))
using Ito’s formula. This leads to

ElIn(X7)] +/ (pms — —a 72+ AIn(1 + ¢7,) — ¢my)ds|, .
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We theen maximize the quantity under the integral sign for each s and w.
Any of the methods leads to

N

1 2 2
= 575 (10— 02— 0 £ (o — X — o+ 0?0
where the quantity under the square root is equal to (¢ — >\ +02)%2+402¢?\ and,
therefore, is non-negative. The sign to be used depends on the sign of quantities
related to the parameters. The optimal 7 is the only one such that 1+¢m > 0. Solv—
ing the equation (4.1), it can be proved that the optimal wealth is X, = x(L;)™"

~ ~ 1
where dL, = L;_(—omdW; + (1 T 1)dM;) is a Radon Nykodym density of
T

an equivalent martingale measure. In this incomplete market, we thus obtain the
utility equivalent martingale measure defined by Davis [3].

e Case u(r) = Inz,g(x) = Inxz. A solution of the HJB equation is of the form
V(t,z) =p(t)Inx + q(t) where p(t) =1+ T — ¢t and ¢'(t) —Inp(t) — 1+ mp(t) =
0,¢(T) = 0 so that

at) = (T =2 +m(T—t) - (1+T —t)In(1 + T — )

2
The optimal portfolio is the same as in the previous case, the optimal wealth
—_— :L’ ~ -
is Xy = —(1 — ——), with the same L and the optimal consumption is ¢; =
L 1+7T
Xy
1+T -t

4.2.3 Power utilities

e Case g(r) = 2%, u(r) = 0,0 < o < 1. A solution is of the form V (¢, z) = p(t)x*
with p(T) = 1,p'(t) + Mp(t) = 0 where M = sup, {arp+A(1+7¢)*—1—7mpal+
1

27r202a(a— 1)}, the supremum being reached for 7 satisfying u—i—)\qﬁ[(l +7P) ! —
1]+ (= 1)70? =0 and 1 + 7¢ > —1. Then, V(t,z) = e MET)z® The optimal

wealth is X, = 2(t) [Lz] ,with 8=1/(a—1), vy = (1+¢7)>" —1 and

B(t) = exp At, A=7w’0"(1 - %a) F A1 +79)" (= 1)+ 1) + % _

@

e Case u(xz) = 2 = g(z). A solution is of the form V(t,z) = p(t)z* , so ¢ =

z[p(t)]” where § = 1/(a — 1) and p(t) = ((a — (1 —]\ZeXp (ﬁMt))> 7

where

k=(1-

) exp(—aMT).
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4.2.4 The informed agent

As we are considering case 1, the informed agent knows N from time 0. Therefore,
his wealth evolves according to the dynamics

AXT = m X7 (1 G(As = A)ldt + odW; + 6]

Exactly the same computations as above can be carried out. In fact these result
in changing p to (u + ¢(Ay — A) and the intensity of the jumps from A to A;.

e Case g(z) =In(z),u(zr) =0

The optimal portfolio 7* is now such that u — A¢ + ¢A[ ] —7* 0% =0 and

1+ 71*¢
is given by
* 1 2 2
™= 55 <u¢ — A= o /(b — A+ 02 + 402¢2As> ,
The optimal wealth is X} = z(L;) " where
dL; = L;_(—om;dW; + ( — 1)dMy)

14 o

Whereas the optimal portfolio of the uninformed agent is a constant one the op-
timal portfolio of the informed agent is time-varying and has a jump as soon as a
jump occurs for the prices.

The maximum attainable wealth for the uninformed agent is obtained using the
constant strategy 7 for which

1 1
T+ AIn(l +7¢) — 7¢] — 57?202 = sup[mp + A[In(1 + 7¢) — 7d] — §7r202]
In contrast, the informed agent must maximize at each (s,w) the quantity
1
mp+ As(w) In(1 + 7¢) — A — 57202
Consequently,
Ly oo - N ~ Ly 5
supp 4+ AgIn(l + 7¢) — Argp — 370 >ap+ AgIn(1+ 7)) — A\Td — 370
Now, E[A] = A, so
* T 1 2 2
sup E(In X7) = Ilnz+ sup/ E(rp+ AsIn(1 4+ 7¢) — Argp — 3T o )ds
m I 0

T 1 _
> lnz+ / F(u+ An(1 + 7) = X6 — 57%0)ds = E(In Xr)
0
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Therefore, the maximum expected wealth for the informed agent is greater than
that of the uninformed agent. This is obvious because the informed agent can use
any strategy available to the uninformed agent.

e case u(z) =0, g(z) = z°

The optimal portfolio 7* of the informed agent is now given by p + ¢[A(1 +
m¢)* ! — Al + (a — 1)7*0? = 0, and the optimal wealth is X; = 2®*(t)[L;]?,
with 8=1/(a—1), v, = (1 + ¢7*)>"' — 1 and

B(0) = exp | Ards, 45 = [7P 071 = 30) + A, (1 710)" (0= ) +1]+

a—1

5 Signalling

In this section we discuss what the uninformed agent might detect from the actions

and investment strategy of the informed agent.

In general banks do not disclose the amounts customers hold in savings. Conse-

quently, although the price process S and the number of shares § of S are observed

variables, the total wealth and the proportion 7 of wealth invested in S are not.
X

Of course § = 5 orm = 5}'

In the models of section 4, with utility functions In x or x*, the optimal 7 for
the uninformed agent is constant. However, the optimal 3 is not constant. If ¢
is a jump time of the risky asset, X; = X; (1 + 7¢) and S; = S; (1 + ¢), so
65,
tiznes. Similarly, for the informed agent, the optimal 7* is not constant but it
is continuous between jump times. At a jump time ¢, the uninformed agent will
observe the quantities ; S;— and 3;S; of the informed agent. If the informed
agent is using this optimal 7*

= (1 + ¢7). Consequently, the value of the 7 being used is revealed at jump

ﬁ:St * ﬂ-;fk
=14+m_
/le ( t QS)W?,

which can be written (1 + 6,_¢) for some 6;_. Consequently, after one jump
the uninformed agent might conclude the informed agent is using the strategy 6.
However, after observing the action of the informed agent at two jump times two
different values of # will be detected. This may signal to the uninformed agent
that the informed agent does have some extra knowledge. If the informed agent
knows Np the number of jumps, a strategy which would avoid disclosing inside
knowledge might be for him to use 7 until the time of the last jump and then to
use an optimal 7* over the remaining period to 7.
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6 Conclusion

We have studied various situations in which an informed agent knows future infor-
mation when a risky asset has dynamics involving both a Brownian motion and a
Poisson process. The most interesting cases are those in which the informed agent
knows only the final number of jumps of the Poisson process. The maximal at-
tainable wealth for both informed and uninformed agents has then been explicitly
calculated.
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