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1 Introduction

The stochastic calculus of variations for the Wiener process, initiated in Malli-
avin ', aims to obtain conditions for the regularity of the density of Wiener
functionals given by the values of diffusion processes. It also developed as an
extension to anticipating processes of the [to calculus, by means of the Skoro-
hod integral, ¢f. Nualart-Pardoux ™, Ustiinel 25. In the case of point processes
we can refer for instance to Bass-Cranston!, Bichteler et al. 2, Bismut?, for the
absolute continuity of functionals of a Poisson measure, and to Carlen-Pardoux
% Nualart-Vives '*, Privault 2 for the anticipative stochastic calculus for the
standard Poisson process on the positive real line. The chaotic decompositions
and the chaotic representation property played a central role in each of these
approaches. The aim of this work is to extend those constructions to the case
of martingales with a continuous part and a finite number of jump sizes which
can be obtained by time changes from independent Wiener and Poisson pro-
cesses. This approach is consistent with previous constructions and allows to
unify them.

2 Stochastic calculus of variations on the standard Wiener and
Poisson spaces

The aim of this section is to review some facts and definitions that will serve
as starting points for the next sections. Let (B;)ier, and (Ni)ier, be not
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necessarily independent Wiener and Poisson processes on the real line, defined
on a probability space (2, F, P), with associated filtrations (}"tB) and (FN),
F=FBvrN FB = FB and FN = F¥ where Ny = N;—t is the compensated
Poisson process. Let (hy)ren be an orthonormal Hilbert basis of L?(IR, ), and
let (ex)ren be the canonical basis of I?(IN). We can define two collections
of independent identically distributed Gaussian, resp. exponential random
variables by & = fooo hp(t)dBy and 7, = Tpy1 — Tk, k € IN, where T}, =
inf{t >0 : N, =k}, k > 1, is the kth jump time of the Poisson process
(Nt)ter,, and Ty = 0. Let P denote the set of functionals of the form

F:f(fo,...,gn,TO,“"Tn)

where f € C°(IR*"?), n € IN. We know that P is dense in LP(Q, F, P),
p > 1. Gradient operators

98 9N 1 L2(Q) — LY(Q) @ [2(IV)

are defined as
k=n

aBF:Zekakf(g()a"'agnaTOa"'aTn)a
k=0
- k=n
8NF: Zek6n+1+kf(€0,~~~,€n,7'0,~~~,7'n), Fep.
k=0

Such gradient operators can be expressed by an infinitesimal perturbation of
the trajectories of (B;)ier, and (N;)ier, . Let ' € P be FEB_measurable, i.e.
F is a Wiener functional. If we represent by w = (&;)remv a trajectory of the
Wiener process, then

d
(0P F, h)i(vy = Fweh) =0, he P(IN), F €P.

On the other hand, if w = (71;)penv denotes the sequence of interjump times of
the Poisson process and if F € P is FN-measurable, then

g d
Let

k=n
U:{Zukek UL, .., Uy €EP, nEﬂV},
k=0
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and
L{N:{Zukekeu cup =0 on {r = 0}, kEﬂV}.
k=0

B

The adjoint operators 97, 6,{}7 of 98 and 9V are closable operators

0B oN . L2(Q) @ 2(IN) — L*(Q)

such that
E[FOF (w)] = E[(u,0° F)iz(w)], we€U, FEP,

E[FOY (u)] = E[(u, 0N F)v), ue™, Fep.

At this stage it can be noted that the composition 2% gives the Ornstein-
Uhlenbeck operator on the Wiener space, cf. Watanabe 2%, and that the gra-
dient 9P can be used to state a great number of results in Malliavin calculus
that involve the Ornstein-Uhlenbeck operator and the norm of the gradient on
the Wiener space. However this construction does not take into account an
important property of the Gaussian measure, namely the fact that the adjoint
of the gradient on Wiener space can be an extension of the Wiener stochastic
integral, cf. Gaveau-Trauber , which can not be the case for 7. An analog
property exists on the Poisson space, and can not be verified by Y as it acts
on discrete-time processes. Define two operators

N D P(IN) — L*(IRy)

by i®(ex) = hy and iN(ek) = —lr. 1ea)y k € IV, and let

DB =iBogB DN =iNoaV,

bl

Let 72 and jN be the adjoint operators of ¥ and iV a.s. defined as

bl

(iB(u), U)L2(B+) = (UajB(v))P(W)’

(N (u), )2 ry) = (5N (0))iz (v,
u € L*(IRy), v € P(IN). An explicit description of j¥ and jN Is given as
Trq1

JB(u) = /000 w()hp()dt, G (u) = / u(t)dt, ke lN.
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The introduction of i¥ and j? gives another interpretation of D? as a deriva-
tive. For FF' € P and h € L*(IRy), with w = (& )kem,

(DPF,h) 2y

= (3BFJ (h)iz(vy = —F(w+€ﬂ (h)) ls=0

= ((/ —|—€h ))dBt) ) |a:0
keIN
= F (B + & / h ds) |€ 0 -

{k‘

and 6% = 98 o jB 6N = 6,,{\7 ojN. We have jN(V) C UN, hence &~ is defined

on V.
Proposition 1 Ifu €V, then for X = B, N,

0 0

Let

uphp uo,...,unep,neﬂ\f},

n
0

B
I

de
v =i%U)

Proof. cf. Nualart-Pardoux 14, Privault 2.

) O
The adjoint operators 6% = 0P o j® and &N = 6N o N V of DB and DV extend
respectively the Wiener and compensated Poisson stochastic integrals on the
predictable square-integrable processes:
Proposition 2 Let u € L*(Q) @ L2(IRy). If u is (F7)-predictable, then

5me:Awu@th

where X = B, N.
Proof. cf. Carlen-Pardoux®, Nualart-Pardoux '*.
) O
Remark. The operators j¥ and jV can also be used to give a unified formula-
tion of the anticipating Girsanov theorems on the Wiener and Poisson spaces.
Let u:Q — L%(IR;) be FB-measurable and satisfy the hypothesis of Th. 6.4.

of Kusuoka !, and denote again by w = (& )renv a trajectory of the Wiener
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process. Then for any FZ-measurable and bounded f: Q — IR,
Elfl = Elf(w+i"w)

. 1
Xdet2 (Il2(1\7) —|— aBjB(u)) €Xp (—6B(u) — 5 | Uu |%2(B+)):| ;

where dets is the Carleman-Fredholm determinant. If w = (7 )pev denotes a
discrete interjump times trajectory of the Poisson process, then for any FN-

measurable and bounded f : Q — IR,
Elfl=F [f (w + jN(u)) dets (Ilz(w) + 6NjN(u)) exp (—6N(u))] ,

provided that j%V(u) is F¥-measurable and satisfies the hypothesis of Th. 1 in
Privault 1.

O
If Y is either a compensated Poisson or Wiener process, define for f, &€
L?(IR4)°P symmetric and square-integrable

() :p!/ooo /Ot; m/ot; Fo(te, o t)dY (ty)---dY (t,).

If Y = B, such integrals can be expressed with the Hermite polynomials
(Hp)new as

Ir?(hgrlll oo hgzd) SRVAULEE 'nd!Hnl(gkl) o .Hnd(gkd)’

ni+---+ng=mn, k1 # - # kg, where “o” denotes the symmetric tensor prod-
uct. In case Y = N, the Charlier polynomials replace the Hermite polynomials,
cf. Surgailis?*. An annihilation operator VY : L%(Q) — L*(Q) @ L%(IRy) is
defined as

VYIBL/(fn) = nIT}l/—l(fn)’ n>1

and V¥¢ =0 if ¢ € IR. A creation operator VY : L2(Q) @ L%(IRy) — L%(Q) is
defined as

VYL (fa1) = Doy (fag1), Fagr € L2(IR4)°™ © L*(IRy.),

where fn-l—l is the symmetrization of the function f,y1 in its n + 1 variables.
The operator LY = §Y DY is a number operator, i.e.

LYIT}:(f”) = nI}:(fn)’ ne ﬂV, fn € LZ(]R+)OH.
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Proposition 3 The operator VY coincides with the stochastic integral with
respect to Y on the predictable square-integrable processes.
Proof. In the Gaussian case, D? = VP and this result is identical to Prop. 2.
In the Poisson case, this can be found in Nualart-Vives !°.

O
A consequence of Prop. 2 and 3 is the following formula, cf. Privault 21 For
Fe Dom(DN) N Dom(VN)

EDNF | FX] = EIVYF | FY), dt© dP ace.

For Y = B, N, the space L%(Q, FY) admits the orthogonal decomposition

Y, FY) =P,

n>0

where Cy, = {IY(f,) : fu € L%(IR4)°"} is the nth order chaos, generated
by the multiple stochastic integral IY. If Y = B, resp. Y = N we refer
to this decomposition as the Wiener- Hermite, resp. Poisson—Charlier chaotic
decomposition. We now mention a transfer principle which allows to state on
the Poisson space most results of the Malliavin calculus, using the operators
DY and éV. Assume until the end of this section that (Bi)iery and (Ni)iery
are not independent, but linked by the following relation:

2 2
_|_
— %’ ke N, (1)
which does not change anything to the fact that (N¢):e g, is a Poisson process,
since the half sum of the squares of two Gaussian normal random variables
is exponentially distributed. Then the following properties are satisfied, cf.
Privault °.

Proposition 4 We have for F' € P
6 DPF = 26V DVF, and | DPF |3og, = 2| DVF [2agg, ), a.s.

As a consequence, any result that uses the norm of D® and the operator §8 DB
can be stated on the Poisson space, using the norm of DV and 6N DV

Let us now write the Wiener-Hermite chaotic decomposition of ' € P, F
measurable with respect to % (i.e. F is a Poisson functional):

Fl+ Y 17 (fa).
n>1
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The Laguerre polynomials are defined as

k=n k(—l‘)k
L”(x):ZCn k" ) $6R+,
k=0 ’

they are orthogonal for the exponential density.
Proposition 5 The space of Poisson functionals in the 2nth Wiener chaos
Cyy, is the completion of the vector space generated by

i=d k=n;
L ni—
(Toz (X (0 )wtonsiz)
i=1 k=0

n
: n1+~~~+nd=§, ky # - F ka, dEJN}’

and

Conyr ()L (Q,fN) = {0}, ne .

For even n, if IZ(f,) is a Poisson functional it can be represented in terms of
multidimenstonal Laguerre polynomials as the linear combination

B(f,) = > gk1, . kp) Ly (Thy) - L (T, )
nyg+---+np=n

bt #h

Proof. The proof relies on the following relation between the Laguerre and
Hermite polynomials:

=n

n!Ln (l‘ ;—y ) = (_211)” kz kl(nn_' k’)' \% (2k)!(2n— Qk)!HZk(x)HZn—Zk(y)a

=0 ’

cf. Erdélyi ® and the fact that the set {L,(mx) : k,n € IN} is total in
L*(Q, F).
O

A consequence of this proposition 1s that the projection on the 2nth order
Wiener chaos of a Poisson functional can be represented as a discrete stochastic
integral, defined below.
Definition 1 We define J,, : I?(IN)°" — L? (Q,fN) as a linear functional
with

Tn(eg om0 eZ:p) =ni!np!Ly (Th,) - L, (Tk,), (2)

-t n,=n, ki #--Fkp.



The maps J, : (IN)°" — LZ(Q,}"N,P) are linear, bounded, and J,(gy) is
orthogonal to Jn(gm) for n # m. Moreover, each square-integrable Poisson
functional has the decomposition

= Z Jn(gn)a 9k S lz(ﬂV)Oka k S ﬂva (3)
nelN

referred to as the Poisson-Laguerre chaotic decomposition. On the Wiener
space, it 1s known that the notions of derivation defined by infinitesimal per-
turbations and by annihilation coincide, i.e. D = VP and 6% = V2. The sit-
uation is different on the Poisson space, and more generally for point processes.

The operators DN and & are related to the Wiener-Hermite decomposition
by the isometry property Prop. 4, and to the Poisson-Laguerre decomposition
by the relations, cf. Privault 2!:

k=n-—1

O Tu(gn)s ez = Y. = Jelga(x,i..,1), g € P(IN),

k=0

Y Ja(gn+1) = Jng1(Gnt1) = nJn(Gni1), gnt1 € CUN)" @ P(IV)

where ¢ denotes the symmetrization of ¢ and g,ll_l_1 is the contraction defined
as

gfll-l—l(kl’ coikn) = dngr(k, o ka kn), ke k.
3 A generalization to certain martingales by change of time

Consider a real square-integrable martingale on a filtered probability space
(Q,(Ft), Foo, P) with a continuous part X and independent compensated

sums X7, ..., X of jumps of sizes z1, ..., 24 € IR respectively:
k=d
M=Xo+ > Xp—w.
k=1

Let v =< Xg > denote the quadratic variation of Xy. Assume also that
(Fy) is generated by M, that the processes Xy, X1,..., X4 are independent,
and that limy_e vi(2) = oo, k = 0,...,d, P-as. We know, cf. Tkeda-

Watanabe 19, that there is a Brownian motion B and N',..., N indepen-
dent standard Poisson processes such that X, = B,,, X* = szfk, k=

1,...,d. Let us call (F?), (FL), ..., (F£) the filtrations generated by (Bi)iery
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(Ntl)teﬂ+, e (Ntd)teﬂ+. Denote by 5!, -, de_l the right-continuous in-
verses of vg,...,vg:

Vk_l(t):inf{szo svp(s) >t} k=0,...,d.

We make the following hypothesis:

(H1) The processes v5 ', ..., de_l are respectively (F7), ..., (F#)-adapted.
(H2) The trajectories of 1/0_1, ce de_l are continuous and strictly increasing.
Two consequences of those hypothesis are stated in the lemma below.
Lemma 1 We have Foo = FO V.-V Fd  and

oo 7

}"Vk_l(t)C}"So\/~~~\/]-"fo_1\/]-"f\/}"fo+1\/~~~\/}"§lo, k=0,...d.

Proof. 1t is sufficient to prove this result for d = 0. In this case, M = B,
implies F;, C fgu(t) since (F;) is generated by M, and Fo, = F2. We also

0 0 _ -1
have fyu—l(t) C j:uu(uu‘l(t))' If Ae fVU(VD_I(f))’ then A = USEQA N{r, (1) <
s <vi'(u)}, u>t. Hence A€ F? by right-continuity of the filtration (F?).

d

We define an extension of the notion of Cameron-Martin space as

k=d poo
H= {u : Ry — IR measurable : |u 4= Z/ ui(t)dvg(t) < oo} ,
k=00

and denote by H its equivalence classes for | - |g. Similarly, let
LH(M) = {u 1 Q x Ry — IR™ measurable : E[|u %] < oo},

and denote by L?(M) the equivalence classes of £?(M). No adaptedness re-
quirement is made on the elements of L?(M). We now turn to the definition
of the gradient by change of time. If X is a point process with jumps of size
z € IR and compensator v, written as X = N,,, define :X =¥ : [?(IN) — L?(IR,)
as

iKY () = zif/\zt)(u) telR,.

If X is a continuous martingale with quadratic variation v, written as X = B,
let

X .B

i (u) =1,(u), teRy.

fM=My+ -+ Myis asum of d+ 1 independent martingales of the above
type, define M : lz(ﬂ\]’]RdH) . LZ(]R+,]Rd+1) as

M (u) = (ii”l(uo), . ..,ii”d(ud)) ,
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u = (ug,...,uq), t € IRy. The operator iM is easily extended to stochastic
processes.
Definition 2 Define an operator DM : P — L2(M) by DM =M o D.
We notice that
k=d .
| DM F |3=| DPF F2(my) ‘1‘2»21% | DN F Py FEP, (4)
k=1

hence DM : L2(Q) — L?(M) is closable. We call Dé‘{l its domain.

Remark. This definition is consistent with that of Bismut 3, Decreusefond °.
For instance, if M = X; — vy and F' € P with F' = f(Ty,...,Ty),

k=n

v (Tx)
(DMF,h)L2(B+) :—Z@kf(Tl,,Tn)/ h(t)dl/l(t),
0

k=1
which means that (DM F, h)r>(r,) is defined by perturbation of the kth jump
time I/l_l(Tk) of X, into

vyt (T)
vt (/0 (1+ eh(t))dyl(t)) .
0

Let jM : L2(IRy, IR™) — IP(IN, IR™") be the random dual operator of i
with respect to (-, ) g, satisfying

(M (), V) ey = (i(w), v)a

We have
M () = (38 (w0 o), (w0 v ), iV (wao v h)
The adjoint 6% of DM is defined below. Let
VM = M)

k=n
= {Z(ughkoyo,...,ughkoyd) cub ePli=0,....d, nEﬂV}.
k=0
Definition 3 We define 6 : VM — L2(Q) by
h=d
6M(u) — &P (uo 01/0_1) + széN (uk oyk_l) .
k=1
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It 1s clear that
E[FM(w)]) = E[(DMFu)g), FeP, ueV™,

hence 6 is closable and adjoint of DM . Moreover, the operator 6§ coincides
with the stochastic integral with respect to M on square-integrable predictable
processes:

Proposition 6 If u = (ug,...,uq) € L2(M) with uy, (FF)-predictable, k =
0,...,d, then

M (u) = /OOO w0 (1)dXo(t) + Z_: /OOO ur(Dd(X (1) — (1)),

Proof. In the case d = 0. If ug is (F?)-predictable, then ug o vy is (FP)-
predictable and

6M(u) = 6B(u0 ovy) = /000 uo(vo(t))dBy = /000 uo(t)dM;.

O
In particular, if w € L*(M) is (F;)-predictable with
Z/ Y dvy( ))] < 00,
k:
then -
6M(u) :/ u(t)dM;.
0
Proposition 7 In the anticipative case, we have for u € VM :
M (u) =
o0 k=d o0
/ uo(t)dXo(t)—i—Z / up (1) d( Xy (1) — dug(t))
0 0
= [ Dot oo Z / DF = (v () o (1),
0
Proof. We apply Prop. 1.
O
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For fr,, . .na € LEH(IR4)°™ o P(IN)°™ o - 0o [*(IN)°™ define the Wiener-
Hermite-Laguerre integral J,,(fn, . n,) as

Ja(fno © foy © w0 fag) = L (Fag) Tn, (fns) - T3, (fna)-

Where Jffk (fn,) is defined as in Def. 1, for the Poisson process Nj. Then any
square-integrable functional on €2 has the decomposition

F: Z Jn(fng,...,nd)a

no,...,na>0

T, na € L2(IR4)°™ o *(IN)°*™ o -+~ 0 [2(IN)°"4. Next, we notice that this
decomposition is preserved by the operator M DM :
Proposition 8 We have M DM = §B DB Zzzf z,%éNk DN*, Consequently,

k=d
6MDMJn(an,...,nd) = (Z nkzg) Jn(fng,...,nd)a (5)
k=0

where n = ng+ .-+ ng, and fno,...,nd c L2(1R+)°n0 o lz(ﬂ\])on1+~..+nd’ (We
let zo =1).

4 Absolute continuity results

The aim of this section is to show that from Prop. 4, absolute continuity
results can be obtained with DM and 6" as consequences of their Wiener

space counterparts. Sobolev spaces are defined as follows. Let || - ||, be
the norm defined as || F ||, x=|| (I + LMkRI2 | |, and denote by Dg{k the
completion of P with respect to || - ||, 5, and

M _ M
Dy = ﬂ Dp,k'
p>1lkeZZ

A number of results in stochastic analysis can be expressed with the operators
6™ and DM . For the sake of simplicity, those results are stated in the case
of IR-valued functionals, but can also be obtained in the finite dimensional
vector-valued case.
Theorem 1 (Meyer'3) There exists two constants A, B > 0 such that for any
Fep,

AN DM Vgl < F llp k< B DY |y -
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Theorem 2 (Watanabe *®) Let F € DY such that
| DMF |5 € Npst LP(Q, F).

Then F' has a C* density with respect to the Lebesgue measure.

Theorem 3 (Bouleau-Hirsch®) Let F € Dé‘{l such that | DMF |g> 0 a.s.
Then F' has a density with respect to the Lebesque measure.

Those results are directly obtained from their Wiener space counterparts, using
the isometry property, cf. Prop. 4, and relations (4), (5) .

5 Clark formula and chaotic calculus

Functionals in L*(Q) have a Wiener-Hermite-Charlier chaotic decomposition.
IfYy,..., Y, are compensated Poisson or Wiener processes, with Y; independent
of Y; if Vi #Y;, 4,5 € {1,...,p}, define for f, € L?(IR})°" symmetric and
square-integrable

oY _p/ / ~~/0t2_ Fo(ty, o tp)dYi(th) - - dYp(t,).

With the notation Yy = B, Yy () = Np(t)—t, k=1,...,d, any F € L*(Q) can

be written as v v
F]+Z Z Ino(l)ymy e(n)(fG),

n>10€@,

where ©,, is the set of all applications from {1, ..., n} into {0, ... d}, cf. Del-
lacherie et al. *. We can define an operator

VM L2(Q) — L2(Q) @ L* (IR, IR*TY)

by VMF = iM o VF. The adjoint of this operator is given by
vi”(u):v (ug o Vg —|—ZzZ (u; o v 1).

This operator extends the stochastic integral with respect to M on the pre-
dictable processes in L2(M) as in Prop. 6, and the composition VM V¥ satisfies

k=n
I O ) = (Z mw) R ),
k=0

The Clark formula can also be written with the operator DX or VX
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Proposition 9 Let ' € Dom(DM). We have if F € F2:
F = E[F]+ /OOO E[D}F | FildXo(t).
If F is F* measurable,
F=E[F]+ /OOO EDX =" F | F,2d(Xi(t) — dug(t)).
If F € Dom(VM) and is FE -measurable,
F=E[F]+ /OOO EVE"F | Fimld(Xy(t) — dug(t)).

Proof. We do the proof for d = 0. Let us write the Clark formula on Wiener

space, cf. Ocone!®:

F= E[F]—i—/ E[DPF | FOldB;,
0

and notice that by definition of the adapted projection, cf. Revuz-Yor 23,
E[Di(t)F | Foo)) = E[DPF | FO)(wo(t)).

The same argument holds in case d > 0 for the predictable projection.

d

Remark. Consider the space Q = ([—1,1],dz/2)?*°. Denote by 0 the kth
canonical projection, and by Y the process

Ve =Y lpkti4tpcels tE Ry,
E>0
with compensator
1
dl/(t) = Z ml[zk,2k+1+9k[(t)dt'
E>0

The hypothesis H2 is not fulfilled. If, instead of div; we use dt as a compensator,
it can be shown, cf. Privault '® that the definition of the gradient should be

DF = Z —((1 = 0r)Yyog opt 146 — (L4 0 ) ot 146,,264+21) Ok f (0o, .., On),

E>0

which is a variation of Def. 2. Le~t~(§ denote the adjoint of D in L*(B)® L (IR4).
The spectral decomposition of § D is then given by the Legendre polynomials
evaluated in the 8;’s, instead of the Laguerre or Hermite polynomials as in
Prop. 8.
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