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Abstract:
In this paper, we address to the problem of testing hypothesis using maximum like-
lihood statistics in non identifiable models, with application for model selection in
situations where the parametrization for the larger model leads to non identifiability
in the smaller model. We give two major applications: the case where the number
of populations has to be tested in a mixture, and the case of stationary ARMA(p,q)
processes where the order (p,q) has to be tested. We give the asymptotic distribution
for the maximum (pseudo)-likelihood statistic when testing the order of the model. A
locally conic parametrization appears to be a key tool for the problem, and allows to

discover the deep similarity between the two problems.
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1 Introduction.

In this paper, we propose a general theory to deal with testing problems in non identifi-
able context. In case the model is a regular parametric model, the lack of identifiability
leads in general to a degenerated Fisher information, so that the usual y2-theory does
not apply. The usual proof for the y%-theory relies on an expansion of the likelihood
till order 2, and then a maximization of the expansion. The major questions that now

arise are the following:

o Question 1: Since the parameter is not identifiable, around which point can an

expansion be made ?

e Question 2: In the optimization procedure, the inverse of the Fisher information

appears, what to do since it is not invertible ?

Two famous examples of such situation are the test of the number of components in a
mixture model, and the test of the order of an ARMA process. We solved completely
the first example for testing one population against a mixture of populations in a
previous work, see Dacunha-Castelle and Gassiat (1996). We develop here a general
theory which applies to both problems. Let us first recall on the examples the lack of
identifiability, where the difficulty of the problem comes from, and the general idea of
our theory.

Let F = (f,)~er be a family of probability densities with respect to v. I' is a compact

subset of IR* for some integer k. G, is the set of all p—mixtures of densities of F:

P
gp = {gﬂ,azzﬂ—i'fwi : 7‘—:(7‘—17"'77‘—27)7 05:(717"'7727)7 (1)
=1

P
Vizlv"'vpv 72 EF, OST‘—ZSL 2772:1}
=1
Obviously, the model is not identifiable for the parameters = = (7q,...,7,) and
a=(y',...,7). There exist mixtures ¢ in G, which have different representations g,

with different parameters 7 and «. For instance, we have for any permutation o of the
set {1,...,p}:

P P
D mis fy =2 T Sy

Another example which may not be avoided by taking some quotient with respect to

permutations is:
P

f,yo == Zﬂ'i . f,yo

=1



for any (7;) such that =, > 0 and 30, 7; = 1.
Since we solved part of the problem in Dacunha-Castelle and Gassiat (1996), we do

not recall previous results concerning mixtures which were discussed there.

ARMA processes are given by the recurrence equation:
XotaXoa+. . +a,Xop =€+ b1+ .o+ ey (2)

(Xu)new is a stationary process with (€,)n,env as innovation process as soon as the
complex polynomials P(z) =14 35_; a;27 and Q(z) = 1+ 3}_, b;z/ do not have roots
inside the complex unit disc and (€, )nen is a white noise. If (€,),en is gaussian, then
(X, )nen is a gaussian ARMA process. The spectral density f of such a process is given
by:

0.2

|2
r)=—|—=l(e 3
1) = 219 3
where o2 is the variance of the noise. Assume now that the true spectral density is

UO |Q0

fo(x) = 27 Py

(e)]? (4)

with Qo of degree qo, Py of degree po, and we want to test (po, qo) against (p,q), where
p > po and ¢ > qo, (p,q) # (po,qo). The general model is that of stationary processes
with spectral densities which have the form (3), where the degree of P is not larger than
p and the degree of () is not larger than ¢. As soon as p > pg and ¢ > qo, fo has in this
model infinitely many representations, for instance by multiplying the representation
(4) with the constant 1 written as the quotient of two identical polynomials. With
this parametrization of the model, the information matrix for any parameter leading
to fo has a kernel of dimension inf{p — po,q¢ — qo}, see Theorem 3.3 in Azencott and
Dacunha-Castelle (1986). The classical theory does not apply, the maximum likeli-
hood statistic does not have a y? asymptotic distribution. Alternative solutions for
this testing problem may be given, using the correlation properties, see for instance
Gill and Lewbel (1992). As test problems are intimately connected with estimation
problems via confidence sets, another way to solve the problem could be the use of an
estimator together with its asymptotic distribution. A now classical way to estimate
the order of an ARMA process is by using some compensation term to the maximum
likelihood statistic. Such idea has been introduced by Akaike (see Akaike (1970) and
Akaike (1974)), with comparisons in Hannan (1980). The right choice of the com-
pensating sequence requires a carefull investigation of the speed of convergence of the
maximum likelihood statistic, which is studied for instance in Azencott and Dacunha-

Castelle (1986). They use some quotient of the parameter space. Redner (1981) gives
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general ideas to use quotient spaces to prove the consistency (in the quotient space)
of the maximum likelihood estimator in non identifiable situations. However, the pre-
cise asymptotic behavior of the estimator of the order is not known, so that it cannot
be used for testing at a known asymptotic level. Another point of view is that of
predictive stochastic complexity developed for example by Gerencser and Rissanen ().
They give the asymptotic behaviour of three kinds of predictive stochastic complexities
associated with ARMA processes, which give a computable criterion for model order
estimation. However, this again does not lead to known asymptotics. Let us mention
that, for testing the order using maximum likelihood, the computation of the asymp-
totic distribution was made by Hannan (1982) for the particular case pg = ¢o = 0 and
p = ¢ = 1. Hannan introduced a reparametrization of the model, which does not seem
to be easily generalised to handle the general case. It was used again by Veres (1987)
to find the asymptotic distribution for the case p = pg+ 1 and ¢ = g9 + 1.

In this paper, we give the asymptotic distribution of the maximum likelihood statistic
for any mixture model selection and for any ARMA model selection problem, so that
this allows the construction of a test for the order at a known asymptotic level. To find
this asymptotic distribution, we introduce a reparametrization of the model which we
call a locally conic structure of the model. The general idea is that a first positive and
real parameter € contains some ”distance” to the true model, this is the perturbation
parameter, and a second parameter 3 is some direction of approach to the true model,
or in other words the direction of the perturbation. A normalisation of the directional
vector imposes the directional Fisher informations to be uniformly equal to 1. This
gives an answer to question 2. [ contains all the non identifiable part of the model.
f contains all the model order information, and is identifiable. § may be consistently
estimated: this gives an answer to question 1, the expansion will be done for  near 0.
Now, if 1,,(0, 3) is the logarithm of the likelihood, the usual proof proceeds as follows
(for i.i.d. observations Xi,..., X)) :
n g2
a0, 8) = 12(0,0) = 03 _hs(Xi) = < Z; he(Xi)* + op(1)

=1

Maximisation over 8 leads to:

1 (30, hp(X5))?

) = S (X,

+op(1)

Now, when maximizing over [3, two problems appear. > % hs(X;)* may take the
value zero. There is a need of some uniform central limit theorem for a normalised

variable. More importantly, the remaining op(1) has to be uniform over 5 !!!
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To our opinion, this last point has been overlooked in previous literature. In the most
general cases of model selection for mixtures and ARMA processes, the expansion has
to be done to an order bigger than 2, at least 4, leading to new asymptotics. The
general situation seems to be the following. All directional models are LAN (locally
asymptotically normal) models. The set D, which is the union of all directional scores,
may be defined as a subset of the unit sphere of some Hilbert space H. D has to
be precompact, and its compactification leads to adding a new set D, due to the non
identifiability. Define £; to be the (continuous) gaussian process indexed by D and

with covariance the Hilbert product in H. Two different situations appear:

e D issmall, the remaining terms in the expansion till order 2 are uniformly small,

and the asymptotic distribution is

1
sup ~€ile,>0
deD 2
This is the case for testing one population against a simple mixture (see Dacunha-

castelle and Gassiat(1996)), and for testing an ARMA (po, ¢o) against an ARMA (po+
17 do + 1)

e D is not small, the expansion has to be done till order 4, and the asymptotic

distribution is

1 1

sup ysup 5&ile,z0;  sup (€5 4 €0, Ley, 0)
deD 2 d1€D1,d2€D> 2

where D; and D, are two orthogonal subsets of D. This is the case for testing

q against p populations (¢ < p) and for testing an ARMA(po, qo) against an

ARMA(p,q), po <p, 0 < ¢, (p—po+ ¢ —q0) = 3.

The paper is organized as follows: In section 2, we give the definition of a locally
conic parametrization. Section 3 is devoted to the problem of testing ¢ against p
populations, and section 4 is devoted to the problem of testing an ARMA (po, ¢o) against
an ARMA(p,q). All technical proofs that are not essential for a comprehensive reading

are given in section 3.

2 Locally conic models.

(m)

X = (X,,...,X,) is an n-dimensional real observation with distribution Py" in a
set P,, which is assumed to be dominated by some positive measure v,

We assume there exists a parametrization of all P, through two parameters § and 3:



(0,3) € [0, M] x B, M is a positive real number, B is a compact Polish space, and there
exists a subset 7 of [0, M] x B such that:

Vne N, P, ={Ph.(0,8) €T}

where [0, M] x B is endowed with the product topology of IR and B, and 7 has compact

closure 7.

The parametrization is assumed to be non identifiable in the parameter g for § = 0,
but identifiable in the parameter § at § = 0, that is:

Pl =P = 0=0

which in particular implies:

vp € B, Py = P

Define for any positive number c:
Be={3eB :30<¢ (0,3)eT}
For any § in B¢, define:

05 =sup{t : [0,¢] x {B} C T}

Assume moreover:
V3 € B, either 05 > 0, or there exists ¢ > 0 such that [0,¢] x {3} N'T is empty.
Define now:
B=)B
>0
The assumption says that it is impossible to find accumulation sequences of parameter

leading to § = 0 with directions 3 where the submodel (P((gf)ﬁ), (0,8) € T)g (where 3

is fixed) is not defined in a rightneighborhood of 0. Moreover, B is then the set of all
directions [ for which the submodel approaches 0.

Such parametrization is called a locally conic parametrization. Models for which there

exists a locally parametrization are called locally conic models.

3 Testing the number of populations in a mixture.
In this section, X is an n-sample of a mixture of ¢ populations, that is
Pén) — (gol/)@n
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where g is a mixture of ¢ populations in the parametric family (£, ) er, I' C IRF:

q
Yo = Z 7Tlofwlvo
=1

The general model is that of p mixtures G, given by (1). We assume that G, is identi-
fiable in the weak following sense:

p

P P P

) L =D m fua vae. =Y w0 => 7 4,
k2

=1 =1 =1 =1

as probability distributions on I'. In other words, G, is identifiable if the parameter
is the mixing discrete probability distribution on I'. Teicher (1965) or Yakowitz and
Spragins (1968) give sufficient conditions for such weak identifiability, which hold for
instance for finite mixtures of gaussian or gamma distributions.

The aim of this section is to derive the limiting distribution of the maximum likelihood

statistic. Define for any ¢ in G,:

= Z log g( X
=1
and the maximum likelihood statistic

T, = sup l.(g)

gEgp

We introduce the following locally conic parametrization, previously proposed by the
authors in Dacunha-Castlle and Gassiat (1996). Define By the set of parameters

B=(Myees Aoy TS 8 1 py)
such that

N>0, 7y el i=1,....p—q, 8 €RF, ppeR, 1=1,.. (5)

p=q q p=q q q
DA+ =0 and F AT+ pi 4 |18 =1 (6)
=1 =1 =1 =1 =1

Let H be the Hilbert space L?(gov). Let then

q o k l 1 af’y

f
_= 5— —~ 0,0 )\ ’Y
B) = ;:1: 0 ;:1: 90 0; |’Y—’V + Z

We shall see later the interpretation of this quantity. For any ﬂ in By and any non

fwl 0

|2

negative § such that for any integer [ =1,...,¢,
ﬂ'l + plN( 5 > 0, define the mixture:

rP—q 0
96,8 — ; (ﬂ fw + Z + Pl (6) )fWZ’O+N(9;3) 5 (7)
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Such parametrization may be viewed as a perturbation of gg in the following way: per-
turb the ¢ mixture g, through a perturbation of the parameters v'° and the weights
7, and add a perturbation as a p — ¢-mixture with weight tending to 0.

Such equation does not completely set a locally conic parametrization. Indeed, the
equation (7) does not define unambiguously (8, 3) for a given mixture. For instance,
different sets of parameters may give go. It is then important to define the set B such

that g3 = go < 0 = 0, which is not an immediate consequence of the definition of
9(0.6)-

Let ¢ be any p-mixture:
P
g = Z i fyi
=1

To describe it through equation (7), one has to associate the parameters of ¢ to those
of go, that is to give a special order to the parameters. In other words: for any
permutation o of the set {1,...,p}, we define the parameters f, such that g, s,) = g.
This leads to:

Bo = (Moo os Apmgos Yo A0 8 65 prge ) Pao)
with:
Vi=1,....p—¢q, X0, =m0 N(B,)
Vi=1,....,p—q, ¥ =~"0
Vi=1,....q, 67 -0, = (4707 — 410) . N(3,)

Vi=1,...,¢, pio-0s=(Top—qti) — ) - N(8,)

It is easily seen that

& cr(p—q-l—l) l ,0 1 af’v ! f’yl 0
P W ERUE L RIS wet (Frtperiy = S
=1 i=1 o 07 =1 9o

The system is not ambiguous on the scale of 3, because of the normalizing condition
(6).

The problem is then to choose between the permutations. The following choice is a
good one. The idea is to associate step by step the nearest points 4* involved in ¢ to

the set of points 4'"¥ involved in ¢o. Look for:

min |4

(=1,...,q,0=1,...,p _7H
It is attained for ly and ¢;. Define then o(p — ¢ + 1) = ¢1. Look then for

1 Lo 4
l=17~~~7q,l;«é§3£1,...,p,z’¢il Iy ol
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It is attained for Iy and i5. Set then o(p—qg+13) = é2. By induction, define in the same
way o(p—q+1;) =1 for y = 1,...,¢q. In this algorithm, consider only points truly
involved in g (eventually less than p points). Then complete the permutation o in some
ordered way. You then have defined a permutation o(g). The locally parametrization

is then given by equation (7) with:
T ={(0,50(s)) : 0 <0030, 9€G}

This induces the set B as the intersection of all directions approaching 0 in 7.
Such parametrization is locally conic. An important point to notice, coming from the
normalizing condition (6) is that:

0
V(0,8) € T, = < p+2¢sup|y|’ (8)
) ~er

Y N(ﬂ

so that # tends to 0 as soon as N(/3) tends to 0.
Since we shall use partial derivatives of f, with respect to 7, we introduce some nota-
tions: Dh i, Will be the h-th partial derivative operator with respect to 7;,...7;,. So

that Dzhl...ihfw will be the value of this partial derivative of f at point v. We shall now

need some more assumptions. Define D the subset of the unit sphere of H of functions

v (s wES

with 3 in B. Define also &; the gaussian process indexed by D with covariance the

of form

D! fou0

—I-Z)\f”

usual hilbertian product in H.

We shall use the following assumptions.

e (P0O) There exists a function h in Li(gov) such that: ¥y € ', |log f,| < h v-a.e.

Moreover, f. possesses partial derivatives till order 5. For all A < 5, and all

1w lp, .
DY . foo
21...th'y c LS(gOZ/)
Yo
Moreover, there exist functions my, ms and a positive ¢ such that:

D?.

sup 129851 < oy B ] < oo
lv=ClI<e 9o
D5 .

sup 12801 < ) < oo
lv—°11<e 9o

e (P1) D is a Donsker class (see Van der Vart and Wellner (1996)), and £, has

continuous sample paths.



e (P2) For any integer py, pa, such that p; + p; < p — ¢, for any set of distinct

points 4!, [ = 1,..., py, distinct from any +*°, the set of functions
I fro D} fio ijfwz,o
- J)i=1,..., - )i=1,.., (=1,..,90=1,..,ks \ ™ )I=1,....,p2,0,j=1,....,k
A T

is free in H.

To check (P1), one may use metric entropy or bracketing entropy Theorems (see for
instance Ossiander (1987) or Van der Vart and Wellner (1996)). Those entropy results
may also be used to prove the continuity of the process (¢;). In fact, computation of
entropy behavior is in general easy, since, as will be seen later, D is a parametric set
described with a finite number of parameters varying in a compact euclidian space.

Let now D; be the subset of the unit sphere of H of functions of form

b DM

2D Ak

[=11=1 go

and let Dy be the subset of the unit sphere of H of functions of form

b Dife

St 3 B 5 Py $8 5 e e

=1 i=1 0 I=11,5=1 0

D2 f o

with py <p—q—1,p1+ps <p—q, >0, 72, i+ 30, pr =0, 7t > 0, which are
orthogonal to D;. We have the following asymptotic result:

Theorem 3.1 Under the assumptions (P0), (P1), (P2), T, — l,.(go) converges in

distribution to the following variable:

1 1
sup {sup §§§1gdzo; sup 5(5?[1 + 55212 1£d220)}
deD d1EDq,d2 €Dy

Notice that D; and D, are subset of D, the (compact) closure of D in H. More precisely,
D is the subset of the unit sphere of H of functions of form

0 I D! foio 0
Sy s P S 5 e, P
0

=1 =1 go =11,5=1

with pr +p2 <p—q¢, i 20, X722, M+ >, p=0,7>0.

The proof of Theorem 3.1 is in section 5.
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4 Testing the order of an ARMA process.

In this section we assume X is an n-realization of a strictly stationary process with
spectral density fo given by equation (4).
Recall that if X is an ARMA(p,q) process with spectral density f, the Fejer-Riesz

canonical representation is:

_0-‘_2'1’ 2 _ 2 rs
T e = gt

where P is a polynomial with p roots of modulus strictly bigger then 1 and @) is a
polynomial with ¢ roots of modulus >1, P(0) = Q(0) = 1, and P and ) have real
coefficients. We then define the parameter space F'(p,u) as the space of all spectral
densities of the previous form with all poles and zeros > 1+ p, and 0 < u < 02 < 1/u.
We shall use the maximum pseudo-likelihood statistic for testing the order. We set it

now. For any integrable function & on the torus, define hy, the Fourier coefficient:

R o d
hk _ /_7T e—zkxh(em’)%

Define also the Toeplitz operator of order n, T,,, as the operator which associates to

each integrable function h on the torus the n x n Toeplitz matrix T, (h):

Define for any continuous function v the periodogram

i . n ) d
]n(v) — X(n) . Tn(v) . X(n) — / v(em’)| ZXkezkxPZ_x
- .

1

In case the process is a gaussian process, the logarithm of the likelihood is L, (f) with:
—2L,(f) = nlog 2 +logdet T,,(f) +T X™ [T, ()] X"

It is well known (see for instance Azencott and Dacunha-Castelle (1986)) that it is well
approximated by the Whittle contrast function C,,, or pseudo likelihood, given by:

1
Co(f) = nlog2r 4T x ), Tn(?) X n log o 9)

= nlogZﬂ'—l—nlogaz—l—]n(%) (10)

which is a contrast function for the estimation of the parameters even if the process is
not gaussian. As was explained in the introduction, for p > py and ¢ > ¢o, the model

is not identifiable. We now define a locally conic parametrization. Let fy have zeros
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L/u;,i =1,...,q0 and poles 1/t;,e =1,...,py. We assume for simplicity that all poles
are distinct and all zeros are distinct. In other case, the Theorem still holds with a
similar proof. Define r = min(p — po, ¢ — qo). Suppose that r = p — py. The case where
r = ¢ — ¢o can be handled in the same manner. Let s = ¢ — ¢o — r. Define for any non

negative ¢, and any

= (b,p,7,¢7,v)

goooy =1,...

Ll + 1712+ I+ (el =1
Define now

(1= (e + iylyio)?)

I

0 2
fo(e) = [P ) [HEa (ot )
; 27 P =+ %TZ)Z)

0

T~ (00

rs

with z = ¢, where, for ¢ = 1,...,r, ¢ = 1if |¢; — ;| < |e; — | and ¢ = 0 if

le; — ;] > |e; — wi], and with

q0

NGB = g+ S+ ) - D

i i l-wzr -

(1 —2¢)viz (1 —2€¢)% 5 I
DI + U290 S e 4 D,

1 — ¢z z—C =

where H is the Hilbert space L?([0, 271'] 5-). The parameters 6 and /3 can be constrained
to ly in a prescribed set in order that f(g ) lies in F'(p,u) (in particular the polynomials

have real coefficients), and in order that:

f(@ﬁ) = fo = 0=0

This can be done for example by a choice of associations of the zeros and poles of
f with those of fo. Let f have zeros 1/v;, j = 1,...,¢", ¢ < ¢ < ¢, and poles
wi, 7 =1,...,0, po < p' < p. Let py be any permutation of [1,...,¢'] and py any
permutation of [1,...,p']. Define then P(z) = [1(1—w,,(;2), @(2) = [1(1—v,, ;). The
right choice of the permutations p; and py will lead to the desired local identifiability
without loosing infinite differentiability. For this choice, use the following rule: choose

first any (maybe between several) p1(j) such that

[0p,() = wl = infinf fvy, ) — ;]

12

i (L= (e + (1= &) g2

)
(11)



Then iterate the rule for the ¢o — 1 remaining zeros of fy. Do the same for the py
poles of fo, so that py is defined for py points. It remains p’ — pg poles and ¢’ — ¢o
zeros. Do the same coupling for r points relating r remaining poles to the r remaining
poles. To end, complete 7, in some way. This gives an enumeration of poles and zeros
so that polynomials P, () may be built with this order, and then # and 3; The set T
is then the set of all obtained (6, 3) when f runs over F(p,u). Recall that, to have
real parameters for the AR and MA polynomials, when one perturbation coefficient
is associated to a zero or a pole which is not real, its conjugate is the perturbation
coefficient associated to the conjugate zero or pole. This will always be the case. The
number of real parameters is then p + ¢ + 1. We then obviously have by construction
that f5) = fo implies § = 0.

Notice that, in some sense, such construction chooses a particular member of the
equivalent classes in the quotient space. Our locally conic parametrization is one way
of thinking distances between quotient classes.

Notice also that, at least for small enough 8, the perturbation direction 5 may take
any direction. In other words, the set of real parameters involved in B spans IRPF7*L.

Another important remark is that we have for all (6, )

0 <2
W_ (po+qo+r+s)

We now define the derivative space D to be the subset of the unit sphere of H of

functions of form

1 7 O iz IR
N(B) +ZZ1—tZ P O e

; i—1 — U; 2 Z — Uy

(1 —26)yiz  (I—26)7, ¢ v
+;< e Tz ) ;ww =)
with z = ¢ and with 8 in B. Define also &, the gaussian process indexed by D with
covariance the usual hilbertian product in H. Let now D; be the subset of the unit

sphere of H of functions of form

i+pz°i I L) IS ol b o RS e
3 1—t22 ik Z—E P kZI,UZ,k 1_u2 ik

=1

D e S EDRUITRD

1 —¢z z—C ]

with 1 <a; <2, 0=1,....p0, 1 <b; <2, 0 =1,...,q90, > 12a; + > b > po+ qo,
S ai+ 10— (po+qo) <ryand ryp < — [ ai + 21 b — (po + qo)]-
Let also D, be the subset of the unit sphere of H of functions orthogonal to D; of
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form (12) with 1 < a;, ¢ =1,...,p0, 1 < by i = 1,...,q0, 21" ai + 33 b; > po + qo,
1 ai + 321" b — (po + qo) < vy and i < — [21° i + 221 b — (po + q0)]-

Notice that D; and D, are subset of D, the (compact) closure of D in H. More
precisely, D is the subset of the unit sphere of H of functions of form (12) with 1 < a;,
i=1,...,po, L < b i=1,...,q0, 2 a;+ >3 b;—(po+q) <r,and ry <r—[> 1" a;+
S % b; — (po + qo)]- To identify the set D, one looks at the limit points of functions in
D such that N(/) tends to 0. This happens when at least one ¢; tends to some t; or
u; with corresponding =; tending to the corresponding 7;, or to the corresponding p;.

Define now U, = infscp(,) Cn(f). We have the following asymptotic result:

Theorem 4.1 U, — C,.(fo) converges in distribution to the following variable:

1 1
— sup {SUP 5531&1203 sup 5(531 + 53215@20)}
deD d1 €D1,d2 €Dy

The proof of Theorem 4.1 is in section 5.

Remarks:

e An important point of the proof is the identification of D, that is the study of
the limit points in D when N(3) tends to 0. This is why the ¢ appears in (11),
so that when N(f) tends to 0, f(g,4) tends to fo, and so that, due to the locally

conic structure (coming from the choice of permutation):

0
Nl o) = (i =i (13)

for a ¢; tending to u;, for which ¢; = 0, and

0
N o) < (e 1) (14)

for a ¢; tending to t;, for which ¢ = 1.
e In case po = go = 0 and p = ¢ = 1, we recover the result of Hannan (1982).

e In case pp+1 =p and go + 1 = ¢, and only in this case, D is empty so that we
recover the asymptotic result of Veres (1987).

Corollary 4.2 Whenp=po+1 and ¢ = qo+1, U, — C,(fo) converges in distribution
to the following variable:

1
— sup 5531&120
deD
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5 Proofs.

5.1 Proof of Theorem 3.1.

First of all, define gg a maximizer of [,,(6, ) for the fixed value of 3. Recall the following
result, which is proved in Dacunha-Castelle and Gassiat(1996) coming from (MO) and

the fact that the parametrization is locally conic:

Proposition 5.1 Define 1, = supsg éﬁ, Then n, converges to 0 in probability as n
tends to infinity.

Using (PO), g, is differentiable with respect to # till order 5, and we have for all
2< h<5)if g((gi)ﬁ) is the h-th derivative of ¢ with respect to 6 at point (8, 3):

k g
(hy  _ h ! 1 h—1
Y5 = N(ﬂ)h il...g;l:l Z p15¢1 s 5ih—1Di1...ih—1 fw“”r N(QB) By

N
Il
—

1 k q 0 0
~ §L 8D,
—I_N(ﬂ)h il.gh::l ;(ﬂ—l + plN(ﬂ)) 11 ih z1...zhfwl7 +N(9,6)6l

and also

1 P—q q kg o 9 .
gfg,g) = W (; )\lfwl + ; plfwl,o_k 0 sl + ZZ(T‘-Z + plN(ﬂ))@Di f'Vl’O+N(9/3) st

N(e) =1 [=1

The proot of the Theorem follows the same lines as that of Theorems 4.2 and 4.3 in
Dacunha-Castelle and Gassiat (1996). However, the parametrization is not exactly
the same, and has more terms, so that we detail the proof. It will aslo rely on some

control’s Lemma that we set now.

Lemma 5.2 Under (P2), there exists a constant number a such that for 3 in B:

sup, [|6]1*

N(B)

Proof of Lemma 5.2.

First of all, using assumption (P2), the hermitian matrix of all hilbertian scalar prod-
ucts involving functions in the free system is positive, so that it has a positive smallest
eigenvalue o, and the associated hermitian product is larger than ¢ multiplied by the
usual scalar product in IR®, s = p+ kq + p2(k? — 1).

It “]\f—z% is unbounded, there exists a sequence (3, such that

L

15



Since '™ is bounded (see (6)), this implies that N(f,) tends to 0. Using assumption
(P2), this implies that 6" tends to 0. Let now J; be the set of indices ¢ such that 7"
tends to 4%, We have:

[t _ 1 | 1852

N(Bu) = o (I Zjen Ai(37" =910 + 81 + 1(Ejes Ailly?™ = PO)1P)*)2(1 + o(1))

Now

Y

o I [ jes Ai(5™ =" = o([l6']]) or [[6°]] = ol Zje Ai (37" = 5")II), obviously
[ _ 1
S —
N(Ba) ~ o

o If now Y7 Aj(77" —79) = =61 4 o(1)) we have

PR il = [ Zjen Xy =412
e B (Xjen Ai)?

so that o
4 1 1
5 1 e > I o(1)
7€, (ZJEJZ )\])

and so that again

1811 _ (CjenXi)* _p—q
N(B.) — o T o

and the Lemma follows.

The proof of Theorem 3.1 will rely on covering the domain in different regions. Let us

look first at l
| sup; 6 H

O S )

for some o < 3/4. A first Lemma states the asymptotlc distribution of the likelihood
maximized on (8, 3) for g € A,.

An = {8

Lemma 5.3 Under the assumptions of Theorem 3.1, supgey, ln((%,ﬂ) — 1,(0) con-

verges in distribution to

1

Soup(Ea)? 16,2 0

deD
Proof of lemma 5.3.
First, the following expansion holds for 6 tending to 0:
~ 9(6,8) — 9o L S (90,8 — 909 ) — 9o

(0,8) = 1(0) = 32 1=y 3 (D= 4 oD =0 )

i=1 9o =1 9o 9o
(15)

16



Let us now write an expansion of g g till order 2:
2
9(6.5)(%) = go(x) + 0+ glg 5)(x) + 5 9" (9x,3) ()
for a 0+ < 6 and depending on . Now as 6 tends to 0:
- 181

q
9" (0% p5lD1 x) + 0((sup
) = N 2 P NG

since &' is bounded and using (P0). Write:

)0ma(x)go(z))

Define also

u(B,e,0) = (— ,
(B,4,1) = PR )
lelo Dl/fllo
,Z,Z,l/ — 1 S0 , vt
( ) < Yo 9o >H

Notice that

> (%@)2 (X) =+ (140(1))

=1

é(%ﬂ D”“”)( 3 = (B, 0)- (1 4+ o(1)

)
9o 9o

Yo go
where the o(1) are uniform in probability, thanks to (P1). Let us now see what happens

n D}/ A0 D} A0 S
Z:( T )(Xi)va(%l;lal)'(“r‘)(l))

on A, and for § < 2n,. Applying lemma 5.2 we obtain for any [ =1,...,¢

LAl < a3
N(gyp =
which goes to 0 since a < 3/4. One can now prove:
9k
L0.8) = 10) = DDL(8)+ 303 e 0P + olnd?
=1:=1
02
—?n (14 o(1 ZZM 0% nu(B, 4, 1)(1 + o(1))
=1:=1
5151’

5 Z Z Pl/)l/ ) (lvlﬁllv /)(1 +o(1)) —|—0(n92)

LU'=144'=1

17



where all the o(-) are uniform in probability over 3 in A, .Now,

159, e

Ny =

and since (D, (3), F'');1/+/n converges uniformly in distribution using (P1) we have

easily

Py
N(B)?
where the o(-) is uniform in probability over 3 in A,. We finally get for 5 in A, and
for 6 < 2n,,:

F10% = o(0D ()

2

0(0.9) =100 = (00,5 = S} 1+ o1

where again the o(-) is uniform in probability over 3 in A,,. Since gg < 1, this obviously

leads, by maximizing 0D, (3) — %n to:

_1D.(B)

V() = 5

1p,g)>0(1 + o(1))

for 3 in A, and where the o(-) is uniform in probability over 7 in A,. The conclusion
of Lemma 5.3 follows using (P1) and the fact that the set of functions in D such that
B isin U, A, is exactly D.

Let us now study what happens on

L
TN T g
First of all, notice that on B,, N(f) tends to 0, and using (P2) all ¢§' tend to 0. We

have as an immediate consequence of Lemma 5.2:

B,={p:3=1,...

Lemma 5.4 There exists a constant number M such that for 3 in B,,:
N(B) < My l?

and for any (¢,1):

61| < M3/
Proof of Lemma 5.4.
!
Define ¢;; = Nfé)2. We first have, using Lemma 5.2
q1/3

N(B) < PREE

18



Now, on B, there exists (¢,1) such that |¢;;| > 1/kn2, and the first inequality of the

Lemma follows. Now, using Lemma 5.2 we have for all (¢,/)
8] < \/aN(5)

and the second inequality follows .
In other words, on B,, N(3) and all |§}| tend uniformly to 0.

We shall use again expansion (15), but the expansion for g has now to be done

till order 5:

4 02 . 05

96,0)() = go(x) + 0 - glo5)(x) + D i 9((6)75)(1’) T 9((2,5)(51?)

=2 7

for a % < # and depending on x. The aim is now to prove that for § < 275, and for
8 € B, we have:

10, 5) = 1x(0) = Pa(0, 5)(1 4 o(1)) (16)
where all the o(-) are uniform in probability over 3 in B, and with P, (8, 3) the poly-

nomial of degree 4 in the variable 6:

n

P.(0,8) = —|—Z(92 (Zpl F” —)—QSnZZpl B,4,1)
4 [=111=1
5151’
——n Z Z Pl/)l' ( l Z l)
LU'=144'=1 )

= Z:pj(n

From now on, any o(1) will be uniform over B,(.J;,.J;). Since |§!| tends uniformly to

6l ...8] 6L 6L
N3 :0( N(B) )

So that we can write for for A < 4:

0, we have

i1eip_1=1 =1

k q
() _ h
gw,m—(zv‘(ﬂ_)h > Dombi .8, DIl 1fzyo+Nfﬁ>5l) (1+0(1))
Define
R4 O DETL fo

Z Zpl 21 Z;LL 1 21---th—1 i (Xz)

— 1)
i=1 h=2 )'21 ’Lh 1= =11[=1 gO
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" osup |67 - ms

=1

(Xi))
We may now write, using also (PO0):

SUED 90y 0D, (8) + Bul6. A)(1 + o(1)) + O(.(0.3))

Now, using expansion (15) together with the previous result leads to

(0, 8) = 1.(0) = 0D.(8) + En(8, 5)(1 + o(1)) + O(Jn(9, 5))
L (0D(3)+ B0, 5)(1 +o(1)) + O(1.(6.5)))
+0(0D,,(8) + (0, 8)(1 + o(1)) + O(Ja(0, 5)))°
so that we obtain
WO 5)~ (0) = 0D,(5)+ B0, 5) — L(0D.(5) + B0, 5) + R, (1T
— P0.8)+ R (15)
where R, is a sum of terms which are o(Q,(0, 8)), with Q.(6, 8) = sup, ;<4 Ip;(n, 5)0’],
plus terms which may be bounded with one of the following forms:
A T LI )L W)

Th—1 1 - Zh 1 XZ h >
N(B)h ; Jo (Xi) b 23

05H5ZH5 0h+15f» . 5fh . 0“’55 . 5fh 15§1. 5;1 ) th 1> 3

n; n; n wi
N(B)? N(B) N(p)r+

0h+25{ 51 0h-|—l-|—1 51 51 51 51
03n, 1" Th— 1n, [ th—1 J1 Jz1n
’ N(B)" ’ N(B)H!
0h+’+m5f ) 5fh 15j1. 5;1 1521...527”_1 ,
N(B)m n with h,l,m > 2

Now, since /N () and the 6! are bounded, the first term in this list may be bounded
by:

05!, Z”: D! fo
N(B)* Yo

=1

Mn2l?. (Xi)

which is uniformly in probability
026! .
o)
(8)
Some of the other terms will be proven to be o(rn#*) using Lemma 5.2, Lemma 5.4 and
the fact that 4 is in B,:

n = 0(nb*n;")
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grrist 6
]\z[(ﬂ)h th—1 n — O(n02na(k—3)/3) 2 > 4

R+l gl ! !
0 52 . 5% 15]1 . 5]l_1n _ O(n@zna(k+l_6)/3) k,l >3

N(B)rt
3n = 0(n02)
pght2gt sl
11 Th—1 -0 02 (h 1)/3
v oo )

h+14+1 ¢l l l l
0 52 N(%gh:—fﬁ . 5]l 1 N — O(n02772(h+l_4/3))) k7l Z 9

pr+temgl sl sl gl gLt

th—1 J1 """ TJi—1

N(ﬂ)h—l—l—l—m

mLp = O(nf*n =By L T 4m > 8

.. tstst ..
The remaining terms may be proven to be o(nN(é)i) for some 7, j. They are:

04616 04515
Ny~ O gy
n°8i6; 0 pisls! )
N(B)* N(B)*
w888 sy 2
N(B)® " N(B)
n(975f5;5f 5; _ (772a/3 . 045§ )
N(B)" ! N(B)*

So every term of R, is o(Q, (0, 7)) uniformly in 3. It is not possible now to conclude
that (16) holds since we need o(P,(0, 3)) instead of o(Q,(8,3)). It will be seen later
that, at the optimizing value (5, 3), all terms in P, have the same order and that
Qn(0,0) = O(Pn(g, 3)) Let us now prove that when at least one term p;(n, 3)07 of P,
tends to +oo, then this implies that P,(0, ) is negative. Recall that ¢;; = %2)2. We

can limit ourselves to subsequences; we omit the related subscripts for simplicity.

We shall need two technical Lemmas. The first one is a simple consequence of (P2).

Lemma 5.5 There exists 7 > 0 such that:

9 k

'L
S0 >0 piprdiadepnv(i i 1) = 7YY pidlmu(i, 14,1)

LU'=144'=1 =1 :=1

Let now J C {1,...,¢} x{1,...,k} be the set of indices (/,¢) such that 8¢, is bounded,
and J C J be the set of indices (I,7) such that the accumulation point of 6¢;; is non

zero; let oy be this accumulation point.
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Lemma 5.6 Suppose that J ={1,....q} x {1,...,k}. Then

Vji=1,...,4, limsupp;(n,3)0 = O(1)

n—4oco

Moreover, there exists m > 0 such that at the mazimizing value P(|pj(n,3)§j| > m)
tends to 1.

Indeed, in this case we have

Pu(0.6) = 0V (0, §) + (V0 Ao, 5) — Ln?) + 0 Br(n, §) — o0t Bofn, )

with Ay = O(1), As = O(1), By = O(1), By = O(1). Optimizing P, leads to the

maximum value:
l (A + A2)2

2(By— By +1)?

and Schwartz inequality leads to the result.

Now

e If pi(n,3)0 tends to infinity, then since D,(3) = O(y/n), pi(n, 3)0 = o(nh*) and
S S pdi Fi0? = o(py(n, 8)0*) and ps(n, B) > 0. So the only possibility to
have P, > 01is that |ps(n, 3)0%| = o(|ps(n, 3)6°|), with |ps(n, 8)8*| and |ps(n, 3)6°|
tending to infinity. But this implies by Lemma 5.5 that no term 0¢;; tends to
infinity. So that, either J is empty and |ps(n, 3)0%| = o(nf?, and P, is negative
for large enough n, or by Lemma 5.6, the maximum value of P, is O(1), doesn’t
tend to 0, and no term of P, tends to 0.

o If |pa(n, 3)6?] tends to infinity, the same analysis holds.

o If |ps(n, 3)0°| tends to infinity, then in case there exists some leading term 64, ;,
tending to infinity, |ps(n, 3)8°| = o(|pa(n, 3)0*|). In the other case, if .J is empty,
|pa(n, 3)0°] = 0o(nb?) and P, is negative. The case where J is not empty has been

treated already.

In summary, if one of the |p;(n,3)0’] tends to infinity, either the maximum value of
P, is negative for large enough n, or the maximum value of P, is O(1), doesn’t tend
to 0, and no term of P, tends to 0. We may conclude that the supremum value of [,

is attained in the region where all terms of P, are O(1), where (16) holds.

Let us now look at the maximum value of P,(6,53) for f in B,. Let ¢ = N(lﬁ)2.
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Define, considering ¢ and /3 as different variables (in fact ¢ is a function of j3):

n 9 k ) 9 k
Yi(B,0.0) = 0DL(B) = S0+ (033 pblFy = 0°n 30D pbtu(Bi 1)) - o

=1 i=1 =1 :=1

H4 q k ,
_?n Z Z plpl/5zl»5ll»/v(i,l,i/, Z/) : ¢2

LI'=14,i'=1

We have P,(0,3) = Y,(8,¢,0), so that

sup  P,(0,8) < sup Z,(p)

8<nn,3€Bn BEBy
where Z,(3) = sup g5q Yn(B, ¢,0). Optimizing in ¢ leads to:
_ 1 Z:}1:1 Z35?21 pl&zl'F?iJ 1 Z:}1:1 Z:f:l pl&zlu(67 i? l) 1
¢_—2 q L 1clt . .//__ q k 1clt . T (9)
nd 21,1/:1 Zm’/:1 PlPl'(Sz"Sz’/v(@a Ll ) 0 21,1/:1 Zi,i’:l PlPl'(Sz"Sz’/v(@a [l )
Define
q k '
Fu(8) =323 mbiFy!
[=1:i=1

q k

SB) =S pipwdlsho(i, i, 1)

LU'=144'=1

9 k

U(B) =22 pdpu(B,1,1)

=1 :=1

This leads to:

Ya(8.6.0) = in (FSEZT) +0 (Dn(ﬁ) T TS5

2

- (1-5)

which leads to the maximizing value for 6:

Fn(B)U(B)
gL (Dn(ﬂ) ~ S0
n

The maximized value of Y,, is then:

L ((Dn(8) = 2557
Dn(p)

— U®B)? - IV 5
2n 1 309) ()
L (BB

2n S(53)

Let us now study the behaviour of Z,(3) for 3 € B,.
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Lemma 5.7 Let d(/3) be the function in D

d(3) (Z ZE&’ ZA +Zl )

On B, the set of possible accumulation points of d(3) are the d(u, p, A\, 7,a)(-) in the
unit sphere of H:

P1 f‘ .
>
=1 gO

withpy <p—q—1,pr4+p<p—q >0, X2 m+>Xiip=0,7>0. On the

subsequence,

D! fou0

D2 f o

k
szo ZZW‘%

=1 i=1 I=11,5=1

d(B) = d(p,p, A7, a)(L + o(1))
so that the same approximation holds for u(j3,1,1).

Proof of Lemma 5.7.

On B,, N(f) tends uniformly to 0. This implies that there exists an integer p; <
p— q— 1 such that for the indices (eventually reordered) [ < p;, the ' do not converge
to any of the v'°. TFor the other indices, let .J; be the (possibly empty but not all
empty) set of indices m such that v™ tends to 4'°. Writing a Taylor expansion, and

keeping only the leading terms, we have

1 ¢ f
d(p) = N(ﬂ Z)\ -I-Z S At p)
=1 méeJ;

1.k sz 1,0

FIDY Al — ) + e
I=1 j=1 méeJ, Yo
p2 k 1 . . D2 f o

303 SO Ml =) = D)) (L + of1)
I=1j4'=1 % meJ, Yo

for some py with p; + ps < p —¢. N(F) has the same expansion. The sequences of

coeflicients "
)\l Zmejl )\m —I_ Pl Zmejl )\m("}/;n — ,-}/]7 ) _I_ 71_[05;
N(B) NGB) N
Lmen (" =25 )0F = 257)
N(B)

are bounded. Let the accumulations points be respectively p;, p;, Ay and 7ja;a;. The

result follows.

We then have on B,,:

Do(8) = d(p,p, A7, a)(Xi)(1 + o(1)) (20)



for some d(u, p, A\, 7,a)(-). and also

with obvious notations. We thus obtain that

)

converges in distribution to %531 for some d; € Dy, and that jointly

| (uw - B

)2

converges in distribution, uniformly in (g, p,\,7,a), to 2(&4,)* - lg, > 0 for some
dy € D,y. Noticeindeed that the variables (Dn(ﬂ)—% and F, (/) are uncorrelated.
We finally have that supyc, sep, Pn(f,3) is upper bounded by the variable Z, which

converges in distribution to the variable

1 1
/ = — sup (§d1)2 + - sup (€d2)2 : 1£d2 20
2 4,eD, 2 4,eD,

Let us now prove the lower bound. Let A = (u, p, A, 7,a) be given such that dy(A) =
dy(p, py A, 7,a) is in Dy with:

P q o a k DY o P2k DZ,Q, 0
REVIED SITECRS SPRCCE o SEVCLTCNG of SRt c
= Yo = 0 =1 i=1 9o I=1,j=1 9o
Let A = (5\“), and dl(]\) in Dy given by
. L E o Dl
di(A) = ZZ)‘M&
(=1 1=1 Yo

For any sequence of € tending to 0, define 3 by:
N=w-e I=q+1,...9+m
)\I—I-pl:ﬁl'é, 121,...,q
if p1+¢ < p—g¢, and in case inf{p1 + ¢;p— ¢} =p—gq,
pl:ﬁl'ev l:p1-|-q-|-1,,p—q}
I 1,0 0l :
MOy =)+ mds=Xa-e, I=1,...,¢,5=1,...,k
MO = =) = maag e D=1 py i =1k
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N(B) has order e. The parameters of § are not uniquely determined by this set of

equations. It is possible to find also a sequence of ( tending to 0 such that:
Pl5§ :5\]‘71-C7 | = 1,...,q7 ]: 1,---,k

(just consider the case a¢; = 0 and a; # 0, to set an equation of order 2 in 5;, and choose

the speed ( so that the equation has a solution for all j,l.) Choose now the speed € of

convergence to 0 of N(f) such that
1
N(B)?

with ¢ given in (19), where § < n,. This is possible, since it is an homogeneous

=9

equation in e. Since 5; is at least of order € and at most of order /¢, we have that

5;/]\[(5)2 is at least of order %, so that

B € B,
In case
choose L
> Fo (AU (H)
f — 1 Dn(ﬂ) - S(B) 1 o
) _ U2 D (§)— L >0
S(8)

We have easily that G/N(B) is of order n='/, so that we obtain that, using this par-
ticular (6, B),
sup Pn(evﬂ) > sup ZH(B) (21)

0<nn,B€Bn AA

(the supremum over A, A is over all 3 constructed from them.) In case

1o o mimog. =0
D ()L >0 = T

we obtain that

wp  P0,8) > LEOP g )

1
0<nn,BEBR 2n S(B)

so that in all cases, (21) holds. Now, with those 3 we have that
FuB) &

L = (Y d(A)(X))(1 +of1))
0 &
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and (AU (5)
(Dn(B) — 7)
S s
1

)2
5(8)

so that sup, 3 ZH(B) converges in distribution to

1

1
5 sup (€d1)2 5 sup (€d2) ) 1fd220
d1 €D d2€Do

We then have proved the following Lemma:

Lemma 5.8 Under the assumptions of Theorem 3.1, supgep, ln((%,ﬂ) — 1,(0) con-

verges in distribution to

1 1
5 sup (€d1) 5 sup (€d2) ) 1fd220
d1 €D, d2€D>

which, together with Lemma 5.3, gives the Theorem.

5.2 Proof of Theorem 4.1.

First of all, define gg a minimizer of C',( fis,)) for the fixed value of 3. We have, since
the parametrization is locally conic, and using similar arguments as for Proposition

5.1:

Proposition 5.9 Define n, = sup;j gg. Then n, converges to 0 in probability as n
tends to infinity.

We shall now study derivatives of C,( f(s,5)) with respect to 8 for fixed 3. Define
1 ) o Tz IR

con = T 3 A S
" N(B) 03+% ;1—(ti+%n)z z—(tHr%Ti)

piz i
- + )
’iZ:; 1 - (uz + NG ):“2) Z = (uz + N@ )NZ)

)

S

_ - iz ¥i L
ZZ:;( (Cz + NG )%) * z— (CZ + N )%)) ;( i+ ))

and egz?ﬁ) to be the partial derivative of e(g ) with respect to 0. ¢y g) is an element of
D. Let C(0, ) be the partial derivative of Cy( f(g,9)) With respect to 0, and CR (0, 3)
the k-th partial derivative of C,(f(g,4)) with respect to §. We have:

)
! N(B) € ’
Cn((g,ﬂ) — n— N(B) — — I, ((f(é’ﬁ))

ors + GW (6,8)
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(%)2 €lo,5) ~ €(0.9)
0,5 = Mg (—)
(08 +0x7)? fom
§ 9
c®0,3) = Ax@)” T —Co,p) + 3¢5 0,5 — € 00)
n ’ = n( 2 n 0 5 )3 n f
90 T YN (6.3)
$ " 3
W 3) — 6(x@)" [ les t A wncwn — Oclosios T3 o) — €
(0, 8) S Y + 1y 7
24( 575" 1
ﬁ b
N(B) '

1)

” 3
_106(2075)6 (975) —I_ 56207)5)6(6’75) - egg,ﬁ)))

We also have for £ > 1:

1 Po TiZ T
(—1)Felys = > Jert 4 ( s

R 7 PP ey i e o [

q0 17
iz k+1 Hi k41
- (( )t (= — )"

i=1 1 (uz + % Z)Z £ = (ul + % 2)
T — _6 NE+1
e R 0 AR o o) (o8 + Oxy) "+

C39,3)=n Asiz) P (K.s)
e R AL (0
6( )" 1
0734) 0,3) = — N(B) I, (S
0= gy W V)
24 5z7)° 1
07(15) 0.5) =n N(B) I, (T
( s oatyr * N ()

We shall make use of a Lemma which is a consequence of Theorem 2.5 of Dahlhaus
(1988). We prove it below.
Let G be the subset of H:

e N(ﬂ)Qe’ e2 7 .
g = { (]0(-(;5)7 f‘o (075)7 (.;705),]&(075) . ﬂ E B U {T(97ﬁ)75(9,ﬁ) : (076) E ’]'}

Define also for any function ¢ in G

1) =5 [ o)

Let X be the set of bounded real functions on G, equipped with the metric generated

by the uniform norm ||z|| = sup |x(g)|-

28
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Lemma 5.10 Let F,(g) = ﬁ]n(g) —/nl(g) , where g is in G. Let (W(g))seq be
the centered gaussian process with covariance the scalar product in the Hilbert space H.

Then the empirical spectral process (E,(g))geg converges weakly on X to (W(g))seq-

As for mixtures, the proof relies on separating 7 in two regions. Define again 7, =

supg gg, which tends to 0 in probability. Let

0
A, ={(0,8)eT : N(3)? <, 0 < 2n,}
0
Bn:{(076)67 N(ﬂ)g_ngveg%ﬁa}

for some a €]0, 1].
Let us first study C, (0, 3) on A,.. Taylor expansion till order 4 with integral remaining
term, together with Lemma 5.10 lead to:

Co(0,8) — Co(0) = —HﬁEn(%)(l—l—o(l))—I—%nGQ(l—I—o(l))
¢ N L
SV B 1o

6° 6*

6N(ﬂ)2na(1 +o(1)) + Wnb(l + o(1))

_|_

where a and b are real numbers, and the o(1) are uniform in probability over A,,. Now,

on A, we have

0? N(B)elos), N(B o), oy _
using Lemma 5.10, and
i na = O(nf*n>) = o(nh?)
6N(B)E " T T

where the o(.) are uniform in probability, so that we have

1
Ca(0,5) = Ca(0) = =0V, ()1 4 0(1)) + 50 (1 4 0(1)
0
When minimizing over 6 this leads to
LB (5

2 n lEn(M)>0(1 +o(1))

fo =

€(0,8)

7 is exactly D so that we have:

The set of functions
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Lemma 5.11 inf g g)ca, Cn(0, 8) — Culfo) converges in distribution to the following

variable:

—sup 5d1£d>0
deD 2

Let us now study what happens on B,. As for the mixtures, a key point of the proof
will be a control Lemma to be able to stop Taylor’s expansion and to have uniformly
o(1) remaining terms. We set it below. We first state a Lemma to describe what
happens when N(/3) tends to 0.

Lemma 5.12 On B,, any accumulation point of e/ fo has the form

_6(5 Ty 575G Z/,Cl,b)
Jo

which is a point in the unit sphere of H, with

, 1 :
6(5,7’,,&,’7,0,1/,@,[)) = _—I_Z(Zle l+m(—f)al)
=1 k=1

z—1;
1
+Z(Zﬂzk ()" + 7 __,)b’)
=1 k=1 7
_Z W) ZS:(Vz—I- )
l—cZ Z—C_Z' P !

with 1 < a;, 1 =1,...,p0, 1 < b, 1 =1,...,q0, S0%a; +39b; > po+ qo, 0" a; +
b = (po+qo) <7, andri < v —[1° @i + 21 bi — (po + qo)]-

Proof of Lemma 5.12.

Let us look at a precise expansion when N(f3) tends to 0. Let for any ¢ = 1,...,¢o
U(7) be the set of indices j such that ¢; tends to u;, and ¢; = u; + «;(u;), and for any
i =1,...,p0 T(2) be the set of indices j such that ¢; tends to ¢;, and ¢; = #; + «;(t;).
Let also J be the complementary set of the union of all U(:) and T'(z) in {1,...,r}.
We then have:

— Yeri)? | Ti— Lier) V)
€0,8) = N -I-;l 12 + p—— )
h=1_h —h-1
(87K z o
+§:§ﬁ7§7f +3 > — =)
i=1 jeT(i ! h>2 (1 —tz)" ! h>2 (z —1;)"

_Z Nz_ JEU(i )’YJ)Z_I_W_ZJGU@)’V_J‘)
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and a similar expansion holds for N(3), which then appears as a quadratic function of
the perturbation parameters. The result comes then from looking at adherence values

of the parameters

Li (Ti_zjem)w) Z yjay—l
N(B)eg N(B) JET(5) N(B)

(i — ZjeU(i) i) Vi
NG 2 NP
and
Vi
N(B)

Let us now state the control Lemma.

i€

Lemma 5.13 On B,, we have

and
(1-a)/2r
N@B) -

for some constant number M.
First of all, since on B,, § < 2n,,, we have
N(B)* < 2p{1 =)

and the first inequality follows. Now, let us study what happens when N(/3) tends to
0. There must be at least one ¢; tending to some u; with corresponding 4; tending to
corresponding g, or (and) some ¢; tending to some ¢; with corresponding ~; tending to
corresponding 7;. In each case, we have (13) or (14). Now, looking at the expansion of
N(f) near 0, it appears that the leading term is at least of order min;(|¢;—u;|", |e;—1:|"),

(recall that r = min(p — po, ¢ — ¢o)) so that

0 1r

which, when combined with the first inequality, leads to the second inequality. .
On B,,, we shall write Taylor expansion till order 5 again with integral remaining term,

so that, when using Lemma 5.10, we obtain:
1
C(0,8) — Co(0) = —aﬁEn(@)u +o(1)) + 5n8*(1 + o(1))
0

__ " N,
S T e 14 o)

03 04 5

tamgapall + o) + grmmmb(l + o) + Ol5a

SAN(F) n)(1 +o(1))
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where the o(1) are in probability uniform over B,,

2Aw7)’
a = ]([X(Oﬁ)) + 0(6)
0
and ( 5 )4
6(%
J¢]
b=1(S00) + — 5
0

All o(1) will be now uniform over B, using Lemma 5.13. We have

Notice that the functions (;f) , after normalization, are in D;.

Notice also that on B,, we have, for some e(6, 7, 1,7, ¢, v, a,b) as in Lemma 5.12,

1
M = —6(57 Ty Y5 GV, b)(l + 0(1)) (22)
fo Jo

Notice also that on B, since N(3) tends uniformly to 0 we have:

e(o,ﬁ)N(ﬂ)zezoﬁ))(l +o(1))
Jo

a=3I(

and

S e (L)

Define now B, (6, T, ft,7, ¢, v, a, b) the subset of B, where (22) holds. We now minimize
Cn(0,3) — C,(0) over B,(6,7, 1,7, ¢,v,a,b), the reason why it is sufficient is the same
as that for the mixtures by a careful study of the leading terms in the expansion, and
the optimum value in the expansion. For ¢ = 1/N(3)? the polynomial to be minimized
is

n 1 2 02 n 03 04 2
with

Wy = 500 wy = Moo,

0 Jo

and, up to a factor 1 + o(1), Cyz is the covariance of W* and WJ', Cy the variance of
W3, W1 being of unit variance.

We shall minimize it over ¢ and then §. This leads to a minimum value, which is
reachable for some 3 in B, (6,7, p,7, ¢, v, a,b) giving the minimizing value of ¢.

Minimizing over ¢ leads to

5 1(2W2” 2012)

T O \Wn0? 0
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with minimum value of the polynomial

1(Wy3)? ( 012) 0’ Ct
——=7 0 W — Wr—= — 1 - ==
2 Cyy Vi ! ? Oy * 2 C3,

When minimizing over 6, this leads to

1 Wy —Wwpie
h— — 1 2Cxny o
- 12
VoG WWEE, 20
U3

with minimum value

(g2 (W - wpgey

2
C422

We just have to verify that at the optimizing value, §/N(3)* > n2, which is indeed the
case since #¢ does not tend to 0.

Letting now n tend to infinity and minimizing over all B, (6,7, i, v, ¢, v, a, b) leads to

Lemma 5.14 infg g)ca, Cn(0, 8) — Culfo) converges in distribution to the following

variable:

1
— s (& )
d1€D1,d2€D>

Lemma 5.11 and Lemma 5.14 give Theorem 4.1.

Proof of Lemma 5.10.

The proof proceeds by a verification of the assumptions used in Theorem 2.5 of Dahlhaus
(1988), that is his assumption 2.1.

Assumption (a) is verified since the process is an ARMA process and the spectral den-
sity has infinitely many derivatives, all bounded.

(b) is verified since the tapering is the constant 1.

Let us now verify (c).

G is a permissible subset of H (in the sense of Pollard (1984) Appendix C) since it is
a parametric class of functions which is pointwise continuous in the interior, and may
be approached by sequences of parameters on the boundary.

Let us recall that for all x:

2 2
I ﬁ)qo u 240
= < < — | — = M,
"0 = 9ru ( 2P0 s [fol@) = 21 \ (1 — L) 0

It is then enough to prove that the functions in G are uniformly pointwise bounded,

and to verify the entropy condition.
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N(B)%e! s
Jo
parameters, which are continuous both pointwise and in H, with the square of the

Moreover, since the functions Sy gy, Tp g, are bounded functions of bounded

norm which is a quadratic function of some of the parameters, so that the entropy

condition is verified. it is enough to verify the conditions for the set of functions
N(B) e, N(B)elopeos N(B)e 0
fo 7 Jo 7 Jo
It is again enough to verify that the functions

cos N(B)e 0
fo ' fo

are uniformly pointwise bounded, and that the set of such functions verify the entropy

condition. This in turns implies the entropy condition for the whole set of functions.

To see that they are bounded, recall the expansion when N(f3) tends to 0:

1 6  &En—Yieriv): Ti— Xierm i
€(0,8) = N(ﬂ)[d_g Z( + )

i=1 L=tz z— (L
h—1 _h —h—1
oz oF
T T e TS )
i=1 jeT(i ]h>2 (1 —tz)" ]h22 (z —1;)"

_Z Nz_ JEU(i )’YJ)Z_I_W_ZJGU@)’V_J‘)

1 —wu;z z—u;

—E, <cZIN( Loe e <cszfn—>)_§<””+§”
and also
NP0 = i+ I > (17_?';21)3%((1 Ly
*W - g(.) <Z%>3<,§J<<fa>>h>3>
_Z uzz) EZU:(.) (1 ﬁi;):’»(f;(u %;Z))h)g
(i ?3532)3 e Jigi—iﬁ%((z =
2 Tt )



Looking at the leading terms in the expansions, we obtain that for all 3:

e(ovﬁ) < 1 (u 1 T )
< —lu+(L+2(r+po+q)—))+2s

o S (14207 +po+ ) )")
N(B)*¢” 0.9) < 1
Jo - my
The entropy condition is the following. Let N (€) be the number of balls of diameter e

(2u3 +(1+2(r + po + qO)%)ST))

in H necessary for covering the set of functions. We have to verity that

972
/1 [log M) ] de < 400
0 €

The previous expansions allow to find that for the set

{e(o,ﬁ) NB) w0 ﬂel’S’}

fo’ fo
the norm square is a quadratic function of at most K bounded parameters, with K =
r(1 +2s 4 2pg + 2¢o), so that we have

and the condition holds.
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