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Abstract

The aim of this work is to construct the stochastic calculus of variations on
Poisson space and some of its applications via the stochastic analysis on Wiener
space. We define a new gradient operator on Wiener space, whose adjoint
extends the Poisson stochastic integral. This yields a new decomposition of
the Ornstein-Uhlenbeck operator and a substructure of the standard Dirichlet
structure on Wiener space, with applications to stochastic analysis on Poisson
space and infinite-dimensional analysis for the exponential density.

1 Introduction

The stochastic calculus of variations on the Wiener space, cf. [9], [11], makes use of
the following ingredients: a gradient operator, its adjoint the divergence operator,
and the Ornstein-Uhlenbeck operator which is obtained as the composition of the
divergence with the gradient. The Ornstein-Uhlenbeck operator is a number operator
on the Wiener chaotic decomposition and it allows to define Sobolev spaces and
distributions on the Wiener space, cf. [19]. On the other hand, the connection with
the It6 calculus is obtained via the divergence operator which extends the It6 integral,
cf. [6]. An important tool in this analysis is the Meyer inequalities, ¢f. [10] which give
an equivalence between the norms defined with the gradient and the norms defined
on Sobolev spaces with the Ornstein-Uhlenbeck operator. The question whether
an analogous formalism exists on Poisson space has been investigated in e.g. [2],
[12], [13]. In [12], a Fock space isomorphism using the Poisson and Wiener multiple
stochastic integral is considered. This leads to a gradient defined by finite differences,

which is not a derivation operator, and whose adjoint coincides with the compensated

1Soumis au “Journal of Functional Analysis”.



Poisson stochastic integral on square-integrable predictable processes. However, this
isomorphism is not an isometry for the L? norm, except for p = 2, and apparently
it does not allow to transpose to the Poisson space case the analysis constructed on
the Wiener space, in particular for p # 2. Another approach, initiated in [2] is to
define a gradient by shifting the jump times of a standard Poisson process on the
positive real line. The adjoint of this operator also extends the compensated Poisson
stochastic integral. It has been shown in [1], [13] that there is a discrete chaotic
decomposition on Poisson space on which the composition of this gradient with its
adjoint acts as a number operator noted L. In this approach, the trajectories of the
Poisson process are considered as sequences of independent identically distributed
exponential interjump times.

In this work, we consider the LP space of Poisson functionals as a subspace
of the L? space of Wiener functionals, and show that the above gradient can be
extended to Wiener functionals. It turns out that the composition of this gradient
with its adjoint gives a new decomposition for the Ornstein-Uhlenbeck operator on
the Wiener space. From the point of view of Dirichlet forms, this yields a substructure
of the standard Dirichlet structure on the Wiener space. As a consequence we obtain
several results in stochastic analysis for Poisson functionals that can be interpreted
in infinite dimensional analysis for the exponential density. The connection with
the Poisson process is made through the fact that the adjoint of this new gradient
coincides under certain conditions with the compensated Poisson stochastic integral.

We proceed in the following way. In Sect. 2, we consider the o-algebra F
generated by a countable collection of independent identically distributed exponential
random variables on the Wiener space, and call a Poisson functional any Wiener
functional which is measurable with respect to F. The Ornstein-Uhlenbeck operator
on the Wiener space appears to be an extension of the number operator £ defined in
[13] for Poisson functionals. We deduce results in infinite dimensional analysis for the
exponential density, such as the hypercontractivity of the semigroup associated to
L, the construction of distributions, and an algebra of test functions on the Poisson
space. We introduce in Sect. 3 a random unitary operator X of the Cameron-Martin
space which allows to define a new gradient on Wiener space by composition with
the Gross-Sobolev derivative. This gradient is related to the conditional gradient
given F on the Wiener space and to the derivative obtained by shifting the Poisson

process jump times, and its adjoint extends the compensated Poisson stochastic



integral. In Sect. 4, several results in Malliavin calculus concerning the existence
and smoothness of densities of Poisson functionals, as well as the Meyer inequalities,
are derived on the Poisson space using the operators that are defined above. Sect. 5
is devoted to the extension to higher orders of differentiation of the equivalence of
norms obtained in Sect. 4. We obtain in this way the continuity of the gradient
and divergence operators on Sobolev spaces of Poisson functionals. In the sixth
section, we deal with the independence of Poisson functionals. From the existing
criterion on Wiener space, cf. [18], we deduce necessary and sufficient conditions for
the independence of discrete multiple Poisson stochastic integrals. Those integrals
are defined with the Laguerre polynomials as stochastic integrals of deterministic
discrete time kernels, and the conditions for independence are expressed in terms of
the supports of those kernels. In the last section, we study the infinite-dimensional
diffusion process associated to the operator £ and show that it gives another example
of a process whose hitting probabilities can be estimated in terms of capacities.

Notation. The following definitions can be found in [19]. Let (W, L*(IR), ut) be the
classical Wiener space, and let (hy)r>0 be an orthonormal basis of L*(IR; ), which will
remain fixed throughout this work. We note respectively D and § the Gross-Soboley
derivative and its adjoint on the Wiener space. Recall that (S(hk))kel\f is a system

of independent gaussian normal random variables, and for F' = f(S(ho), e S(hn)),

fecx(IrR™), DF € L* (W) @ L*(IR,) is defined as
A~ k=n A ~
DF =" 0,f(8(ho), ..., 0(hy))h.
k=0

The Ornstein-Uhlenbeck operator on the Wiener space is denoted by —/3/2. It is self-
adjoint with respect to p and satisfies to £ =48D. Let jn(gn) represent the Wiener
multiple stochastic integral of a symmetric function in the completed symmetric
tensor product L*(IRy)°". We have ﬁfn(gn) = nfn(gn) n € IN, and any square-

integrable functional F' on (W, i) can be decomposed as a series

F=Y 1.9.) gr€ L*IRy)*, k€ IN.
n=0

Let P denote the algebra of polynomials in (S(hk))kzo, which is dense in L*(W, ).
For k € IN and p > 1, let ID,; be the completion of P under the norm || F' ||, =]
(I + /j)k/QF HLP(Ww)v and let ID, _j be the dual space of ID, ;. Let Do =, Dy -

The dual of Do, is D_oo = U, 1 Dy k-

P,k

P,k



To end this introduction, we shortly describe the method that will be used
in the next sections. Let us write down the usual integration by parts formula on

Wiener space:

E[Fé(u)] = E{(DF,u)12(m,)),

for u € Dom(S) and F € Dom(ﬁ). Consider also a random operator
X LA(IRy) — L*(IRy)

such that X is unitary, p-a.s. This operator can be viewed as an isometry from

L*(W)@ L*(IRy) to L* (W) @ L*(IR,.). Let us apply the above integration by parts

to F' and Xu, with F' € Dom(D) and v € L*(W) @ L*(IRy) such that Xu € Dom(9).
We have from the properties of X:

E[F§oX(u)] = E[(DF,Xu)r2m,)]
= E[(X" 0 DF,u)i2(m,)),

X* being the adjoint of X. We will show that it is possible to choose X such that
6 o X extends the stochastic integral with respect to a compensated Poisson process
defined on the Wiener space. It will appear that X* oD is closely related to a gradient
defined on Poisson space by shifts of the Poisson process jump times, cf. [2], [13].

Moreover, we have

(SOX)O(X*OD):SD:,/j,
and

| X" o DF HLz(RJr):H DF HLz(RJr) U — a.s.

from the fact that X is a.s. unitary. As a consequence, any result in Malliavin calculus
that involves the norm of the gradient D or the Ornstein-Uhlenbeck operator £ will
be valid on Poisson space and interpreted in terms of the stochastic calculus of
variations for the Poisson process, using the compensated Poisson stochastic integral

and the derivation with respect to shifts of the jump times.

2 The Poisson space as a subspace of the Wiener
space

A characterization of the standard Poisson process on the positive real line is that it

is a jump process with jumps of fixed size 1 and independent identically distributed



exponential interjump times. We intend here to construct a Poisson process, or equiv-
alently a countable collection of exponential random variables on the Wiener space.
We will make use of the fact that the half sum of two independant normal random

variables has a X* law with 2 degrees of freedom, i.e. an exponential distribution.

Let

N N

2 2
= 6(hay) -|-25(h2k+1) k>0,

then (74 )r>0 is a family of independent exponentially distributed random variables,

hence it represents a Poisson process (N;);>o. This does not require the system
(hi)k>o to be complete in L*(IRy). Let T} = Zfig_l 7;, k > 0, represent the k-th
jump time of (N;)s>0. We have

Nt = Z 1[Tk,oo[(t)7 t E IR+.
k=1

Note that this construction does not preserve the filtrations generated by the Poisson
and Wiener processes, i.e. the filtrations generated by (N¢);>o and the Brownian
motion (By)¢>o on (W, i) are not comparable. We define an application = : W — IRN
by

E(w) = (kkerv 1 — a.s. (1)
Denote by B the range of =, endowed with the largest o-algebra that makes =

measurable, and let P be the image measure of y by =:
P =z,
and define an operator © : LP(B, P) — L?(W, u) by
OF =Foz,

where F'is a polynomial functional on B, i.e. F((xg)ren) = f(xo,...,2n), n € IN,
f polynomial. The operator © can be extended as an isometry from LP(B, P) to
LP(W,p), p> 1. The dual of © : L*(B, P) — L*(W,u)is ©* : L*(W, n) — L*(B, P),
given by

O F =07 'E[F | F], F¢clL*(W,upu).

We call F the o-algebra on W generated by =. In the sequel, LP(W, F, px) will be
identified with L?(B) for p > 1.



Definition 1 (Poisson space). The space (W, F, pr) is called the Poisson space.
We call a Poisson functional any random variable on (W, F, pur). Let

7)-7: = {f(T07 .. '7Tn) : f pOlynomZ.aL n & Z]V}
denote the set of polynomial Poisson functionals.

We recall, cf. [13] that P is dense in L*(W, F, 1) and that there exists a discrete
chaotic decomposition of the space L*(W,F, pix) of square-integrable Poisson func-
tionals. This decomposition uses discrete multiple stochastic integrals defined with
the Laguerre polynomials

i=k ;

ko (=)
Lk(l’):Z( ; )Q $EIR+, kEﬂV,

= 2!
which are orthonormal with respect to the exponential density. Let H = [*(IN)
be the Hilbert space of square-summable sequences, and let (ex)ren denote the
canonical basis of H. For n > 1, we define the discrete multiple stochastic integral
of a symmetric function f, on IN™ as a linear mapping I,, : H°" — L*(W,F, ),

first on elementary functions:
L(eg o roe ) =mlengl Ly (1) o+ Lig(Try)

where ny + -+~ +ng = n, ky # --- # kg € IN. The mapping [, is extended to
any element of the completed symmetric tensor product H°" by density, since the
linear functional I, satisfies to an isometry formula, cf. [13]. Moreover, integrals
of different orders are orthogonal. As a result, any F in L*(W,F, ux) has the

orthogonal decomposition
F=Y"1.(f) freH* kelN
n=0

with the conventions H® = IR and Iy = Ir. The following proposition says that the
Poisson random variable I,,(f,,) is a multiple Wiener integral of order 2n, and gives
its expression in the Wiener chaotic decomposition. For simplicity, the development

is only written for f, = e§". Let C* = n!/(k!(n — k)!), 0 < k <n,n € IN.

Proposition 1 The Wiener chaos expansion of I,,(e5") is given by

on —1)" < 7 024 o(2n—21 7 7
ey = S o (st o hafl ) oz

3
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Proof. The proof relies on the following relation between the Hermite and Laguerre

polynomials, cf. [4], p. 195:

n k n
(2 ;y ZC Hop() Han o () (20)! (20 — 20!

and on the definition of the multiple Wiener integral with the Hermite polynomials,
cf. [6]. Here, Hig(xz) is the k-th normalized Hermite polynomial, defined by the

generating series

= exp(yr —7*/2) v,z € IR.

>
n=0

=
25

4

Denote by £ the number operator on the discrete chaotic decomposition, that is £

is a linear operator with
L1,(g9,) =nl(g,) gn € H, n € IN,

so that the domain of £ is made the following Poisson functionals:

Do) = { L)+ X0 | 15 < oo

and L leaves invariant the space Pr of polynomial Poisson functionals. The operator
L is the infinite dimensional generalization of the operator 29?4 (1 —x)d, on C*°(IR),
whose eigenvectors are the Laguerre polynomials.

We now define Sobolev spaces of Poisson functionals. We call ﬂ)ik the completion

of the algebra Pr of polynomial Poisson functionals under the norm
1 pr =l (I+ L) PF o) F € Pr,
p>1,ke Z, and let
ﬂ]DM, D’ = L%ﬂ)ik
P,

The next proposition says that the o-algebra F generated by the Poisson functionals
is £~ -stable. We refer to [17] for the notion of L1-stable o-algebra.

Proposition 2 The operators L and ,/3/2 commute with the conditional expectation

with respect to F:

E[LF | F)=2LE[F |F] FeDom(L), p>1, ke Z,



hence /3/2 is an extension of L. The norms || - || _and | - HD}" are equivalent
P, Pk

on Pr, and D% is an algebra. Moreover,
El-|Fl:Dpp — Dy, p>1, ke Z,
15 continuous.

Proof. Prop. 1 gives

(—1/2)(+9) %L(Hj)/g(m) i and j even,

0 otherwise.

B o) Hy b (harsr)) | F) = {
Hence

E[LIi(h3k 0 hgly) | 7]
= /(i + ) E[L(H, (5(/1%))1{ (S(hzxm))) | 7]
= 4+ +)EH H;(8(hais1)) | 7]
= 2y/(i + )\ LE[H(8(ha) Hj<5<h2k+1>> | 7]

A

LETiyj(hgj 0 h3y) | 7

Il
b

for any 7,7,k € IN. It follows that if ¢1,...,¢4,51,...,7a € IN, ky # -+ # k; and
F = H;i;l ]Zl‘l']l(h;ZZ o h;‘]ill+1)7

5 p=d - 3 ; 57 o1 o
ELP|F] = Y BT L (h3) 0 bt VB [L£1 4, (B57 0 b3 ) [ 7] | F

p=1 I#p

p=d )
= 23 T E [Lia b3 0 h5ien) [ 7] LB Ly (RS2 0 BSE40) | 7]
p=1l#p

= 2CE[F | F],

hence

E[L1(g.) | FI = 2LE[Lu(9:) | FL.  gn € L*(IR4)™"

This implies that 2L1,(f,) = /j]n(fn), fn € H°". The equivalence of norms follows
from the LP-multiplier theorem, with the fact that D7 is an algebra, since for
pyq,r > 1 such that 1/r =1/p+1/q and k € ZZ, there exists a constant C, , . such
that

(1 + L/2)* (PG
< o 1T+ L/2)2F ol (T4 £/2) G |lagwy F.G € Pr,




cf. [19]. The continuity of E[ - | F] can be established as follows. For p > 1 and
k € ZZ, there exists a constant C),; such that

| EF 1A, < Coll EIP I F) I,

Coi || (14 L)EIF | F] | pogw)
Coi || B[+ LY2F | F || oqwy
Cull Fllp, FeP.

IA
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Another consequence of this proposition is that £ is self-adjoint with respect to
p7- Being the restriction of ,/3/2 to Poisson functionals, £ shares several properties
with £. The theorem below can be interpreted as a result in infinite-dimensional
analysis for the exponential density, since £ is the infinite dimensional generalization
of the operator whose eigenvectors are the Laguerre polynomials, which form an

orthonormal sequence for the measure e™%1,5dx.

Theorem 1 (Hypercontractivity). Let p > 1 and t > 0. There exists ¢ > p such
that
H e:z;p(—tﬁ)F HL‘Z(B)SH F HLP(B) F e Lq(B).

Proof.  Since exp(—tL) = e:z:p(—t/ﬁ/Z) on L*(W,F,ur), we can apply to Poisson
functionals the existing hypercontractivity theorem on Wiener space, which says that

for any ¢ > 0 there is ¢ > p such that

| exp(—tL/2)F || S| F oy F € LYW).

Example of a generalized Wiener functionals which is a Poisson functional.
From [1], Prop. VI.1.2.2, we have the following Wiener chaos expansion for the

distribution

T =216 (/Oo ho(t)dBy, [ hl(s)st) €Dy, r>1,
0 0

where § is the Dirac distribution at 0 in IR?:

I —1\" = 1 o2k 02n—2k
I=2 5oyl ((7) (2t 2 Hin =gyt oM

n>0 <% k=0



Hence from Prop. 1, T is the limit in D;_T, r > 1, of a sequence of polynomial
Poisson functionals.

We end this section with two definitions. In [13], a gradient operator has been defined
for Poisson functionals as a directional derivative in the directions of H = {*(IN), or
equivalently by shifts of the Poisson process jump times. We recall this definition

with a different interpretation.
Definition 2 We define D : L*(W, ) — L*(W, F, pr) @ H by

-1 = _
(DF My = —ling (O FIE k) — F

e—0 £

heH, FePr.

If € Prwith F'= f(70,...,7,), then

k=n
DF = — Z 6kf(7-0, . ,Tn)l{k}
k=0

The operator D : L*(W, F, puyr) — L* (W, F, px) @ H is closable and its expression

in the discrete chaotic decomposition is written as follows, cf. [13]:
k=n-—1 n!
Dilu(fa) = 32 llfalsids0)) j €N, fu € PUN).
k=0 :
Finally, we define for later use an operator ¢ that turns a discrete-time process into

a continuous-time process, using the Poisson process itself.

Definition 3 If [ : IN' — IR" is a function of discrete variable, we define a
d-parameter process i(f) by

Z(f)(tl, e ,td) — f(Ntl—, . '7Nt_) tl, . e ,td € IR_|_.

d

The operator 7 is easily extended to stochastic processes of discrete d-dimensional
parameter. If n =d =1, let j : L*(W)® L*(IR;) — L*(W)® [*(IN) denote the dual
of i : (W)@ I*(IN) — L*(W) @ L*(IRy), i.e. j is a random operator such that

(1(u),v)r2myy = (w g (V)eayy 1 — a.s.

for u e LA(W) @ I*(IN), v € L*(W) @ L*(IR;). We have explicitely

)= 1 /k v(s)ds.

k>0 1

10



3 A new gradient operator on Wiener space

In this section, we define an extension to Wiener functionals of the above gradient
operator D, taking into account the conditional gradient given F, cf. [1] for this no-
tion. This new gradient has the following properties: its adjoint coincides with the
compensated Poisson stochastic integral under certain conditions, and by composi-
tion with its adjoint it yields the Ornstein-Uhlenbeck operator on the Wiener space.
It is expressed by composition of the Gross-Sobolev derivative D on the Wiener space
with a random unitary operator which is defined below. The n-th jump time of the

Poisson process (N;)ier, defined on (W, p) is denoted by T, = gig_l T, n >0 .

Definition 4 For p-a.s. w, we define an operator X : L*(IRy, IR*) — L*(IRy) by

Xu = — u(l)(s)ds

1 S(hzk)hzk + 3(h2k+1)h2k+1 /Tk“

Tk Ty

k>

O'w S‘
A [\D

u(z)(s)ds U= (u(l),u(z)) € C (IR, IR?).

0
)h2k+1 — S(h2k+1)h2k /Tk+1

Tk Ty

We are going to show that g-a.s., X is unitary from a certain random subspace H of

L*(IR,, IR?) into L2(IR,).

Definition 5 For pu-a.s. w € W, we define H to be the random subspace of L*(IR,., IR?)
of the form

1 ={i((f.9) + (f.9) € PN, IR}
The operator ¢ was introduced in Def. 3.

Proposition 3 The operator X is unitary from H into L*(IRy):
XX =15; and XX* = I, #—as.
and its adjoint is X* : L*(IR}) — L*(IRy, IR*), given by
X*v = ];) [T Tppa [((V h2k>L2(R+)S(h2k) + (v, h2k+1)L2(IR+)S(h2k+1)v

(0, horp1) 12 (e )0 (haw) — (0, ha)r2(myy0(hargr))  p — a.s.

Proof. We have if u = («V,u®) € C*(IR,, IR?) and v € C*(IR,):

(Xu, v)L2(R+)

11



1 Tis (hag) (h . S(h h .
_Z/ k+ u(l)(S)dS ( Qk)( 2k7v)L (Ry) T ( 2k-|—1)( 2k-|—17v)L (Ry)
\/5@0 T Tk

Try1

N 4 (5)ds O(hargr ) (harg1, 0)r2(ryy — O(hokg1)(Paks v) 2 (Ry)

Ty Tk

= (0, X\"0) 2R, g2y M — a.s.

Hence X and X* are adjoint y — a.s. It is easy to check that X*X = [5 and XX~ =
Ip2(p+y p— a.s., and the fact that X : H — L*(IR,) is unitary follows.

4

Again, X is easily extended to two dimensional stochastic processes as an isometry

X: LA(W)@ L*(IRy, IR*) — L*(W) @ L*(IR,), with the properties that

XX* = I wyerz(ry) and (Xu,v)r2(ry) = (u,X*v)Lz(RJ“R% U — a.s.,

u e LA(W) @ L* IRy, IR?), v € L*(W) @ L*(IR}). We now define a gradient D by
composition of D with X*.
Definition 6 We define an operator D : LXW) — LA(W) @ L*(IR,, IR?*) by

1 ,
DF =—X*oDF FepP.
V2

Then DF = v2X o DF, F € P. According to this definition, D is a derivation

operator on the Wiener space.
Proposition 4 As a direct consequence of the fact that X is unitary, we have:
o The operators D and D can be extended to the same domains. More precisely,
2| DF 12y 2y =l DF 12y F € D2y p—as,
hence the operator D is closable and local.

o Let —/3/2 denote the Ornstein-Uhlenbeck operator on the Wiener space. We
have the following decomposition of,/j:

L£/2=46D.

Note that the usual decomposition of the Ornstein-Uhlenbeck operator is given by

A A

L =26D.

12



We now show that for £ € Dom(D), the second component D[ of DF is
related to the conditional gradient of F' given F, cf. [1], whereas its first component
DWE is expressed with the operator D defined in Def. 2 by shifts of the Poisson
process jump times. Denote by H the orthogonal subspace in L*(W) @ L*(IR,) of
the set

{zDU : Ue D, ZeL*W,p)}.

Let P™ be the orthogonal projection on H in L*(W) @ L*(IR.). Recall that the
conditional gradient given F of F' € Dy is defined as DFF = PHDF, FelD;;,
of. [1], V.5.2.3.

Proposition 5 The conditional gradient DFF of F'€ IDy; given F is
DPF = V2X(0, DPF)  p—a.s.
Let F' € Pr be a polynomial Poisson functional. We have
DF = i((DF,0)) u— a.s.
Proof. Let F = f(S(ho), . ,S(hn)) with f € C*(IR""). We have
DF —2X(0, DY F) = V2X(DWV F,0),

hence DF —/2X(0, D@ F) € {ZDU : U € D},. Z € L*(W,)}. We also have

E[Z(X(0,DPF),DU)p2py) =0 U € Pr, Z € L=(W,p),

hence v/2X(0, D(Q)F) — PHDF. The result is obtained by density. For the second
part, we notice that the conditional gradient of a Poisson functional given F is 0 and

that a simple calculation yields X*DU = V2i(DU,0), U € Pr.
0

The following definition gives the adjoint of . Let V be the class of processes defined
by

V={ue L*(W)® L*(IR,,IR?) :
w=(f(.0(ho) . 6(ha)),g(-,6(ho), ... .6(ha))), f.g € CT(IRLT), n € IN}.
Definition 7 We define the operator § : LXW) @ L*(IRy, IR*) — L*(W) by

5(1}) = %3 oX(v), wve.

13



We have the following commutative diagram:

V2D V26

LA(W) LA(W) @ LA(IR,) LA(W) @ LA(IR,) LX(W)
— | |
LA (W) —D>L2(W) @ L*(IRy, IR?) L*(W) @ L*(IR,, IR?) N LA(W).

Proposition 6 The operator é is closable, adjoint of D and satisfies to
o(u) = / u(l)(s)d(Ns —35) — trace(bu), ueV,
0

where trace(Du) = [2° DWuW(s)ds 4+ [2° DPu®(s)ds.

S

Let Dom(g) denote the domain of the closed extension of 4.
Proof. Recall that by definition, cf. [6], [19], if v = Y!=¢ hifi((é(ho), o ,S(hn)) with
fi €C(IR™), i =0,...,n, then

i=n

S(v) = 3" 6(hi) Fi(8(ho)s - - . 8(ha)) = Di fi(d(ho), .., (hy)).

=0
Applying the above formula to Xu, u € ¥V, we obtain:

S(u) = (Xu)

5(h2k)2 + $(h2k-|—1)2 S(th)S(th-l—l) — $(h2k+1)3(h2k)

(T @7
Z>: kH 27 “ ( kH) 27
L ; A, (2) ;
+ﬁ/ ((Du (5), ho)O(hax) + (Du (s),h2k+1)5(h2k+1))d5
1 Try1 5 (2) . @) .
5 . (Du(6) b)) o) = (Du (). hos)d ) ds
k
L hn Tt §(haw)? + 6(hapsr)?  [Temn
o [ el
E /Ty 7 T,
= /Oou(”( s =) / s S)ds_/“[)g)u(z)
0 0

The operator é is adjoint of D and closable since X and X* are adjoint and the domain

of D is dense in LA(W).

Let (Fi)i>0 be the filtration generated by (N¢)i>o on (W, ).

14



Corollary 1 Ifu = (uV,u®) € L*(W)® L*(IRy, IR?) is (F,)-predictable, then §(u)

coincides with the compensated Poisson stochastic integral of u':

Su) = [ u (N, — )

and any Poisson stochastic integral has a representation as an anticipative Wiener-

Skorohod integral:
[ ), — ) = B, 0))/v2
0

Proof. The conditional gradient given F of a Poisson functional is 0, cf. Prop. 5,
hence from Prop. 6 the first part of this statement is identical to the Poisson space
result that can be found in [1], [2], [13]. The representation property comes from the

relation & = %5 o X.

72
0

The above coincidence can occur under weaker conditions, for instance without pre-
dictability requirements. For example, it is sufficient to have (u(") 0) € V with

ut) € LW, F, pyr) © L*(IRy) and

5(h N
u@wz—anwwmmM(iﬁiyﬁwwwtem+

k>0 5(h2k+1)

In this case, DMy W1 D@y (2 — p@dt-a.e., and the trace termin (6) vanishes. The
representation property for Poisson stochastic integrals as Wiener-Skorohod integrals
also extends to anticipative integrands in Dom(g). This result differs from the result
obtained via the Clark formula, cf. [3], in that the process %Xu that we obtain is

not adapted and its expression is easier to compute.

4 Meyer inequalities on Poisson space and appli-
cations

The first consequence of the above propositions is that the Meyer inequalities on
Poisson space hold for the operators D and L, given that they are verified for D
and £. The spaces LP(B, P) and LP(W,F, ) are identified via the operator © for
p= L
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Theorem 2 For any p > 1, there exist A,, B, > 0 such that for any Poisson poly-

nomial functional F' € Pr,

Ay | DF || 1o(s,12(ry )
< N U+ L)YF o)< Bol|| DF Nosremey + || F |lees))-

Proof. We write the Meyer inequalities, cf. [10], on the Wiener space and make use

of the facts that X is unitary from H to L*(IR)), 4 — a.s. and L is an extension of
2L.

4

The difference between this result and the Meyer inequalities on the Wiener space
comes from the fact that on Poisson functionals, D is defined by shifting the jump
times of the Poisson process, and its adjoint extends the compensated Poisson
stochastic integral, whereas D is defined by shifts of the Wiener process trajectories
and its adjoint extends the 1t6-Wiener stochastic integral.

We can also define the composition of a Schwartz distribution with a Poisson
functional as a distribution in D7 _. Let Sy, k € ZZ, be the completion of the
Schwartz space S(IR?) under the norm || ¢ ||s,, =|| (1+ | = |2 +A)%¢ | s

Theorem 3 Let Iy,..., Fy € D7 such that det(((DFZ',DFJ‘)L2(B+7R2))1SZ'7]‘SC[)_1 €
Nps1 LP(B, P). Then for k € ZZ and p > 1, there exists Cpp > 0 such that

[ é0F llpers Co | ¢ llso ¢ € SURY).
This implies that iof T € Sap, T o F' s well defined in D, p> 1, k€ ZZ.

The proof relies again on the fact that X is unitary and D7, C ID ., given the Wiener

space result in [19]. In the same way, we obtain:

Theorem 4 Under the hypothesis of the preceding theorem, the Poisson functional
F=(I,...,Fy) has a C* density on IR".

The hypothesis is expressed by perturbations of the Poisson process trajectories. The
following exponential integrability criterion comes from [5] and [16] for the gaussian

case. It is proved in the same way as Th. 2 and 3.

Theorem 5 [f F' € D7, p> 1, is such that || DF | oo (w2 (R 2y) < 00, then there
exists A > 0 such that

Elexp(AF?)] < .
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Denote by (W, i, D21, €) the standard Dirichlet structure on Wiener space, cf. [1].
The Dirichlet form e is defined as ¢(F,G) = —%E[FﬁG], G e Dom(D). It ad-
mits a carré du champ operator I' defined by I'(F, () = (DF,ﬁG)L2(R+). Prop. 4
shows that this structure admits 2D as well as D as a gradient, i.e. T'(F,G) =
Z(DF, DG)Lz(R+). Moreover, (W, F, ur, sz,p €l ﬂ)fl) is the Dirichlet substructure
generated by (7i)ren, cf. [1], V.5.1.1. As a substructure, (W, .7:,#|]:,ﬂ)§1,6 | ﬂ)zfl)

is local, admits a carré du champ operator, and satisfies the energy image density

property:

Theorem 6 If Iy, ..., Fy € IDS, with det((DF;, DF})p2(m, m2)i<ij<d) > 0 p-a.s.,
then the law of F = (Fi, ..., Fy) is absolutely continuous with respect to the Lebesgue

measure on IR?.

We obtained a criterion for the law of a Poisson functional to have a density, which
directly involves the stochastic calculus of variations by perturbations of the Poisson

process trajectories.

5 Extensions

In this section, we give a version of the Meyer inequalities for higher orders of differ-
entiation, and extend the operators joio D and §oi to Sobolev spaces of H-valued
functionals. Let P53 denote the set of functions u : IN — P such that u has a finite

support in IN. This set is dense in L*(B) @ [*(IN).

Lemma 1 Define the operator Pt(l) : L*(B) @ *(IN) — L*(B) @ I*(IN), t € IRy by
Pt(l)u = ((Pt(l)u)k)kzo, where

(PMu), = (€7 = 1) Dy Py + e Py, k € IN, u € P
Then (Pt(l))teRJr is a semi-group, and we have the relation
PF=PYDF FePr telR,.

Proof. Let F' = 1,,(f.), n > 1 and f, € I?(IN)°". We have from the expression of D

as an annihilation operator, cf. [13]:
I=n-1

DthFZG_nt Z ]l(fn(*7k77k))

(=0
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and
l=n—-1

e PDyF =" Y e (kK. k).

=0
Hence

p=n—1 [=p—1
(e_t - 1)DthDkF = Z (6_(p+1)t_ e—pt) ]l(fn(*vkvvk))

=0

o~

p=1

= DuPF — ¢ 'P.DLF,

or (Pt(l)DF)k = DyPFF  F € P. From the following equalities, (Pt(l))teRJr is a
semigroup. Let u € Pz, k € IN, and choose Fj, € P such that u, = Dy Fy. We have
for s,t > 0:

(PR = (PUDF), = DyPrys FuDy PP, F,
(PYDP,F)e = (PYPYDE) = (PP PV, ke IN.

Hence Pt(_ll_)s = Pt(l)Ps(l), for s,t > 0.

4

Proposition 7 Let L1 denote the generator of (Pt(l))tzo. For v € P, we have
(Vg = (1) ;
LBy = ((,C u)k)kew with

(LDu)y = (L + T+ Dy)ug, k€ IN.
The duality relation
(i(u)ai(ﬁ(l)v))B(B)@L?(m) = (i(ﬁ(l)u)vi(v))B(B)@L?(RJ,) u,v € Pr,
holds, and we have the commutation relation
LYD =DL on Pr.

Proof. This is a consequence of the above proposition. The duality relation comes

from the equality
Elncup (L)) = Blr(LYu)poy] w,0 € Pr, k € IN,
that can be checked using the explicit expression of £(1):

18



= FElopl(trug) + mpugvr + Trug Divg]

= FlogreLluy + vpur L), — Q(DTk, Duk) + Trugvr 4 TRug Doy
= FEloprLluy, — vpug + mpvorug + 2057 Dy + wp Dy (Tpor)]

= Elnovplug 4+ vpmrDpug + Trugvr]

= FElnve(L+ 14 Di)ug], w,v€Pr, ke lIN.

We used here the relation L(FG) = FLG+GLF — Z(DF, DG)L2(R+7R2) F.G e Pr,
cf. [13], and the fact that [ 4+ Dy is adjoint of Dy, k € IN with respect to P.

4

We now aim to construct Sobolev spaces of H-valued functionals, in order to extend

the Poisson gradient and divergence operators to distributions.

Definition 8 We define the norm || - || p L) on Pr by

| u Hﬂ)pyk(H):H W((Im + 'C(l))kmu) HLP(B,L2(R+)) .

The space ID,(H) is defined to be the completion of Py with respect to the norm
|- Hﬂ)pyk(H)'

The following extension of Th. 2 holds:

Theorem 7 Forp > 1 and k € ZZ, there exists two constants A, ., B, > 0 such
that for any Poisson polynomial functional I' € Pr:

A N DF I, = P Lz, < Bl DF I,y + | F Nl

Proof. We have (I + ,C(l))k/zDF =D(I + ,C)k/zF, F e Pr. Hence

1i((1r + LV DE) || o(s.02(804)
| i(D(I + £)*°F) | 2r(B.12(Rs))
k
= | DU+LF
= | DU+ L)PF o raryy k€ Z, p> 1.

| DF Hﬂ)pyk(H)

It remains to apply Th. 2 to (I + L£)*/?F.
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Corollary 2 The operator joi10 D can be extended as a continuous operator
joioD: D), — D,xy(H) keZ, p>1.
The operator § o i(+,0) can be extended as a continuous operator
§oio (,0): D, x(H) — ﬂ)ik_l ke Z, p>1.

Proof. We have for u € Pz and I' € Py

nu,

| E[Féoio(u,0)]] = 0). DF)ra(ry i) |
). i(DF))r2(my)) |

| B [(((Ln + £D)20),i(Ly + £D) D)) pa(ry | |

4

| [(iu
| B [(i(u

IA

H U Hﬂ)pyk(H)H DF Hﬂ)qy_k(H)

IA

Conlwllp, il D, .,

from Th. 7 and Prop. 7, where p,q > 1 are such that 1/p+ 1/¢g =1 and C,} is a
constant. Hence || 5o i(u) Hﬂ);k_lg Cok || w Hﬂ)p,k(H)' For the second relation, we

have

(joio DF u)raByerv) i) [FSOZ(U)]

E[(I+£)*F(1 + £)726 0 i(u)]

IA

| F g7 160t 7
Con | Fllpr Nullpr, — u€Pr FePr

IA

He (] '0.0DI D < P } Ll)f } E‘f
¢ H J ! H ;:,k—l C - H H p7k7
O

The main problem that we encounter in the extension of the Meyer inequalities to
the case of higher derivatives lies with the definition of the iterated gradient DDF'.
In fact, even for I' € Pr, e.g. F' = 7, DF is a random indicator function and DD F
can not make sense as a random variable. To circumvent this difficulty, we choose
to take
[0 DR HL?(B)@L?(Ri)a

where DF : L*(B) — L*B) @ H°% is the k-th iteration of D, for the norm of the
iterated gradient of F' € Pr. We are going to give an equivalence of norms between

the norm || - HD}" and the norm defined with ¢ o D*, for p = 2 and k& > 0.
2.k
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Proposition 8 for k € IN, there exists A, By > 0 such that for any Poisson
polynomial functional ' € Pr,

Ag |l 2o DFF "%2(B)®L2(1R+k)
< s, < B (0 DF laggporaensy + 1 F e)
Proof. We need the following lemma, which is a generalization of Eq. (2).
Lemma 2 Let ' € Pr. We have forn > 1 and ky,...,k, € IN:
Dy, Dy, PF = ¢ ™PDy, -+ Dy, F
+(e7" = 1) ]ff e ' Dy, -+ Dy, PiDy,_,, -+ Dy, Dy, F.
j=1

Proof. By induction. From Lemma 1, the result is true for n = 1. Assume that the

relation is verified at the order n > 1. We have for ky,..., k.11 € IN:

Dk1 ce Dk F = e_kal PtDk2 ce DknF

n+1

j=n
(e = 1)Di, Y€ Dy, Dyyejmi PiDi, o Digyyy Di FF
7=2

= "Dy PiDy, - Dy F 4 (7 = )e ™ Dy, BiDy, -+ Dy, F

n

o
Il

_I_(e—t o 1) Z e—thkl . Dkn—j—IPtDkn—] e Dkn+1DkJF
7=2
= e_kal PtDkz o Dkn+1F
Jj=n )
_I_(e_t . 1) e—]tDkl ce Dkn—j—IPtDkn—] tee Dkn+1DkJ I

Il
—

J

This shows that the equality is satisfied for any n > 1.

Proof of Prop. 8. Let us write the discrete chaotic decomposition of £

n>0
which gives
I Wz = EEU+ L) F] =3 (14 )" | () 1I7
% n>0

Taking Ay = 1/((k + 1)*) and By, = 1, we have

Ak(n—l—l)k§l—l—n(n—l)---(n—k)§Bk(1—|-n)k n > k.
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Hence || F HD}" is equivalent to
2.k

1
2

F— (BIFLL—1) (L= (k=D)L — kD)) + E[F?])” .
It remains to show that

BIFL(L ~ 1)+ (£ —nD)F] =] io D™ F |2, n > 0.

QL2(RIH)

We know that this statement is true for n = 0. Suppose that it is true at the rank

n, and let us show that then it is also true at the rank n 4 1.

E[FLL—T)--(£—(n+1))F
= E|(ioD"FioD"(L—(n+ 1)I)F)pagms)]

= E| Y 77 Dey o Dy FDgy - Dy (£ — (n 4 1)I)F

Lk1seenkon
k1,....kn i=1

=1

s
—I-E Z Tkn+1Dkn+1Tk1"'TknDk1"'DknFDk1"'Dkn+1F
k1o ki
= b Z Tkl”‘Tkn-l-lel”‘Dkn-l-lFDkl”‘Dkn-l-lF

= E|(io D" Fio D" F) e F € P,
where we used the relation

1=n
Dlekn(L‘—(n—l-l)])F: (ZDkz —I-,C) Dk1 """ DknF7

i=0

obtained by differentiating the result of Lemma 2.

6 Independence of Poisson functionals

In this section, we apply the criterion given in [18] for the independence of multi-

ple Wiener integral in order to obtain similar results for discrete multiple Poisson
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stochastic integrals of the type I,(f.), f. € [*(IN)°*. The following result allows
to characterize the independence of discrete multiple Poisson stochastic integrals in

terms of the supports of their discrete time kernels.

Theorem 8 Let f, € H" and g,, € H*™, m > n. The Poisson functionals I,,(f.)
and 1,,(gm) are independent if and only if

fn(kla . -ykn)gm(klakn—l—la . -akn—l—m—l) = 0, \V/kl, . -akn—l—m—l - Z]V

Proof. We have the following orthogonal decompositions for f,, and ¢,,:

g = > QI o 0 €
kl 7£ ... 7£ kd
np—+--+ng=n
T yeeeyTL om
Im = Z 511,1...,1p pe?lml O 0€ "
[1 7£ ... 7£ [p

my+---+m, =m
From Prop. 1, the random variables I,(f,) and I,,(g,) belong respectively to the

2n-th and 2m-th Wiener chaos. Denote by fzn and go,, the corresponding kernels.
We have I,(f,) = an(an) and I, (gm) = fgm(ﬁgm), i.e.

o = ) o e
ky 7§ 75 kg

ni g =mn

and
A _ M1y, Mp M1,...,Mp
Jom = Z 511,...,1p 9iy,ily
L,
mi+---+mg=m
with
7 R A ony ong 7 M1,y Mpy om1 omp
]2n(fk1,...,kd ) = ]n(€k1 O--+0¢€, ), ]2m(911,...,1p ) = ]n(611 Or-0e )-
From Prop. 1, we find explicitely
—_1\r (... (Vi
fnl,...,nd _ Z ( 1) Cn1 Cnd 0241 o h02n1—2i1 040 ho?’id o ho?nd—Qid
k1yeenkg T 27%(0221 L. CQid )1/2 2k 2k1+1 2k 2kq+1
0<u<m 2 21
0 <1< ny
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—1\m Ji . J , .
( 1) C C p 0251 02m—2j 0.0 h02]p ho?mp—ij
Qm(Cle . CQJP )1/2 20 201+1 21 QIP-I—I ‘

2m1 2myp

From [18], I,(f,.) is independent of I,,(¢g,,) if and only if fzn @1 Jam = 0 a.s., i.e.
R I o =

which means

7117 Mg QM4 Mp PN .. g ®1 m7 .. 7mp 0

120 SR lyeelp k1,..ikg 9u,.. lp

for ky # -+ # kg and [y #--- # 1, since
(ot u g™ s ke F by and L £ 1)

is orthogonal in L*(IR)°"*™~%, due to the particular form of f''"\' and g,
This condition is equivalent to a7 ﬁl”l’mp =0if {kv,....ka}N{l,.. .. L} £ 0,
or

fn(kla .. -ykn)gm(klakn—l—la .. -akn—l—m—l) =0 \V/kl, .. -akn—l—m—l - IN.

7 Diffusion process and capacities

In this section, we study the diffusion process associated with —£, and show that it
gives another example of a process whose hitting probabilities of open sets can be
estimateds in terms of capacities, cf. [8], [15]. We start by introducing capacities on
the Poisson space. The space B is endowed with the largest topology that makes
O C B open in B if Z71(0) is open in W. We can define the capacities ¢,, on B as
follows:

¢ p(0) = inf {H u Hﬂ); Oy > lioy P — a.s.}

for O open in B, and

¢ p(A) =inf{c, ,(O) : O open and A C O}
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for any subset A of B.

Let (Xt(n))teRle_ denote the W-valued n-parameter Ornstein-Uhlenbeck process, i.e.

X = g

where W1 is the (n+1)-parameter Brownian sheet defined on a probability space

(Q,A,Q), cf. [7].

Proposition 9 Let Yt(n) = E(Xt(n)), t € IR} . The process Y is a B-valued P-
symmetric n-parameter process with continuous paths. Its transition semi-groups are
given by

Pl =07lexp(—tL)O, t€IR,, i=1,...,n.

Proof. We refer to the definitions in [8]. We know that X" is a p-symmetric n-
parameter process. Let (F)iem,, ¢ = 1,...,n denote its associated filtrations. We
have

(1) For any t € IR, Yt(n) € Ui<i<n Fi. since Xt(n) € Ui<i<n Fi., and the law of Yt(n)
is P since P = =,y and Xt(n) has law p.

(2) For any 1 <i <nand F' € L*(B, P), we have for u € IR} and a € IR,:

4

Applying the result of [8], [15], we obtain that the process (K(n))teﬁz is another
example of a process whose hitting probabilities can be estimated in terms of capac-

ities:

Theorem 9 Let O be an open set in B. Fort € IR}, there evists two constants

Ky, Ky > 0 depending only on t and n € IN such that
Kic,2(0) <Q(3s €10,1] : Y™ € 0) < Kye,5(0).
Proof. From [15], there exists K1,K2 > 0 such that

Kié,2(E7H0) < Q(3s € [0,1] = YW € 0) < Kyé,(271(0)),
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where ¢, 2(Z71(0)) is the usual capacity on Wiener space, defined as
ena(Z7HO0)) = inf{H u HDM cu>lpoz p— a.s.}.

We need to show that ¢, 2(QO) can be estimated in terms of ¢, (=7 *(0)). We have

i2(0) = inf{|lulp,, : v>100E p—as}
> &2(27(0))
> inf{H u HDM : Blu| Fl>1p0= ,u—a.s.}
> Kinf{” Elu | F] Hﬂ);n cu € Doy and Flu | F] > 1p0Z= pu— a.s.}

[X’sz (O),

with K > 0. The last inequality comes from the continuity of E[ - | F] from D, to
D7, cf. Prop. 2.

p,k?

4

For n = 1, Prop. 9 shows that the diffusion process associated to —L is the B-valued
process Y = (E(Xt(l)))tzo. The coordinates of (Y;);er, are the square norms of
independent two-dimensional Ornstein-Uhlenbeck processes, hence they satisfy the

stochastic differential equation
dVy =/ 2VidWy + (1 — V,)dt,

where (W})ier, is a brownian motion. In the usual Poisson space interpretation, the
trajectories of (Y;)s>0 take their values in a space of step functions whose interjump
times move according to the square norms of independent 2-dimensional Ornstein-

Uhlenbeck processes.
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