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We are going to prove uniqueness of mild solutions of the Navier-Stokes equations
in L3(IR?) and in other limit spaces. We define the operator defined on B x B vector
functions :

where IP is the orthogonal projection operator on divergence—free vectors fields.
A mild solution in a function space B for the Navier—Stokes equations is a continuous
path @ in B3, ii(t) € C ([0, to[, B%), such that T(#®1)(t) is a continuous path in (S'(IR?))3

—

(with initial value 0) and such that @(t) = exp(tA)dy — T(4 ® ©)(t).

Definition. A limit space for the Navier—Stokes equations is a Banach function space
B on IR such that :

i) S(IR?) is continuously and densely imbedded in B;

ii) B is continuously imbedded in L _(R?);

i) Voo € R%Y f € B[ f(z— o)l = £ (@)

V) VAS 0V feB  Af()p = ()]

Exemple : B = L3(IR?).

If B is a limit space, then T’(ﬁ@ @), when 4 € C ([0, to[, B3), is a continuous path in

E3, where E = {f € Ll .(IR?) t.q. supgs( Sup,, cgs B> f|w_m0|<1 |f(Rz)|dx < oo }, and

loc

|T@e )| < CovE (swpocc (3)]|pa)7.

Theorem. If p > 2 and if B is a limit space continuously imbedded in LY (IR?),

loc
then mild solutions for the Navier-Stokes equations are unique in B : if iy € B3, if 4,0 €

C ([0, to[, B®) are such that i(t) = exp(tA)idy—T(i®)(t), #(t) = exp(tA)iy—T(TRF)(t),
then 4 = 1.

The proof will be detailed and references will be given in [FUR2]. The case of B =
L3(IR?) is proved in [FUR1]. In this paper we just give the sketch of the proof.

Basic idea. -
We introduce the Littlewood-Paley decomposition f = 3", A;f where A;f(§) =

w(zg—])f(f), for £ #0 Zje%w(§) =1, w € C*, Suppw C {{ t.q. + < |¢] < 2} and we
notice that A; = Z|k_j|<2 AjA.

The basic idea which we shall use in the proof is the following one. If A is a Banach
function space such that

(1) VfeA Vg e LNRY) [|f «glly < ColIfl4 gl

2



then we have :

(2) f(ﬁ)(t)H < 6Vt Cy sup Hﬁ(t)‘
A 0<S<t A3><3
(3) HAﬁ(ﬁ)(t)H <37 Cy sup 279 “Ajf(t)‘
A 0<S<t A3><3

1
. do
4 HA-TFtH <3/ C 277 (27 1/4HAF ‘
( ) ¥ ( )() A3 = 0 (1 _0-)7/80-1/8 308<1§2t ( \/_

A3X3

(where [|d]| g = Maxy<i<s [Juill4 , = Maxi<i<si<ics [[migll ,)-

M
A3x3
The proof of these estimates is straightforward. Indeed, it is enough to check that the

functions G;(z,t — s) = (t_18)2 gi (\/t“”__s> which are used in T satisfy :

Ch i*2 Cs 1
|Gl < — > A =t T ey
Ll
and to check that :

t t i
d 27d
/ _ — oV, / 27 <
0o Vt—s o Vt—s1l+4i(t—s)

T,

/ 29 ds </1 do
Vi—s(20/s)V4 (1 +4i(t —5)) — Jo (1—0)7/8c1/8

Uniqueness in 13(IR?) whith small-normed initial data.

If 7 € C ([0, %0, (L3(IR?))%), then we notice that :

(5) 12 ()l < Ca27” || fllgs gl
hence
_ . 2
(6) sup 29/2 HAJT(Q_)'(X) ﬁ)(t)H < 3w C3C4 ( sup ||17(s)||(L3)3>
j (L2)3 0<s<t

Moreover, it is easy to see (as we shall prove below) that :

™ I185(£0) s < Cs 277 |l sup 272 Al



hence, writing for our two solutions , v/, U 4(
T(- V) +T(@ —w) =T(—0 @ —w) +T(4 Q@ —w) + T(—w ® @), we get :

sup sup 27/2 ||Aju_1'(.'s)||(L2)3 <
0<s<t j

< 3w C3C5 sup su_p2j/2 1A (5)[| 1,22 <2 sup |[i(s)] ()2 + sup ||u‘)'(s)||(L3)3> :
0<s<t j 0<s<t 0<s<t

We consider ¢ = sup {t € [0,to] s.t. @ = ¥ on [0, ¢] }; we suppose t < tg.

Since w = 0 in t = 0 and 4 is continuous from [0, o] — (L3(IR?))3, we find ¢, > # s.t.
SUPo<s<t, ||U7||(L3)3 < Tcljgos

We conclude that @(s) = 0 on [0,¢;] provided that supg,cy, [|@(s)[(1) < m,
which we may assume when ||60||(L3)3 is small enough by choosing the solution @ which is
given by the formalism of T.Kato [KAT]. Thus 4 = v.

The proof of (7) is quite easy. It’s enough to write A;(fg) = a; + 5; +v; with

= > Ng Y Apf

|7—11<3 k<l-3
Bi= DY ANf D Mg

|7—-11<3 k<l-3
vi= Y Mg DY Aif

1>j-3 |k—1]<3

For estimating |laj||;., we write ||A;g|l;. < 2_%supk€% 2% 1Akl and |[Agfllpe <
C62° || flLs-
For estimating ||3;]|;2, we write [|A; f|ls < C7 || fllLs and [|Aggllie < Cs2% [[Aggllp. <

k y4
Cs2% supyez 28 291l |
For estimating [;lle, we write [yl 2 < o2 [l e, [Akflls < Crllflls and

|A1g]lpe <277 suppeg 2% | Apgll;». Thus (7) is proved.
Uniqueness in L3 (general case).
For the general case we replace (7) by

34 k
9) 185 (/I < Cro2¥ 1 e 5up 2% [[Aglly»
€

which is proved in the same way as (7). Then we get, writing

W =T(—w @ 0) + T (i ® —)
= T(— ® exp(tA)ily) + T (exp(tA) ity @ —)
+ T(—d @ (7 — exp(tA)idg)) 4+ T(i — exp(tA)idy) ® —),



(10) sup sup 2% || A;1(s) | gays <
0<s<tjeZ

1
do 1 5
<5CiCuo [ 2t sup sup 2 |09y (2,500 (V! llexplod) il
0 (1—0)805% o<s<tjez 0<s<t

+ sup |[li(s) — exp(sA)pl|g2)2 + sup ||17(8)—6XP(8A)170||(L3)3>
0<s<t 0<s<t

= C11 sup sup 2° ||Ajw(3)||(1,2)3 Alt, g, i, V)
0<s<tjEZ

Since limy_,o A(t, @y, @, 7) = 0, we find @W(t) = 0 on [0,€) for some positive e. But
if @ is a mild solution on [0, %) then @(t; + t) = exp(tA)i(ty) — T (@(ty + ) ® @(ty + 5))

on [0,t9 — t1) hence local uniqueness implies uniqueness on the whole interval where # is
defined, since @ remains a mild solution when evolving in time.

Uniqueness in B.

The proof follows the same lines, replacing

sup 22 1A fllge by sup22 sup sup R?2 H1|ﬂn wo|<18\j f(Rx)H 4
JET JEZ  R>0z,cR?

£l by sup sup RH1|m zo|<1f (Rx) HL (which is controlled by ||f| 5)
R>0m0€]R3

and

| fllpa by sup sup Ri Hllm x0|<1f(R$)H 5 -
R>0m0€]R3
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