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Abstract: In a recent paper, we proposed a new estimation method for the blind
deconvolution of a linear system with discrete random input, when the observations
may be noise perturbed. In this paper, we give the speed of convergence of the esti-
mators in the parametric situation. With n noisy observations, the estimator satisfies
a central limit theorem with speed \/n as usual, while with non noisy observations,
the speed of convergence is governed by the [;-tail of the inverse filter, which may
have exponential decay. It appears that noisy and non noisy models are of different
statistical nature. We also extend results concerning Hankel estimation to Toeplitz esti-

mation, and prove a formula to compute Toeplitz forms that may have interest in itself.
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1 Introduction

In a recent paper ([1]) one of the authors proposed a new method for the estimation
of a linear filter when the input series takes value in an unknown finite alphabet with
known cardinality and when the filtered output is noiseless. We further refined the
method to take noise into account (see [2]) so that the estimated filter converges to the
unknown filter whatever the signal to noise ratio was. We claimed in both papers that
our estimator should behave asymptotically better than other estimators that apply to
many input distributions, since our estimator takes the discreteness into account. This
claim was supported by the result that, for autoregressive processess, the estimator
achieved the exact value of the unknown filter with a finite number of observations.

The aim of this paper is to give theoretical results on the speed of convergence to make
the claim proved.In a similar context but with known alphabet, Li ([4]) proposed an
estimator to deal with multilevel inputs. In the non noisy situation and when the filter
is parametrized with a finite dimensional parameter, the speed of convergence was up-
per bounded by the /;-tail of the inverse of the unknown filter. We prove here a similar
result for our estimator, and we also give partial results on the speed of convergence in
the non parametric situation. Since our method may take noise into account, we give

also results concerning the estimator when noise is present.

Let us now be more precise. We assume that the observed sequence (Y} )rez is the
output of an unknown linear time-invariant system I with impulse response (ux)rez
that is driven by an unobservable input sequence (Xj)gez, corrupted or not with
additive noise (oo€x)rez Where the level oy is either 0, or known, or unknown:

Y= wjXi—j + 00 (1)
JEZ
The input signal is known a priori to be discretely distributed with p different possible
values. The linear system u = (u;);jez is invertible; 8 = (0 )rexz is the inverse filter of
u, that is :
Zejuk_j =, kEX
J

where 6, denotes the Kronecker symbol. Notice that we do not make any phase as-
sumption on the system : the system U could have non minimum phase. Also, the
input signal needs not to be independently distributed. To solve the problem of blind
identification, we apply an adjustable linear time-invariant system S : s = (sg)kez to

the output (Y4)rez and work on the sequence (Z(s)x)rez :

Z(she =2 5Ye-j (2)



It is clear that the sequence (Z(s))rez is just the sum of the sequence obtained as
the result of the linear system S % U applied to the input X and of the linear system
S applied to the noise ¢ - € :
Z(S)k = Z(S*u)]‘Xk_]‘ —I-UO'ZS]‘Gk_j (3)
J

J
Under very general assumptions, linear combinations of random variables lead to vari-
ables with strictly bigger support. Say that a distribution is p-concentrated if its
support reduces to p different points. Our estimator relies on the quantification of the
p-concentration of a probability distribution, in particular through the Hankel matrix
of the first algebraic moments or Toeplitz matrix of the trigonometric moments of the
distributions, and the fact that the inverse filter # may be found as the particular fil-
ter s that leads to the only p-concentrated series (Z(s)x)rez if there is no noise. In
the presence of noise, divisibility of gaussian distributions allows a similar method to
estimate simultaneously the inverse filter and the noise level og. Let us now recall the

definition of the estimators, and the convergence results we obtained.

General assumptions on the model (1) are the following :

(M1) The input signal consists of discrete real random variables X} with unknown

common support A := {x1,...,2,} of known cardinality p.
(M2) U(z) := 3, uge’* is a continuous function which does not vanish on [0, 27].
(M3) X = (Xj)kez is a stationary ergodic process.
(M4) For any integer n and for any integers ji,..., 7, in {1,...,p},
P(Xy =iy Xy = 25) > O,
(M5) € = (er)kem is a sequence of i.i.d. gaussian variables which are independent of
the input signal; a¢ is unknown; E(e) = 0; E(e}) = 1.
Let us give simple examples where the assumptions hold:

o White input sequence: When the variables X;, ¢ € Z, are independent identically
distributed, (M1), (M3), (M4) hold.

e Thresholded process: Let (W;)icz be a stationary process such that the distribu-
tion of any finite marginal is continuous (for example, a Gaussian process). Let
my < mg--- < m,_1 be real numbers, and set mg = —oo, m, = +o0o. Define the
thresholded process (Xi)iew by: Xi = x; if and only if Wy €|m;, m;41]. Then
(M1), (M3), (M4) hold.



e Aperiodic recurrent Markov chain: Let (X;);ez be a Markov chain with state
space of cardinality p and a transition matrix such that any transition probability
is positive (all states communicate in one step). Then (M1) and (M4) hold. It

is also easy to see that the chain is aperiodic and recurrent, so that (M3) holds.

The Gaussian distribution for the noise € has been chosen for sake of simplicity. How-
ever, all the probabilistic results of the section stay true with a noise of the form o¢.n;,

where the scale o¢ is unknown, and 7, has an infinitely divisible distribution of classe

L, see Petrov (1975).

In the next section, we shall recall the general estimation procedure proposed in [1]
when there is no noise, Hankel estimation, Toeplitz estimation, and refinement to deal
with the presence of noise, proposed in [2], together with their convergence Theorems.
We also set new results when using Toeplitz forms in the estimation procedure. We
refer to previous papers the interested readers for details and explanations on the
procedures. Subsequent sections give the asymptotic speed of convergences in the
parametric case when there is no noise and asymptotic results concerning the noisy
situation. Numerical experiments to illustrate those theoretical results may be found
in [2].

2 Estimation procedures and previous results.

2.1 T-system estimation procedure.

let @ = (1,Pq,...,Py,) be a Tchebytchev system (T-system) of functions on [0, 1] (for
the definition of T-system see [3]). For any filter s, define:

o(s) = ((8))izt,.20
ci(s) = FE[® (¢(Z(s)))]

where ¢ is a given continuous bijective function which maps IR onto ]0, 1. Notice that
©(Z1(s)) is now a variable taking value in ]0,1[. Now, a nice property of a T-system is

the following: Let P be the set of all probability measures on [0, 1] and
1
K:={ce R¥ . apep,/ OdP = ¢},
0

Recall that if V' is a random variable taking value in |0, 1[ then: FE(®(V')) lies on the
boundary of K if and only if V' is discrete with at most p points of support. Let now

h be a non negative and continuous function defined on K such that:
h(c) =0 <= c € bd(K)
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We then define a contrast function H by:

Definition 2.1

H(s) = he(s)), 5 €0
Define now the parameter space © as a subset of [;(7Z) which is unambiguous on scale
and delay. The sequence H, is defined as an empirical contrast function in the following

way. To use only the observations Yi,...,Y,,, we need to truncate the filter s.

Let k(n) be an increasing sequence of integers. Define:

) +h(n)
Z(s)e= Y. sp-Yiy
k=—A(n)
fort =14 k(n),...,n — k(n), and
L ek )
)= oy (#(Z(s)0))

We may now define:

We now define the estimator:
Definition 2.2 0 is any minimizer of H, over ©,:
0,=0n{s : sz =0 for |k| > k(n)}.

We assume throughout the sequel that:
k(n)

lim k(n) = o0 and lim —= = 0.

n—oo n—oo n

The following Theorems were proved in [1]

Theorem 2.3 Assume that (M1), (M2), (M3), (M}4) hold, and that oo = 0. If ©

is compact, then 0 converges almost surely, in ['(7), to 6 as n tends to infinity.

Suppose that the set © can be represented as a parametric model with real-valued

parameter vector £ in a set S of dimension ¢: € = (§;)j=1..4:

0 :={0(¢), { € S}
Let £ be the true parameter value. To estimate £*, we minimize L,(£) := H,(0(¢)).

Let f be any minimizer of L, over a given compact set K containing £*.

Theorem 2.4 Assume that the application & — (&) from R? to I'(7) is continuous,
and that assumptions (M1) to (M4) hold, and that oo = 0. Assume the identifiability

assumption:
0.(§) =10 (&), Ve el <= r=1, K=0and { =¢'.

Then, f converges, almost surely, as n approaches infinity, to £*.



2.2 Hankel forms

We propose here a similar estimation procedure using Hankel forms based on the
algebraic moments. Let ® be the sequence of moment functions: ®;(z) = 2/, j =
L,...,2p. Let M(s) be the (p + 1) x (p + 1) Hankel matrix given by: M(s);; =
dti72(s), 4,5 = 1,...,p+ 1, where here ¢(s) = E(®(Z(s);)) (Notice that here we do
not need to map IR on the interval ]0, 1[). This matrix is non negative as soon as ¢ is the
begining of the moment sequence of a random variable, and degenerates if and only if
this random variable is discrete with at most p points of support. Set: h(c) = det[M],
and H(s) = h(c(s)). Then Theorems 2.3 and 2.4 hold.
The interest of this estimation procedure is because it may be used to handle with the
presence of noise.
Define M (s, o) as the Hankel matrix built using the solutions ¢/(s, o) of the triangular
system : 4
J
BUZ()) = 32 Cici(s,0) - o(s,0) iy J = 0,..., 2 W)
i=0
where v*(s,0) = o? - ||s||3 and p;_; is the j — i-th moment of the standard gaussian.
Define the fonction H (s, o) of the filter and the noise level as the value of the determi-
nant of M(s,c). Define the estimators ¢/(s, o) of the pseudo-moments ¢/(s,0) as the
solutions of the triangular system:
J
F(s) = 3 CE @ (5,0) - (0 sV~ - pyss = Lyoes2p
i=0

Let M,(s,0) be the Hankel matrix built using the ¢ (s,o), and let H,(s,o) be the

estimator of the function H :
H,(s,0) = det[M,(s,0)]

Let 6(n) be a sequence of positive real numbers with limit 0 as n tends to infinity.

Define:
Ju(5,0) = (Ha(s,0))* + (8(n))* - o (5)
We set:

Definition 2.5 The estimator (5,3) is any minimizer of J, over © x RY.

To have a good asymptotic behaviour of the estimator, the speed §(n) has to be related
to the stochastic variation of the empirical moments and to the truncation parameter

k(n). We then need some more assumption on the processes :



Assumption (M6) : Assume that

> 10k = o(6(n))

k> k(n)
and that:
) T :
Jim 60+ 23 (14 S el — s (0)) =0
t=1 k

in probability for j = 1,...,2p, where m;(0) = E([X; + X4 Orci_i)’).

In [2], a convergence Theorem was proved for the estimator minimizing | det[ M, (s, o)]|+
6(n) - 0. Since we shall derive the speed of convergence via a Taylor expansion, we

choosed here to work with (det[M,(s,c)])?. Following the same lines, we easily have:

Theorem 2.6 Assume that (M1) to (M6) hold.
Then, as n tends to infinity, 0 converges in Iy in probability to 0, and o converges in

probability to oq .

An immediate corollary of this Theorem is that the method leads to consistent esti-
mation in the parametric case. Assume that the model is finitely parameterized by
& = (&k)g=1,.., in IR?, such that the parametrizing function §(¢) is continuous, one
to one, with continuous inverse for £ in a compact set =. Define the estimator (é, g)
as the minimizer of J,(0(¢),0) over = x IRT. If the parametrizing function verifies

assumptions (M1) to (M6), we obviously have :
Corollary 2.7 (é,&) converges in probability to the true value (€, 09) of the parameter.

We shall also recall a useful formula given in Lindsay ([5]), which gives the value M (W)
of the determinant of the Hankel matrix based on the 2p first algebraic moments of a

random variable W':

Proposition 2.8 Let Wy, ..., W, be p+ 1 independent copies of W. We have:

MOV) = oy POV = 0

2.3 Toeplitz forms

In case some information is available concerning the magnitude of the X;, Toeplitz
forms may be used to handle with noisy observations in a similar manner as Hankel

forms. We here assume that:



e (T) The unknown alphabet A is a subset of |m, M[, m and M are known.

Let I/ = 2r(M — m)||u||1sup,ce ||s|li. Let ® be the sequence of moment functions:
Q;(x) = exp(%(j —p—1ax), 5=1,...,2p. Let T'(s) be the (p+ 1) x (p+ 1) Toeplitz
matrix given by: T(s);; = ¢=/(s), i,5 = 1,...,p+ 1, where here ¢(s) = E(®(Z,(s)))
This matrix is non negative as soon as ¢ is the begining of the Fourier coefficients of the
distribution of a random variable, and degenerates if and only if this random variable
is discrete with at most p points of support. Set: h(c) = det[T], and H(s) = h(c(s)).
Then Theorems 2.3 and 2.4 hold if (T) is assumed.
Again, this procedure may be used to handle with the presence of noise.
Define T'(s, ) as the Toeplitz matrix built using the ¢/(s, o):

2]

E(exp(FZ(s)l)) = cj(s, o) - exp(—jza;%"%) J=—=p,...,p (6)

Define the fonction H(s,o) of the filter and the noise level as the value of the de-
terminant of T(s,o). Define the estimators ¢/(s,o) of the pseudo-moments ¢/(s, o)
by:
22012
B(s0) = (s)-exp ooy o
Let T,(s,0) be the Toeplitz matrix built using the ¢(s, o), and let I, (s, o) be the

estimator of the function H :
H,(s,0) = det[T,(s,0)]

Ju(8,0) 1s defined again by (5), and (5, &) as any minimizer of .J,, over © x IR*. Replace
assumption (M6) by
Assumption (T6) : Assume that

> 10 = o(é(n))

k|>k(n)

and that:
: o 1 v
i (50001 23 (el L0+ 5 ) = ms0)) =0

2

n—00
t=1

in probability for j =1,...,2p, where m;(8) = E(exp(%j(Xt + >k Ore—i))).

The following Theorem holds, its proof is analoguous to that of Theorem 2.6, and

will be omitted.

Theorem 2.9 Assume that (M1) to (M5), (T) and (T6) hold.
Then, as n tends to infinity, 0 converges in Iy in probability to 0, and o converges in
probability to oq. With a parametric continuous parametrization, (5,3) converges in

probability to the true value (€, 00) of the parameter.
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We shall now prove a useful formula, which gives the value T'(W) of the determinant
of the Toeplitz matrix based on the p first complex exponential moments of a random

variable W. It is proved in section 5.
Proposition 2.10 Let Wy, ..., W, be p+ 1 independent copies of W. We have:

op(p+1)/2 W, — Wk))

T(W) = WE I_Ik (1 — COS(T

We shall now study the speed of convergence of the proposed estimators in the para-

metric situation. The parameter will now be ¢ = (£;);=1., in the parameter space

S.
0:={0(¢), { € S}

We assume that the model is identifiable. £* is the true parameter value.

3 Speed of convergence: non noisy observations.

Throughout this section, the level noise oy is set to 0.

From now on, the notation D’ F'(y) will designate the r-th derivative of F' with respect
to the variable x and evaluated at point y.

Let also O be the set of all elements of © except 6.

Since the speed of convergence is studied via Taylor expansions, we shall always assume:

e (D) The functions h(-), ®(-) and ¢(-) are twice continuously differentiable. Let

D*H(s) = (aszzslﬂ(s))wez. Then D?H(#) is positive definite on the set ©*.

It should be seen that H(-) and H, are twice continuously differentiable, and that
since § is a minimizer of H, the operator D?H(#) is necessarily non negative. The
assumption concerns the definiteness. Notice also that the gradient operator D! H of
H is in L., with no more assumptions.

In case H is the Hankel form, & is a multi polynomial and ¢ is an algebraic power, so
that they are twice continuously differentiable. It will be later proved that in this case
D2H(8) is positive definite on ©*, so that (D) holds with no particular assumption.
In case H is the Toeplitz form, A is a multi polynomial and ¢ is a complex exponential,
so that they are twice continuously differentiable. It will also be later proved that in
this case D2 H(6) is positive definite on ©*, so that again (D) holds with no particular
assumption.

We shall also use the following assumptions:



e (P) The application £ — () is twice continuously differentiable.
920

Foranyi:=1,...,q, (%)ke% and (Wzk)keﬂ are in l1(7).
Moreover, (%(f*))ke% e (%(f*))kez are linearly independent, and no linear

combination of these derivatives equals 6.

3.1 Asymptotic result

To estimate £*, we minimize L,({) as described in section 2. Let L(§) = H(0(¢)). A

useful result will be:

Proposition 3.1 Under (P) and (D), the functions L(£) and L, (&) are twice contin-
wously differentiable. Let DIL({) = (%%)k7l:17...7q. Then DZL(E*) is positive definite
onS —£*.

The main result of this section is:

Theorem 3.2 Assume that (M1), (M2), (M3), (M4), (P) hold. If the estimation
method is not Hankel nor Toeplitz, assume moreover (D). We have almost surely for

big enough n:
1€ =&l <C- Y0 10u(E)]

|k[>k(n)

where C' is a constant.

Proof.
Using Theorem 2.4, f is almost surely consistent. So that for big enough n, and for
v=1,...,q:

0 N

—L, (=0

S Lol
Using a Taylor expansion of first order we obtain, for all e =1,....¢:

0 LI 0* x
0=—L,(&)+ £ — &) ———L, (¢ 7

where £ € [f, ¢*). Usually, empirical based estimators are related to the speed of
convergence of the empirical functions to the expectation of the functions, so that
\/n speed of convergence is obtained. The key idea here will be to relate not to the
expectation of the functions, but to the non truncated empirical moments. To do

this, define for any filter s the empirical moments for the non truncated series:

n—h(n)
() = =50 ez,
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and also
H,,(s) = h(en(s)), Ln(&) = Hn(0(¢))
Since Z(0(£*)): = X, for all ¢, ¢,(0(£%)) is the expectation of a random variable taking

at most p distinct values, so that 6(£*) is a minimum point of H, ! Now:

0 0 N

0 *
0t I <E(n) e

since H, depends only on s for |[k| < k(n). Using the previous remark,

o .
a—San(@(f ))=0

for all k£, and then:

0 0 J - 0

— L, (&) = —H,(0(6)) — =—H,(0(& 0, (&

€)= 5 (oo gD G
This will allow to prove (see section 5)

9 .
|a_5.Ln(5 W< Cae D0 |0k (8)
i k|>k(n)

for some constant Cy. Now, for any 2,5 = 1,...,¢ we have

> iy 0 . 0 . D2 .
0&0¢; L) = a&aij(f )+ (3&9@ La(&7) - agia@L(f ))

It is easily proven, using the ergodicity of the process (X;) and the fact that it is
bounded, that

»o P
(6@0@ L&) = Fgag ¢ ))

tends to 0 a.s., and uniformly in ¢ and j since there are a finite number of them.

Now, using Proposition 3.1,

62 V(€ (¢ * ¢ * |12
2 Feag, MENE G — ) 2 M- £l )

1,5=1,...,

where X is the smallest eigen value of Dy L(£™).
The Theorem follows using (7), (8) and (9) and with ¢ = 2.
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3.2 Definiteness of D?H(0)

Let us study the second derivative operator of H with respect to s when it is the Hankel
or the Toeplitz form.

Let (XD)iez, - - -, (X{)iez be p+1 independent copies of (X;);ez. Definefori =0,...,p
and t € 7

Y, = Z ukXZ—k

keZL
(YO)viezy- -, (Y )iem are p+ 1 independent copies of (V;);ez In the same way, define
for: =0,...,p, t € Z and any filter s
$) = Z stV
keZL
(Z°(8)t)eemy - - -, (ZP(8):)iem are p + 1 independent copies of (Z(s),)iez. We have the

following result:

Proposition 3.3 For any filter v = (vg)kem, we have for the Hankel procedure:

LD (0) v

ZE( ~Zw) 11 (Xé'—XSI))

p -I_ 1 Z<] i/<j/,(i/,j/)7f(i,j)
and for the Toeplitz procedure:

p(p+1)/2 . , —_ X/
v'-D2H(0)-v - > B ((Zé(v) — Z3(v))? [T (0 —cos(——F—

(P + D2 1<) )
In particular, D2*H(8) is positive definite on ©* under assumption (M4).
To finish the study of D?H(#), let us mention a result:

Proposition 3.4 For any filter v, and if the variables X; are i.i.d., then
T DIH(0)-v=Cp> (vku);
k#0
with

o For the Hankel procedure

O = VXl p o T (- X

_ |
(P=D" 2o

o For the Toeplitz procedure

21PN /2Y (X))
Cyg =
1< 7,(1,

Xo— X}
(p— 1)IF? 11 (1 — cos( A )))

7)#(0,1)
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Indeed, by easy computation and applying Proposition 3.3, we have for the Hankel

procedure:

1

oT-D2I(0)0 = S (oo E(X0 X1 )(X0 =X T (Xi=x3)]

(p— 1! k€2 i<, (i,7)#(0,1)

Now, if k= 0or I =0, (X% — X1 )(X% — X2 ) TLic y20)(Xo —Xf')2 =0 a.s. And if
the Xj arei.i.d. for k # 1 € Z, E(X°), — X ) (X, = X)) Tic) 6.y 01)( Xo— ) ) =0.
For k =1#0, E(X2, — X1;)(X2, — X1)) ITicjig)2(0a )(X X ) (p—D!Ch.

Same arguments lead to the result for the Toeplitz procedure.

4 Speed of convergence: noisy observations.

Now, the level of noise o is unknown, and the estimator (¢,5) minimizes

Ju(&0) = (H,(0(6).0)) + (5(n))* - o

defined in section 2 for Hankel or Toeplitz forms.
With & the algebraic powers if the Hankel procedure is in study, and ® the complex

exponentials if the Toeplitz procedure is in study define

m;(§) = (E(@;(Ze(0(£))))) =y ap

.....

Define now the vectors

DM (§) = ((
Let us introduce the following assumption:
o (M8)

k
lim k() =0 lim vn Z 0] =0  lim /né(n) =

The vector /n(M,(£°) —m(€E"), Di M, (£°) — Dim(€)) converges in distribution
to V(0,T)

The study of the asymptotic distribution proceeds as usual by a Taylor expansion of

the contrast function. Using (P), .J,, is twice continuously differentiable. Under (M8),

13



(M6) holds. Then (é,&) is a zero of D.J,, and converges in probability to (¢, 0q) by
Corollary 2.7, so that the following Taylor expansion holds:

D' (0, 00) + D*J,(0,00) - (€ — €56 — 00) (14 0(1)) =0
We have:
D"J,(0,00) = (2H, (0, 00) D H,, (0, 00); 2H,, (0, 00) DL H (0, 06) + (8(n))*)"
Now, the matrix D*J,(0, 00) equals
2H,(0,00)D*H,(0,00) + 2D H, (0, 00) D* H,(0, 00)"

Notice that we have H,, (8, 00) # 0. Indeed, the pseudo-moments may not be moments

of discrete random variables. We may then rewrite the Taylor expansion:

D%Hn(ev UO)

£-¢
1 a0 1 n a0 ° 1"‘ 1
IV (DZHn(G,Uo) g bl ) ( el — g

2Hn(€,0'0) g — 0Og

(10)

D},Hn(e, 0'0) —|—

As usual, the asymptotic result comes from adequate central limit theorems and law
of large numbers, together with the asymptotic definiteness of the second derivative
matrix. Define K(0(£), o) the triangular matrix inverting the system (4) for the Hankel
procedure, or inverting the system (6) for the Toeplitz procedure. In this last case,
K(0(¢),0) is a diagonal matrix. Notice that K(6(&), o) is differentiable with respect
to ¢ and with respect to o. Define D%J K the derivative matrix of K with respect to ¢;,
Dg]c be the derivative vector of ¢(0(&), o) with respect to &;. Let V be the ¢ x (2pq)

matrix:

V=(WV)
where V; is the (¢) x (2p) matrix with lines

(V1); = (Dg,e)" - D2h- K + DIh' - Dy K

where all functions or matrices or evaluated at (6(£*), 0¢), and V3 is the (¢ + 1) x (2pq)

matrix which is block diagonal:
Vo = Diag(Vy,....V4)
where for 7 = 1,...,¢, the block sz is the 2p-dimensional vector
D'WT K
We now have:
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Lemma 4.1 Under the assumptions of Theorem 4.2 below, (\/nD¢H,(0,00),/nHl,(0,00))
converges in distribution to a centered gaussian distribution, and D} H, (0, 00) converges

in probability to a positive constant. The asymptotic distribution of \/ED%HH(G, oo) has
variance V -T'- V7T,

Define C' the ¢ x ¢ matrix given by:
Cij=v] - DIH(9) - v;
with v; the filter g—g(f*), and D?H () given in Proposition 3.3. We have

Theorem 4.2 Assume that (M1), (M2), (M3), (M4), (M5), (M8), (P) hold.
Then, as n tends to infinity, \/ﬁ(f — &%) converges in distribution to the centered gaus-

sian distribution with variance X given by:
D A A (ca

Roughly speaking, the asymptotic result comes from the fact that asymptotically, the
matrix involved in equation (10) has the bottom-right term tending to infinity, so that
asymptotically, the inverse has only the up-left term as non zero term. It is proved in

the last section.

5 Discussion

Theorems 3.2 and 4.2 allow to see that the model without noise and the model with
noise are statistically of different nature. The model with noise is a regular parametric
model, where the optimal speed of convergence for parametric estimation is y/n. The
model with no noise is not regular, it is not dominated. The parameter may here
be estimated with speed the [; tail of the inverse filter, which may have exponential
decay. This speed appears to be related to some truncation parameter. Since, with
no truncation, the parameter could be perfectly estimated, the model appears in some
sense non random. No lower bound is known for estimating a parameter in such non
regular models, so that we do not know whether our estimator achieves the optimal
rate or not.

Let us also make some remarks about non parametric estimation, that is the direct
estimation of the inverse filter §. With no noise, following the same lines for the study
of the convergence rate, it appears that the gradient of H,, at point § has an [.,-norm
upper bounded by the [;-tail of the inverse filter. However, the remaining problem is to
study the resting terms in th Taylor expansion, together with the convergence rate of
the second derivative operator of H,, to the operator D?H. The main difference with
the parametric case is that all norms are not equivalent, so that the norm in which the

remaining terms are studied has a great importance.
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6 Proofs

Proof of Proposition 2.10.
Let MT be the Toeplitz matrix:

1 E(e‘i%%) e E(e_i%p%)
T E(ez%’%) 1 ... E(e—i%'(p—l %)
E(ei%rp%) E(eﬂﬂ'(p 1)WT) ce 1
Let 7 be a permutation of the p + 1 indices.
1 E(e—i%@) E(e~t2m (p))
P rA—lWT 0 —em JEZ
V. MT — E(e*? ) 1 E(e=r(=1) )
.,. 0 . W‘I’ 1
E(6227Tp ( ) ) E(eﬂﬂ’(p—l)#) Ce 1

Taking the determinant of MT' (W), we have a sum of products where, in each product,

the involved variables are independent, so that we may write:

1 e—iQr&;ll . e—iQrpWJEl
pr L e
V7, det(MT)= Edet ‘
W,
eerpng ei27r(p 1)4"1—,ll 1
and also
1 1 1
ez?rﬂ eiZW&;ll eerle
V7, det(MT)=FE H iz det
62271']) T(O) 62271']) T(l) ei27rp ;Ep)
Let now s(7) be the signature of the permutation 7. We have:
1 1 e 1
. W,
Vo, det(MT) = E H S i G e
o, det( B el
eiQrp% eiQrp% . eiQrp%
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But the distribution of the random variable involved in the expectation does not depend

on the permutation. We thus have:

1 1 e 1
62271’% 62271’% ei??rp%
(p+ 1)det(MT)=F Z H —izmj R 1)5(7) det
T ] =0
eiQrp% eiQrp% . ei??rp%
. W
But 32, [T— ¢izmi —7 (—1)(7) is the exact expansion of the determinant of the matrix

e—erTO e—erTl . e—z??rpr
e—z??rpTO e—z??rpTl e—z??rpr

which is a Vandermonde matrix, with known determinant. We thus obtain:

Wy Wy o Wi o0 Wi
H (e—ZQrT _ e—erT) X H <6227TT _ ez?rT

0<k<5<p 0<k<5<p

(p+ 1)det(MT)=F

which leads to the formula of the Proposition.

Proof of Proposition 3.1.
Differentiability of L and L, easily come from that of H, H, and #. Now we have:

DEL(&) = DE0(&)" - DIH(0(€)) - De0(&) + DyH(0(€)) - DEO(E)
Now, H is minimum at point 8(£*), so that D! H(6(£*)) = 0. We then have
DEL(E) = DEo()" - DIH(0(¢7)) - Deo(€™)
Taking the associated quadratic form at some nonzero point y = (& — £ )iz1.. 4
T DIL(E) y = (g DIENT - DIH(O(E)) - (5 D)
which, using (D), is nonzero unless y - D;0(£") is either the null series, which is impos-

sible since by (P) (gz’;( Nietzy - (%(f*))kez are linearly independent, or the filter

6(&*), which is also impossible by (P).

Proof of Theorem 3.2.

It remains to prove formula (8). Following the first formula, we have

L€ S sup [ IL0€)) = O] |0 )

k|<k(n) Ok
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Now for any k

0 et i ) — D e (0 01 Db e (e

A 06~ 5= T (0E) = DI 016 5ca (06 = DL (O ) 5t ()

and then

L HA ) — (0 = (DEea(0€°)) = DR (O(€°)) - 5 cal0(67)) +
DM D) (e 0€)) — 016

Moreover

[Deh(en(0(67))) = Deh(en(0(€ M) lee < 2pCillen(0(€7) — (00l

< 2pCy - Col| Z(0(€7))e — Z(0(E ) )illoo

< OO X eollully - D2 10k

|%|>k(n)

with Cy = [|[D?*h]|0e, C2 = ||D(® 0 ¢)|leo and || X||oc the maximum possible absolute
value in the alphabet where the variables X, take value. Here, the norms || - || for
functions are taken as the supremum value of the function on the space where the
possible moments and there derivatives take value, which are compact since the X, are

bounded and the filters are summable.

Notice also that for any &

0
155 en (€Nl < Co - [ Xloo - [lula

so that for any &

* ~ * a *
|Dh(cn(0(67))) — Dhy(e(0(€7)))] - Ia—%cn(e(f N < 4p*CLCH [l FIXNZ - >0 16k]
|k[>k(n)
We also have:
DA (O(EN) < I D2h]|o
and for any |k| < k(n)
12 (0E) — 0 (0 oo < CallulPIXIE - 32 104
n n oo = 1 o]
Isp, Isp, |k|>k(n)
with C = [[D*(® 0 ¢)||e, so that
~ * d * d ~ *
| D2 h(E,(0(¢ )))(a—skcn(@(f ) — a—%cn(e(f N < 2pCs|[ Do |[ul FIXZ, - D (6]
|k[>k(n)
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We finally obtain (8) with Cs = 2p(2pCs C2 + | Dhl|ao) | X 21122 06 ) s 2.

Proof of Proposition 3.3.
Let us first study the Hankel procedure. Applying Proposition 2.8 we have:

) = (P ate) — 2

so that

() = E@m@—wm%@—%@> 1 (%@—%@W)

(r+ DV \Z <) (i)
and
T ) = B -V -y TT (Zs) - ZE ()
Os0si (p+ D <)
B Y (Y = YIZs) — ZUs)(Y = V)

|
P+ D5 o Tt

(Zi(s) — 23 (s)) II (75 (s) — 78" (s))%)

<G (") A5 ) and#(4,5)

At point s = 6, this leads to

62 2 . . . . -t -1
H(8) = E Yo - Y/ (Y, —-Y/ X, — X7)?
9505 (9) TESN (%( Sp = Y20 _l)i/wi/f’j[/)#i’j)( o —X5)7)
4 i j ! ! ! ! i j
+mE( > (Y2, = YZ) (YL = YI)(Xg — Xg ) (Xg — Xo)
p TGt (85 A (5)

II (X5 = X3 )%

<G, (17,57) A 5 and#£(3,5)

But H(#) = 0 says that a.s.
TT(X) — X3) = 0
i<j
(which is also easily seen from the fact that the p 4+ 1 variables X take value in the
same alphabet with p values). This leads to
) = R B0 A vy TT (-
05,03, (p+1)! —k —kJAE -1 —1 0 0

1< V<G5 #(0,d)

which applied to v leads to the formula of Proposition 3.3.
Notice that for v = X - 0, where X is a real number, v? - D H(0) - v = 0. However,

the set ©* cannot contain any multiple of delayed 6 except 0, either ©® would be
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ambiguous on scale and delay. Now, v - DyH(0) - v = 0 if and only if for any ¢ < j,
(Z5(v) = Zs(v)) Hi'<j’,(i’7j’)¢(i7j)(Xé/ — Xé/) =0 a.s. Now,

(Ziw)=Zs(0)  TI  (X§ = X3) = D (uxv)Pey

i< (55" #(65) k#0

where P_; = (X', — Xik) Hi/<j/7(i/7j/)¢(i7j)(Xé/ — Xg/). The variables P, have discrete
distribution with at least 2 different points of support, and using (M4), any finite
trajectory has positive probability. But, as soon as v is not a multiple of 8, there is
at least one k # 0 such that (u* v); # 0. We may conclude that the distribution of
> kzo(u * v)rP_; may not be degenerate on 0, so that Dy H(8) is positive definite on
O~.
Let us now study the Toeplitz procedure. Applying Proposition 2.10 we have:

Zs (s) = 7§ (s)

or(p+1)/2 Zj(s) _ Zk(s)
H(s) = BT (1 — cos(Z02— 2015y
(p+1)! jgk F
so that
p(p+1)/2 4 JrN ok
5100 = i (Z(Yzl vy sin B T oy
881 (p —I_ 1)F i<k F j/<k/,(j/,k’)7f(j7k)
and
s 20 | 4 Zi(s) — 75(s)
a = oyl Y - YE)Y2, - Y Z0\7) T “ol)
aSlaSm (S) (p n 1)’F2 (Z%( -1 —l)( _m) COS( T )
(1 - COS(Zé (S) _ Zgl(s))))
j/<k/,(j/,k/);ﬁ(j,k) F
2tz : y L Z(s) — ZE(s)
TESI > (V2 = YRV = ) sim( 222000

J<k,j' <k (5',K")#£(5k)

sin(Zé (s) ;Zo (5))) (1 — cos( I )

JT<E? (37K £ (G k)and (@, 57)

At point s = 6, this leads to
0? op(p+1)/2

— HO) = —  F Vi _vyEY Y] _yk Ay — A
05,05, (0) (p+1)'F? (Z;( —l Y, ) cos( I3 )
Xy - x¥
(1- cos(%)))
3<K (G R E (k)
op(p+1)/2 4 i xh
+ e B > (VY — V) sin(22—20)
Xg/ - X(];/ Xé . ng

(v = ¥ ) sin



But H(#) = 0 says that a.s.

so that as soon as COS(XOF 0y £ 1,

This leads to
0? op(p+1)/2

Fnds, 1) = mE(Z(Y_J} —YR)(YZ, = YE) (11)

i<k
Xy - x¥
[I (= cos(=——%)) (12)
3K (3K #(5 k) r
which applied to v leads to the formula of Proposition 3.3.
Now, v - Dy H(0) - v = 0 if and only if for any 7 < j,
) X]' _ XF
(Z3(v) = Z5(v))? [I (= cos(—=—F—))=0
3'<K (G K k)

a.s. But Zg(v) — ZE(w) = T i(u* v)l(le — X5"). Now, on the event where

I cwr (G (1 — COS(Xé I;Xg )) # 0, X§ = X} and as soon as v is not a multiple of

0, there is at least one [ # 0 such that (u*v); # 0. We may conclude that the variable
Zg(v) — Z¥(v) cannot be alwways 0, so that Dy H () is positive definite on ©*.

Proof of Lemma 4.1.

First of all, the ergodicity of (X;) allows to prove that H, (6, 09) converges in probabil-
ity to H(#,00) = 0, and that D' H,(8,00) converges in probability to D*H(8,0,). To
compute the derivatives of H with respect to & or o, recall for the Hankel procedure

the following formula, which may be found in [2]:

Yo < ag, Vs, Vi, c(s,0) = B[(Yo(s) 4+ \/0& — 02eo(s))']

We may now use formula (2.8) in the same way as when studying the definiteness of
D?H(0). Let for i = 0,...,p, € be p independent random sequence of independent
variables, independent from the (XZ)i=07~~~7p7t€Z7 with standard gaussian distribution.
We then have, for all £ and all o < og:

H(6(¢).0) = mE TTOG () = Y5 (0(©)) + v/ = o*(ea(6(€)) = ea(6(€))))”
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It is now possible to take derivatives of this expression, with respect to ¢ and-or 0. We
then take the value at ¢ = £*, and then look at the terms as polynomials in y/03 — o2,
beginning with negative exponents. Since it is already known that H is infinitely
differentiable with respect to £ and o, the coefficients of terms with negative exponents
are 0, and the terms with positive exponents will be set to 0 when letting o tend to

09, so that we just have to compute the constant term in the polynomials.

For, the Toeplitz procedure we may do the same thing with the formula

gplpt1)/2 Y5(0(€)) = Y5 (0(€)) + /o3 — o*(e(0(€)) — (0(£))))
F

H((¢),0) = WE H(l — cos(

This leads to:

DYH(0,00) = 0
DEH(Q,U()) == C

and
1 _ QHGH% i yiN\2
DH(@, 0)_ (p—l—l)’ZE[ H (XO XO)]

Tay () #3L)

for the Hankel procedure, and

9P p(p+1)/2+1 0 Xi' — X/
DLH(0,00) = — T ’!T I S E| II (1 - COS(OTO))]

<o A£G

for the Toeplitz procedure.

Now we have if = is any of the variables ¢;:

DLH,(0,00) = (D h(c,(0,00))—Dh(c(0,00))) - Die,(0,00)+Dh(c(0,00))-(Dlien(0,00)—Dke(0,00))
(13)
and also

Dih(eq(0)) = D:h(c(0,00)) = (DZh(c(0,00))) - (€0, 00) — (0, 00))(1 + o(1))

Notice now that

en(0,00) = K(0,00) - mup (&) (14)
where (11, (€)) = (m(0(6)i=1..2 with
, SO
i 000) = 50 POREEY

We then easily obtain, using (M8), the ergodicity of (X;) and (M5), that

(€)= M () + o%), Dl (€7) = DAM,(€) + o%)
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where the o(1) are in probability. Using (14) we have also

Dlea(000) = K(0.0u) - DLV (€) + DLK(0.30) M (€) + ol )
In particular, using (M8), ¢, (8, 0¢) converges in probability to ¢(8, 0q) and Dlec,(8, 00)
converges in probability to Dlc.(8,00). Applying those results to (13) and using
the central limit theorem given by (M8) leads to the asymptotic distribution for
\/ED%HH(G, 0o) given in Lemma 4.1.
Similarly, expanding also H, (0, 0¢) as

H,.(0,00) = h(cu(0,00)) — h(c(8,00))
= D.h(c(0,00)) - (¢a(0, 00) — (0, 00))(1 + o(1))

allows to prove that jointly (v/nDiH,(,00),\/nH,(0,00)) converges in distribution to

a centered gaussian distribution.

Proof of Theorem 4.2.
Let D,, be the matrix

DlHn(ev UO)DlHn(ev UO)T

D*H, (0
( 700) + Hn(evao)

Write

(Dn)ll (Dn)12
Dy= \ (D) (D)2
We have, using Lemma 4.1:

D%Hn(ev UO)D%Hn(ev UO)T

D))= DH, (0
Dndin = Dl 00+ = 0 )

converges in probability to
DEH(Q, 0'0) == C,
D%Hn(ev O-O)Dcern(ev UO)T
Hn(e, 0'0)

converges in distribution to some random variable, and also (D, )12, and

(Dy)12 = DE, Ho(0,00) +

(D5 H, (0, 00))
H,.(0,00)

(Dn)zz = Dan(G,ao) +

converges to +o0o. It follows that in probability for big enough n, the matrix D, has

non zero determinant and is invertible. Let
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o= ({0 2

n

be its inverse. Usual linear computations together with equation (10) lead to

(D)2
(Dn)22

(§—§U==(Ulﬂnl%ﬂnWMm)—(anl' (DiHA9¢m)+-—égQij)(1+00D

QJJH(Q,UO
(15)

and

(D)) = ((Dn)n _ M)

(Dn)22

We now have that .
(l)n)12(l)n)21

(Dn)22

converges to 0 in probability, so that

(Da)") = CTH1 +0(1))

Moreover,
(l)n)IQ
(l)n)22
converges to 0 in probability, and
(l)n)IQ

(Dn)22Hn(070'0) ( (n))

converges also to 0 in probability, so that equation (15) now leads to the Theorem.
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