Absolute Continuity in Infinite Dimension and
Anticipating Stochastic Calculus

Nicolas Privault

Equipe d’Analyse et Probabilités, Université d’FEvry-Val d’Essonne
Boulevard des Coquibus, 91025 Evry Cedex, France

Abstract

We generalize the change of variables formula for infinite dimensional inte-
grals with respect to the Gaussian and exponential densities to the case of the
uniform measure. The presentation of the result and its interpretation in terms
of stochastic processes and anticipating stochastic calculus is unified. The ex-
pression of the Radon-Nykodim density function uses a Carleman-Fredholm
determinant and a divergence operator.
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1 Introduction

The problem of the absolute continuity of the Gaussian measure in infinite dimen-
sion has been considered in a probabilistic context as an extension of the Girsanov
theorem on the Wiener space, cf. [7], [9], [11], [18], [21]. The case of the exponential
density, cf. [17], corresponds to an anticipating Girsanov theorem on the Poisson
space, since the interjump times of the standard Poisson process are independent
identically distributed exponential random variables. These generalizations of the
Girsanov theorem to the anticipative case involve an extension of the Ito stochastic
integral, called the Skorohod integral, and the Carleman-Fredholm determinant. Our
aim is to extend the results obtained in the case of the Gaussian and exponential
densities to the case of the uniform density, and to give them a unified probabilistic

interpretation in terms of stochastic processes and anticipating stochastic calculus.



Proofs are given in the case of the uniform density if they differ from the Gaussian or
exponential case. Let B be a Banach space of sequences with norm | - |5 and a Borel
measure P. As shown in Th. 1, necessary conditions for the absolute continuity of
a perturbation Ip 4+ F' of the identity and for the expression of the density with a
divergence operator and a Carleman-Fredholm determinant are that the shift F' has
to be a.s. continuously differentiable in the direction of I>(IN) on the support of
the measure, to leave invariant this support and to “vanish on its boundary” in a
sense to be made precise in Th. 1. A simple change of variables for one-dimensional
integrals shows the factorization of the density function and the boundary condition
that needs to be imposed on the shift F'. We work with a probability density of the
form exp(—h(x)) with respect to the Lebesgue measure on an interval ]a, b[. In such a
case, integration by parts shows that the divergence of a smooth function F' on IR is
given by div(F) = Fh' — F', provided that the boundary condition F'(a) = F(b) =0

holds. Now the change of variables formula gives
b
| 1) exp(~h(x))ds

= [ Fo+ F@)(1 + F'(@) exp(~F () expl(—din(F) 0)
x exp (— (h(x + F(x) — h(x) — h'(z)F(x))) exp(—h(z))dz

if Iy + F is a diffecomorphism of ]a, b[, which implies F'(a) = F(b) = 0. The term
exp (— (h(x + F(x) — h(x) — h'(z)F(x))) has a simple expression only if & is a poly-
nomial of degree less than 2, i.e. h(z) = ap+ aqz + %ang. In this case, this term is

equal to exp (—%OQF(:L')Z), and the factorization

(1+ F'(2)) exp(—F'(x)) exp <—dz‘v(F) - %QQF(:UV)

of the Radon-Nykodim density corresponds to the expression (4) below which makes
use of the Carleman-Fredholm determinant. Up to linear transformations, the Gaus-
sian, exponential and uniform densities are the only ones to allow such expressions
of the Radon-Nykodim density. In the Gaussian case, exp (—%F(x)2) corresponds
to the square norm of the perturbation in the Cameron-Martin space.

Another common property of the Gaussian, exponential and uniform densities is that
they admit orthogonal sequences of polynomials, respectively the Hermite, Laguerre

and Legendre polynomials, which satisfy the differential equation

o(z)y" +7(x)y'(x) + ay =0, (1)



where ¢ is a polynomial of degree less than 2, 7 is a polynomial of degree at most
1, and o € IN. Up to trivial transformations, these polynomials are the only ones
to satisfy (1), cf. [10]. They are orthogonal on an interval |a, b[ with respect to a

density p such that (op)’ = 7p and
o(2)p(x)2" |p=ap=10, k€ IN.

This paper is organized as follows. In Sect. 2, we present a unified framework for
the stochastic calculus of variations, the Sobolev spaces and the integration by parts
formulas for the Gaussian, exponential and uniform density measures, taking into
account boundary conditions when constructing test function spaces. Sect. 3 contains
the main theorem, followed by technical lemmata. Sect. 4 deals with the probabilistic
interpretation of the change of variables formula, and Sect. 5 is devoted to the proof of
a generalization of Th. 1. For other approaches to the generalization of the stochastic
calculus of variations, we can refer for instance to [2], [19].

To end this introduction, we state a more general problem which gives another
motivation for this work. Let A be a probability density on IR. If | - |5 is a suitable
norm on IR™, A can be extended as a probability measure P on the Borel o-algebra

Fof B={x € IR* :|z|g< oo}, from its values on cylinder sets. In this case, can
we find

e a stochastic process (Y;)icr, on (B, P),
e a filtration (F})icm, on (B, P),

e a closable gradient operator D : L?(B) — L?(B) ® L*(IR,) defined by pertur-

bations of the trajectories of (Y})ic,

e and an integration by parts formula

E[(DF,u)12(m,)| = E[Fo(w)], F € Dom(D), u € Dom(3),

such that:

e 4 is an extension of the stochastic integral with respect to the compensated
process Y defined from Y, i.e.
o

= udYt
0

for u € L*(B) ® L*(IR, ), u being (F;)-adapted,



e if G: B — [>(IN) is a mapping satisfying some regularity conditions, then
Elf(Ip+G) | A |] = E[f]

for f bounded measurable on B, where the Radon-Nykodim | Ag | density is

expressed with the operators D and 5.

Moreover, one can ask for the spectral decomposition of the operator 6D and the

chaotic decomposition of L?*(B, P).

2 Calculus of variations and integration by parts

We consider the separable Banach space B = IR™ with a metric d and Borel o-
algebra F, such that a probability P can be defined on (B, F) via its expression on
cylinder sets:

P{r € B : (x0,...,1,) € E}) = \*"*1(E),

n € IN and E Borel set in IR""", where \ is a Gaussian, exponential or uniform
probability measure on an interval |a, b, a,b € IR U {£oc}. We refer to [1], [8] for
the Gaussian case. In the case of the exponential or uniform density, we can choose

the metric d to be defined respectively as

k>0
or
d(x,y) = sup | 2 — Y |,
k>0

cf. [14], [15]. The coordinate functionals
0,:B—s IR kelN,

are independent identically A-distributed random variables. As mentioned above,
the measure A and the interval ]a, b can be one of the following:

i) Mdz) = exp(—22/2)dx /27, i.e. ap =1 =0, ay = 1, Ja, b[= IR,

i) Mdx) = 1jo,00(7) exp(—x)dz, i.e. ag = =0, oy =1, [a,b[= [0, o0,

i) Mdzr) = 11 dz/2,ie. g = 04 = ap =0, [a,b] = [-1,1].

We denote by B, ), Blay[, Bfa’b] the subsets of B defined as

By ={weB : a<w,<b, kelN},



Bpy={weB : a<w,<b, kelIN},
Bi,y={w€ B : 3k € IN with wi ¢ [a,b]}.
Let S be the set of functionals on B of the form f(fy,, ...,0,) on By, where n € IN,
ki,...,k, € IN, and f is a polynomial or f € C°([a, b]"). This set is dense in L?(B, P),
cf. [8], [14], [15]. We denote by (ex)r>o the canonical basis of H = [*(IN). Let X be
a real separable Hilbert space with orthonormal basis (h;);cpv, and let H® X denote
the completed Hilbert-Schmidt tensor product of H with X. Define a set of smooth

vector-valued functionals as
S(X) = {%Qihi Qo ..., €S, n¢€ HV}
i=0
For u € S(H ® X), we write u = Y32 g uxer, ux € S(X), k € IN. Let
UX)={veSH®X) : v =0o0n 0" ({a,b}), k € IN},

and U=U(IR). The set 0;'({a,b}) is of zero probability, but the elements of U/(X)
are well-defined since they are continuous. In the Gaussian case, one has simply
U(X) = 8(X). Tt can be shown that U(X) is dense in L?(B x IN; X), cf. [8], [14],
[15].

Definition 1 We define a gradient D : S(X) — L*(B x IN; X) by

F(w+ch) - F
(DF(w), h)sr = lim (“’Hg) W en nem

This proposition contains the integration by parts formula (2), cf. [12], [15], cf. [14].

Proposition 1 The operator D : L>(B; X) — L*(B x IN; X) is closable and has an
adjoint operator 6 : U(X) — L*(B; X), with

E[(DF,u)nex] = E[(0(u), F)x], uwelU(X),F e SX), (2)

and

(S(U) = Z (Oél + agﬂk)uk — Diug, uwel.

keIN
The ingredients of the proof are the boundary condition imposed on the test func-
tions in U(X) and the density of U(X) in the space of X-valued square-integrable

functionals. Let Dom/(§; X) denote the domain of the closed extension of § for p = 2.

Definition 2 For p > 1, we call



e D, (X) the completion of S(X) with respect to the norm

| F'llp,. )=l F' |xllzey + Il DF |mox||zem)

o DY (H) the completion of U with respect to the norm || - ||p, (),

® Dy (X), resp. DY (H) the subset of Dyy(X), resp. DY (H) made of the

random variables F for which || F ||p (x), resp. || F' ||p..,m) s bounded.
In case ) is Gaussian, we have DY (H) = D, (H).
Proposition 2 The norm defined by
I E Loy, cmy=lll DF [rlli2s) +o2 | F 2,
is equivalent to || F || p,,ry on DY (H).
Proof. We will show that in the case of the exponential or uniform density,
I F {2 < 2|l DF |usnllizm), F € Dy (H).

If X has the exponential density, it is sufficient to notice that for u € C°(IR) with
u(0) =0,

/OO u(z)’e “dr = 2 |/ e "dx |

2 (/0 u?(z)e ”“’dx) v </Ooo(u'(:1:))2emdx> 1/2,

u(0)?] < 4/[]oo(u'(x))26_$dx = 4E[(Dyu(6;))?).

IN

hence

For the uniform density, let v € C2°(IR) with u(—1) = u(1) = 0. Then

/_llu(fr)2dx/2 — |/ Dads |< /11|u(:r)u'(:1:) | da

1/2

5 (/_ll(u(:r))2d:r/2>l/2 </_11(u’(:1:))2d:1:/2> ,

u(6)?] < 4/ ))2da/2 = AE[(Dyu(6y))?).

IN

hence

If F € U, we proceed in both cases by integration with respect to the remaining

variables to obtain E[F?] < 4F[(D.Fy)?], and then by summation on k € IN.  [J



Proposition 3 The operator ¢ is continuous from D (H) into L*(B) with
1'6Cu) Neam <Il w llpy, ), w € DYy(H). (3)

Proof. We only need to rewrite the results of [14], [15], [18] with the norm || - [[ pu ().
U

The following result says that the operators D and § are local, cf. [3] in the Wiener

space case. Its proof is identical to the proof of the analog statement in [12], [17].

Proposition 4 Let F' € Dy (X), resp. u € Dom(0;X). Then DF = 0 a.s. on
{F =0}, resp. 6(u) =0 a.s. on {u=0}.

Definition 3 Let 1 < p < co. We say that F € DY(X), resp. DIL,{,’fOC(H) if there
is a sequence (Fy, Ap)nen such that F, € Dy (X), resp. F, € DY (X), A, is
measurable, U,cv An = B a.s., and F, = F a.s. on A,, n € IN.

3 Nonlinear transformations of the Gaussian, ex-
ponential and uniform measures

Let K be a Hilbert-Schmidt operator with eigenvalues (A)gepv, counted with their
multiplicities. The Carleman-Fredholm determinant of Iy + K is defined as

o0

deto (T + K) = JT(1 + \;) exp(—=\y),
i=0
cf. [6]. The application dets(Iy + +): H® H —> IR is continuous, with | dety(Iy +
K) |< (14 | K |gon)exp(1+ | K |}gy)- Since from Prop. 3, DY, (H) C Dom(9),

we can define
1
Ap = deta(Iy + DF) exp (—5(F) — S| F |§{> . FeDYem). ()

Our main result is the following. Its generalization to non-invertible transformations
is proved in Sect. 5, following [17], [21]. The image measure of P by Ip + F with
F : B — H measurable is denoted by (I + F').P.

Theorem 1 Let F': B — H be such that h — F(w+h) is continuously differentiable
on{h € H : w+h€ By}, for a.s. w. Assume that

e F(k)=0 on 0, ({a,b}), k € IN,



e g+ F is a.s. bijective,
o [y + DF is a.s. invertible,
° (IB + F) (B}a,b[) = B}a,b[-

Then
Elfl=FE[fo(Ip+F)|Ar |]

for f measurable bounded.

More generally, the perturbations of Ig that we consider are of the following form,
cf. [21]:

Definition 4 A random variable F : B — H is said to be H — C}

loc

if there is
a random variable Q@ with @ > 0 a.s. such that h — F(w + h) is continuously

differentiable on
{h €H :|h|pg<Qw) and w+h € B[a,b]},
for any w € Bia .
Proposition 5 A sufficient condition for F € H — CL_ to be in D&'(H) is that
F(k)=0on 0,'({a,b}), k > nq,
for some ny € IN.

Proof. Tt suffices to cover B with a countable collection of sets given below in

Lemma 3. [l

Definition 5 If A C B is measurable, let for w € B
pA(w):gg’Iﬂ hlg: w+heA}
and pa(w) =oc ifw ¢ A+ H.
We notice that as in [11], ps(w) = 0, w € A. The proof of the following result is

directly adapted from [4], [11], [13], [17], replacing W'>! <IR"+1, ﬁe_(‘”g*“”%)ﬂ)

with W2!(]a, b[* 1, A®" 1), Let F, denote the o-algebra generated by 6, ..., 0,.

Lemma 1 Let F € L*(B;X). Then



e F € Dy (X) if and only if F,, = E[F | F,] € Dy1(X) VYn € IN and (DF,)nen
converges in L*(B; H ® X). In this case,

| DF, |gex<| DF |ggx, a.s., n € IN.

o [, belongs to Dy if and only if there exists
f € W2i(Ja, b[™+L, \En+1)
such that F,, = f(6,...,0n). In this case, DF, = (Okf(0o,---,0n)) e
e Assume that for some ¢ > 0 and for any h € H,
| Flw+h) = F(w) [x<c|hl|u
for w,w+h € Byay. Then F € Dy;(X) and | DF |pgx< ¢, a.s.
Let ¢ € C°(IR) with || ¢ ||s< 1, such that ¢ =0 on [2/3,00[, » =1 on [0,1/3] and

| ¢' [|so< 4. If A o-compact, then

| $(pa(w + 1)) = d(pa(@)) ln<l ¢ lloc| b |11, w € B, h€H,

hence ¢(pa) € Doy with | Dp(pa) |ag<|| ¢ |lo- Denote by m, the application
7o B — H defined by 7, (w) = (wkl{kgn})keﬂ\f. The following lemma, is stated in
the general case, and its proof is done in the case of the uniform density, cf. [15],

[21] for the exponential and Gaussian cases.

Lemma 2 Let F : B — H measurable with ||| F |g||e< 00, such that
F(k) =0 on 0;"'({a,b}), k € IN,

and for some ¢ > 0

| Flw+h) — F(w) |g<c|h|n

he H, andw,w+h € Byyy. Then F € DY

00,17

that converges to F in DZQ”J(H) with for n € IN:

(@) Il @ il <l F 1]lso-

(@) I D®y |romllo< ¢

Assume moreover that O, + F (k) € [a,b] a.s., k > ng, for some ng € IN J{cc}. Then

and there is a sequence (®p,)pev C U

the sequence (®y,)nen can be chosen to verify

(i) O + @, (k) € [a,b], k > ng, n € IN.



Proof. Let F,, = m,E[F | F,], n € IN. The sequence (F,)n,en converges to F in
Dy (H) and satisfies to (i), (ii). There exists f € WL(IR""' dr), with f, = 0
a.e. on [—1,1]F x [=1,1]¢ x [~1,1]"7%, such that F,(k) = fi(6p,...,0,) P-ae.,
k=0,...,n. We choose a Lipschitz version of F,,(k) on B;_; 4y such that F,,(k) =0
on 0;'(] —1,1[¢). Let w € B 1y, h € H such that +(w, + hg) > 1 and h =
(:l:l — wk)l{k} + zfi[] hzell{z;ﬁk} Then Fn(k)(w + h) = Fn(k) (w + ;L) = 0, and
| Fa(k)(@ + 1) = Fu(k)@) [r = | Falk)(@ +h) = F(w) [u< c| b |n
% 1/2
S c <(:E1 — wk)2 + Z 1{1;&1@}}%2) S c | h |H .

=0
Hence f;, has a Lipschitz version on [—1,1]¥ x IR x [—1,1]"7% such that f;, = 0 on
[—1,1]Fx] — 1, 1[*x[~1,1]"7*. Let ¥ € C>*(IR™"") with support in [~2,0]* x [0,2] x
[—2,0]" %, 0< ¥ <1 and [pntr U(z)dz = 1. Let for m > 2

1 n+1
N ) B N (IR AT
1 n+1
* <E> Al,l}kxm_x[l,l}n—k \Il(m(y - Q?))fk(ﬂf)dﬂf,

y € [—1,1]"", and ®,,(k) = drm(0o,-..,0,), k=0,...,n, ®p(k) =0, k > n. Then
P, €U, m > 2, and (P,,)n>2 converges to F,, in Dy, and satisfies to (¢), (i7). O

Lemma 3 Forp,q > 0, let

A={wE€Bjp : wp—a,b—wp>4/p, k<ny,
Qw) > 4/p,

sup | F(w+h) |g< q/(6p),
|hlm<2/p

sup | DF(w+h) |ger< q/6}
|h|g<2/p

and F = d(ppc)F, where G is a o-compact set contained in A. Then
| F(w+h) = F(w) [n< (5¢/6) | h |u,
for h € H, w,w+h € By, and ||| F |#||< ¢/(6a). Consequently F € D% ((H).

The proof of this lemma is identical to the proof of Lemma 4 in [17], replacing the
set 0, '({0}) with 6, '({—1,1}), noticing that for w in this set, p4(w) > 4/p, hence
d(pa(w)) =0, and F,(k) = 0 on 0, '({—1,1}). Tt then remains to use Lemma 2 to
show that I € DY |(H).

10



OJ

Proposition 6 Let F,G € S(H) and T = I+ F. We have GoT € Dom(d) and
0(G)oT =0(GoT)+trace(DF*(DG)oT)+ ay(F,GoT)g.

Proof. cf. [15], [20] for the Gaussian and exponential cases. For the uniform density,
we have 6(GoT) € § and

5(GoT) = — Y De(G(k)oT) = — 3 Dl + F) (DG(k) o T

(@) oT - S DF()(DGK) o T,

4 Probabilistic interpretation

The aim of this section is to give a unified probabilistic interpretation to Th. 1. In
the Gaussian case, the density (4) can be expressed with the Skorohod integral. We
are interested in interpretations of this kind in the exponential and uniform cases.
Let (hi)rev be a Hilbert basis of L?>(IR,). In connection with the problem stated
at the end of the introduction, we are seeking an interpretation of the divergence o
as a stochastic integral of continuous-time processes. For this we need to compose o
with a map 7 : L?(B) ® L*(IR,) — L*(B) ® I*(IN). We define in each case a linear
injection i : [*(IN) — L?*(IR,), a stochastic process (Y})ier, , and a filtration (F;) in

the following way.

Definition 6 If A is Gaussian, let
i(er) = hg, k € IN,
denote by Y =Y = k>0 0k Jo hi(s)ds the Wiener process on (B, P), and let
Fi=o(Y, : s<t), telR,.

In this case, the injection ¢ is actually a deterministic Hilbert space isomorphism.

11



Definition 7 If A is exponential, let Ty, = 0y + - - - + 0y,

Z(ek)(t) = _]‘]Tk—laTk](t)7 te IRy, ke IN,

V=Y lneot), Vi=Yi—t, telR,,

k>0
and Fy=0(Ys : s<t), t€IR,.
Definition 8 If \ is uniform, let Ty, = k + (1 + 6;)/2,
i(er)(t) = = (1= 0) () — (1+ 0) 1y ki) (1)) € IRy, k€ IN,

th = szO 1[Tk,oo[(t)> };;5 = }/;5 —t, le ]R-i-a and

Fi=olV, : s<[t]), telR,.

([t] denotes the integral part of x € IR, ). Let W be the dense set in L?(B)® L*(IR.)
of continuous-time processes v such that v(t) = f(¢,6o,...,6,), t € IR, with f €
CX(IR™?), n > —1.

Proposition 7 The stochastic integral with respect to (f/})tglm can be extended to

(F:)-adapted process u € L*(B) @ L*(IR,), with the bound

E l(/ﬂw u(s)dffs>2

It is well-known that for normal martingales such as the Wiener and compensated

<FE Mx’ u(s)%zs} . (5)

Poisson processes, (5) holds as an equality. In the uniform case, it also becomes an
equality if [Tt u(t)dt =0, k € IN, cf. [14].

The operator ¢ is easily extended to discrete-time stochastic processes.
Definition 9 Let j : L*(IR,) — H be the adjoint of i : H — L*(IR,), defined as
(i(u), v)r2(my) = (w, j(0)m, u € S(H), veW, P—as.

We define unbounded operators D : L*(B) — L?*(B) ® L*(IR) and § : L*(B) ®
L*(IR,) — L*(B) as
DF =ioDF, FE¢€S,

and

d(v)=00j(v), veEW. (6)

12



Note that j(W) C Dom(d), so that the composition (6) is well-defined. We have
more explicitly:

i) If A is Gaussian, 7 is unitary and j is the inverse of i:
Gin(v) :/ v hi()dt, ke IN, v e W.
0

ii) If A is exponential,

iii) If A is uniform,

k+1

Jr(v) = — ((1 — 0) /ka v(s)ds — (1 + Hk)/ v(s)ds) ., veEW, kelN.

Ty,
Proposition 8 The operators D and 5 are closable adjoint of each other, with
d(v) :/ v(s)dY, —/ Dyv(s)ds, veW.

0 0

If v € L*(B) ® L*(IR,) is (F;)-adapted, then v € Dom(8) and 6(v) coincides with

the compensated integral of v with respect to (Y )iem, -
5(v) = /°° (s)d(Y, — 5).
0
Proof. cf. [5], [12], [14], [15]. 0

The eigenvectors of 6D are given respectively in the Gaussian, exponential and uni-
form cases by the composition of the Hermite, Laguerre and Legendre polynomials

with 6, cf. [14], [15], [22]. We let
Loy ={u € L*(B) ® L*(IRy) : j(u) € Dy (H)},

with the norm || w ||z, ,=|| 7(u) ||py ). This extends the definition of [12]. The
space LY is defined as in Def. 3, and d(u) can be locally defined for u € L since

5 is local as 6.

Proposition 9 The isometry j : Ly — Dg{l(H) is onto. More precisely, for F €
DY\ (H), there is up € Ly such that F = j(up), with

E Il ur z2mn) <IF T, oy (7)

13



Proof. The statement is obvious in the Gaussian case. Let (F,),ewv C U be a

sequence converging to F in DY, (H). If X is exponential, let

Z 1 Tk Tk+1 DkF ( ) |9k:t7Tk) -

keIN

Then F, = j(u,), and by integration by parts on the variable 6y,

E [ / e ui(t)dt] = E [us(Tin1)’] = B [DeFu(k)?]. (8)

Tk
from the Fubini theorem, since u,(t) does not depend on 0, if ¢t €]T;, Ti.1[. Relation
(7) follows by summation on k& € IN. If \ is uniform, let

B Z 1]k,k+1](t) (Dan(k) |0k:2t72k—1)-

keIN

We have

k+1
i) = (= 0) [ DRFR) I ok v = (1406) [ DFa() looo s 1 i

k

2k+1+0;
= (=0 [ DeFu(k) I dt/2

2k+2
0 [ DB (k) lo i )2
= (1-0,+1+0,)F,(k)/2=F,(k), ke IN,

hence F,, = j(u,) and clearly,
Bl [ o] = ([ OE 0 e 2] = B [0 0]

which implies by summation on k € IN:

> DiF(

keIN

E {H up ||%2(R+)] (1-a)E Tk {” F ||l22(1N)] <[l F H%%(H)

O
The density function in Th. 1 can now be rewritten after the following proposition.

Proposition 10 let F' € Dé{*f“(H) satisfy the hypothesis of Th. 2 with F = j(u),
u € Ll"c The Radon-Nykodim density function is expressed as

. ~ 1
Ar = dety(Ty + Dj(u)) exp (—5(u) — S llu ||§2(1R+)> .
If u is (Fy)-adapted,

. o0 \/ 1
Ap = dety(I + Dj(u)) exp (—/0 u(t)dY; — 302 | u ||%2(R+)> :

14



Remark. In the uniform case, another definition of ¢ and j can be given so that
6 = & o j extends the compensated stochastic integral with respect to the natural
filtration of (Y})icm,, cf. [16]. The compensator of (V;);cm, with respect to its
natural filtration is given by
1
dv(t) =Y ———1pmn(t)dt.
kelv k+1—t '

The linear injection ¢ is then defined as
i(er)(t) = (1 = Op) 1l (t), k€N,
and the dual j of 7 is taken with respect to dv(t):
Jew) = (1= 6) /kT’“ u(t)dv(t), ke IN.
It satisfies
| iwe@dv(t) = (uj@)ea, e BN, ve L(IR,).

With such definitions, the operator ) o j extends the stochastic integral with
respect to the compensated process Y — v, but the eigenvectors of 6D are no longer

given by the Legendre polynomials, cf. [16].

5 Proof of the main result

We will prove the following theorem, which is an extension of Th. 1. This result is

also valid on the Wiener and Poisson spaces, cf. [17], [21].

Theorem 2 Let F € H-C}

loc

with F(k) =0 on 0,*({a,b}), k € IN. LetT = Ig+F
and

M ={w € By : dety(Iy + DF) # 0}
Assume that T (B}a,b[) C Bjgp and let N(w; M) = card(T*(w) N\ M). Then N(w; M)

15 at most countably infinite and
E[fN(w;M)] =E[foT [ Ar ]

for f € CF(B). The restriction of (Ip + F).P to M is absolutely continuous with
respect to P, and
d(Ip + F).P 1
oty
dP oo | Ar(0) ]

0c(Ip+F)~1(
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Let IC denote the set of finite rank linear operators K : H — H with rational
coefficients such that Iy + K is invertible and let v(K) = (|| Iy + K) ' ||oo) ™",
K € K. Let V denote the subset of H made of sequences with rational coefficients
and finite support in IN. We start by treating the case of contractive mappings with

the following result which extends Prop. 5 of [17].

Proposition 11 Let K € K, v € V andng € IN such that Support(v), Support(Kh) C
{0,...,n0}, h € H. Let A be a bounded Borel set in B, and let F': B — H be

measurable. Let T = Ig + F + K +v. We make the following assumptions on
(F,K,v, A):

e F' has a bounded support in B,
o Il Flrllo< o0,
e F(k)=0 on 0, ({a,b}), k € IN,
o Thereisce IR, 0 < c < 1, such that
| Flw+h) = F(w) [a< ey(K) [ h ], (9)
forhe H, w,w+h € By,
e Op + F(k) € [a,b] a.s., k > ny,
o T(A) C By

Then T is injective and

E[flre| = E[laf o T | Apirso |l
for f bounded measurable on B.

The boundedness assumptions on the set A and the support of F' are unnecessary in
the case of the uniform density.

Proof. The injectivity of T' can be shown as in [9], [17], from (9). We modify F' with
F=0on B, ;. Let (Fn)n>no C U be a sequence given by Lemma 2, converging to
Fin Dy (H) with F,, = 0 on Bf | 1}, such that F.(k) =0if k > n, F,, depending only
onfy,...,0,, and let T, = Ip+ F,,+ K +v. By a classical argument, cf. [9], [17], [21],
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Ig + F, o (Ig + K)~' + v can be shown to be bijective on B with inverse Iz + G,

where (), satisfies
Gpn=—-F,o(Ip+K) ' o(lpg+G,)—w, (10)

and

Moreover,
T({weB : we[-11], k>n})={weB : wge[-1,1], k>ne} (12

from Lemma 2-7i7) and (10). There exists U, V' € V with Support(U), Support(V') C
{0,...,m0} such that Uy > T,;'(k) > Vj on Bj_y1[, k,n € IN, since (F,)n>n, and
(Gn)n>n, are uniformly bounded in n and w. Let 7 : B — B denote the application

defined as T (w)(k) = (g’fg—vk—) wi + BE% k< g, T(w)(k) = wg, k > ng, and let

p= (ﬁ(Uk - Vk)) T.P.
k=0

Define 7* : IR™"" — H by 7%(z) = (z0,-..,2n,0,...). There is a function g €
C®(IR™ ' IR"") such that F, + K +v = 7g(6g,...,0,), n > ng. Let 7 = Ip—m,,
denote by Pl the image measure of P by 7+ and let B = 7-(B). The Jacobi

n

theorem in dimension n + 1 gives for n > ny:

/B 1B],1,1[ OTnf o TTL | AFn+K+’U | dlu
= g, (w+m(zo+go,...,Tn+ gn)) f(w~+ 7 (0 + o, -, Tn + gn))
BL Jgr+t TITHI
| det(Ipn+t + 0g) | dxg - - - dr,d Py (w) /2" !
- /B , /W g, (@ +Toy) (@ + Ty dyo - - - dynd P(w) /27
The rest of the proof does not differ much from [11], [17], [21] and is given for the
sake of completeness. Its consists in an uniform integrability argument as n goes to
infinity, using the de la Vallée-Poussin lemma. Since (| DF, |gon),cn is bounded

uniformly in n and w, (| deto DT}, |)nev is uniformly lower and upper bounded, hence

instead of E[| Ar, 1 k10108 | Ar, 1 kyv |||, we only need to estimate

/B | 6(Fo + K+ v)Ap, k40 | dp
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E[|6(F, + K +v)oT," ||

IN

E | 6(mnyFr + K +v) o T, ||
+E [| trace [(qufOFn))k oT,*-D (—K o(I+K)'+(I+K)'o Gn>] |]
+E || (i Fao Ty ]

The first two terms are uniformly bounded in n from (11). From the construction
of G, by iterations, cf. (10), it can be shown that m, G, € U. We have m, G, =

—mp F 0T, !, hence
B[ 8n o ;) ] = B[ 6(x5Go) | < B [| DG o] < (e/(1 = )

n € IN, from (3). Choosing a subsequence and assuming that g € C,"(B) is zero
outside of Bj_;;, we have the p-a.e. convergence of (g o T, | Ap,1k40 [)n>n tO

goT | Apykiy |- Hence

[ 90T | Arsicer | du = Elg). (13)

which remains true for ¢ = flp4) where f is measurable and bounded since T'(A) C

B)_y 1. This gives
E[f OTlA | AF+K+v |] = /BQOT | AF+K+v | dljl = E[g] = E[flT(A)]
U

Proof of Th. 2. Let K € K, v € V and ng € IN such that Support(v), Support(Kh) C
{0,...,n0}, h € H. For n > 8, let

8
An,K,v) ={w € B_y: (1—wi) > - k < ng,
4
Q(w) > 57
sup | F(w+h) — K(w+h) —v[g<y(K)/(6n),
|h|p<1/n

sup | DF(w+h) — K |geu< v(K)/G},
Wz <1/n

Let Fik, = ¢(npcm,kw))(F — K —v), where G(n, K, v) is a o-compact modification
of A(n, K,v) M. Then from Lemma 3, Fi, and G(n, K, v) satisfy the hypothesis
of Prop. 11. We can now proceed exactly as in [21]. Denote by (Gy)gemn the count-
able family (G(n, K,v))n k,» and let M, = G, N (ngg—l Gi)c, n € IN*. We have

18



Unemn+ My, = M, this union being a partition. Now,

E[foT|Ar|l = Y E[ly,foT [Ar]]
n=0
= 3 E [l f] = E[fN(w; M)].
n=0
We also have
EllyfoT] = iE[l foTL}:iE[l 2
M o M ApoToT1 o T(Mn) ApoT
= FE f Z 1
9eT~1(w) M Ar(0)
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