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4 Lqwurgxfwlrq 9

5 Vwuxfwxudo Dssurdfk 44
514 Klwwlqj Wlphv ri d Frqvwdqw Eduulhu 1 1 1 1 1 1 1 1 1 1 1 1 44

51414 Vwdqgdug Eurzqldq Prwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 44
51415 Eurzqldq Prwlrq zlwk Guliw 1 1 1 1 1 1 1 1 1 1 1 1 1 45
51416 Jhrphwulf Eurzqldq Prwlrq 1 1 1 1 1 1 1 1 1 1 1 1 46
51417 Ghwhuplqlvwlf Yrodwlolw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46
51418 Ruqvwhlq0Xkohqehfn Surfhvv 1 1 1 1 1 1 1 1 1 1 1 1 1 47
51419 Ehvvho Surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
5141: Wlph0krprjhqhrxv Gl�xvlrq 1 1 1 1 1 1 1 1 1 1 1 1 49
5141; Qrq0frqvwdqw Eduulhu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49

515 Vwrfkdvwlf Eduulhu 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
516 Mxps0gl�xvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
517 Khgjlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;
518 Whup Vwuxfwxuh Prghov 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4<

6 Lqwhqvlw|0edvhg Dssurdfk 4<
614 Vwrfkdvwlf Lqwhqvlw|= Fodvvlf Dssurdfk 1 1 1 1 1 1 1 1 1 1 1 4<

61414 Frqglwlrqdo H{shfwdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53
61415 K|srwkhvlv +G, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 55

615 Fr{ Surfhvvhv dqg H{whqvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 56
61514 Hohphqwdu| Fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 57
61515 Frqvwuxfwlrq ri Fr{ Surfhvvhv 1 1 1 1 1 1 1 1 1 1 1 58
61516 Frqglwlrqdo H{shfwdwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 58
61517 Frqglwlrqdo H{shfwdwlrq ri I40Phdvxudeoh Udq0

grp Yduldeohv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5;
61518 Ghidxowdeoh ]hur0Frxsrq Erqg 1 1 1 1 1 1 1 1 1 1 1 5<



7 �Naj,,�A} Nu $juB�,| -�t"H �A ��ji��j�

7 Kd}dug Ixqfwlrqv ri d Udqgrp Wlph 63
714 Frqglwlrqdo H{shfwdwlrqv z1u1w1 wkh Qdwxudo Ilowudwlrq 1 1 64
715 Dssolfdwlrqv wr wkh Ydoxdwlrq ri Ghidxowdeoh Fodlpv 1 1 1 66
716 Pduwlqjdoh Surshuw| ri d Frqwlqxrxv Kd}dug Ixqfwlrq 1 1 68
717 Uhsuhvhqwdwlrq Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<
718 Pduwlqjdoh Fkdudfwhul}dwlrq ri wkh Kd}dug Ixqfwlrq 1 1 1 73
719 Gx�h dqg Odqgr*v Uhvxow 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77
71: Jhqhudol}dwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78

71:14 Vxffhvvlyh ghidxow wlphv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 78
71:15 Sduwldo revhuydwlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 79

8 Kd}dug Surfhvvhv ri d Udqgrp Wlph 79
814 Frqglwlrqdo H{shfwdwlrqv z1u1w1 dq Duelwudu| Ilowudwlrq 1 79

81414 Kd}dug Surfhvv � 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 7:
81415 Frqglwlrqdo H{shfwdwlrq H+ 44i�Awj\ m Jw, 1 1 1 1 1 7;
81416 Dssolfdwlrqv wr Ghidxowdeoh Erqgv 1 1 1 1 1 1 1 1 1 7;
81417 Frqglwlrqdo H{shfwdwlrq H+\ m Jw, 1 1 1 1 1 1 1 1 1 7<
81418 Pduwlqjdohv Dvvrfldwhg zlwk wkh Kd}dug Surfhvv � 84
81419 I0Lqwhqvlw| ri d Udqgrp Wlph 1 1 1 1 1 1 1 1 1 1 1 85

815 K|srwkhvlv +K, dqg H{whqvlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
81514 K|srwkhvlv +K, 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
81515 Uhsuhvhqwdwlrq Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 87

816 Pduwlqjdoh Kd}dug Surfhvv � 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88
81614 Uhsuhvhqwdwlrq Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:
81615 I0frpshqvdwru ri I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;
81616 Ydoxh ri d Uhedwh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95

817 Eurzqldq Prwlrq Fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 95
81714 Uhsuhvhqwdwlrq Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 96
81715 Uhodwlrqvkls Ehwzhhq K|srwkhvhv +J, dqg +K, 1 1 98

818 Xqltxhqhvv ri d Pduwlqjdoh Kd}dug Surfhvv � 1 1 1 1 1 1 1 98
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819 Uhodwlrqvkls Ehwzhhq Kd}dug Surfhvvhv � dqg � 1 1 1 1 1 99

9 Fdvh zkhuh � lv d I40phdvxudeoh yduldeoh 9;
914 Qrwdwlrq dqg Edvlf Uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9;

91414 Ydoxdwlrq ri Ghidxowdeoh Fodlpv 1 1 1 1 1 1 1 1 1 1 :3
91415 Vfdoh Ixqfwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :4

915 Odvw Sdvvdjh Wlph ri d Wudqvlhqw Gl�xvlrq 1 1 1 1 1 1 1 1 :5
91514 I0frpshqvdwru ri Q 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :5
91515 Dssolfdwlrq wr wkh Ydoxdwlrq ri Ghidxowdeoh Fodlpv :6

916 Odvw Sdvvdjh Wlph Ehiruh Edqnuxswf| 1 1 1 1 1 1 1 1 1 1 1 :7
917 Odvw Sdvvdjh Wlph Ehiruh Pdwxulw| 1 1 1 1 1 1 1 1 1 1 1 1 1 :7

91714 Eurzqldq Prwlrq Fdvh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8
91715 Eurzqldq Prwlrq zlwk Guliw 1 1 1 1 1 1 1 1 1 1 1 1 1 :<

918 Devroxwho| Frqwlqxrxv Lqwhqvlw| 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;5
919 Lqirupdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6
91: Uhsuhvhqwdwlrq Wkhruhp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;6

: Vwdqgdug Frqvwuxfwlrqv ri Udqgrp Wlphv ;7
:14 Udqgrp Wlph zlwk d Jlyhq Kd}dug Surfhvv 1 1 1 1 1 1 1 1 ;7
:15 Rughuhg Udqgrp Wlphv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:
:16 Surshuwlhv ri wkh Plqlpxp ri Vhyhudo Udqgrp Wlphv 1 1 ;<

:1614 Kd}dug Ixqfwlrq ri wkh Plqlpxp ri Vhyhudo Udq0
grp Wlphv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;<

:1615 Pduwlqjdoh Kd}dug Surfhvv ri wkhPlqlpxp ri Vhy0
hudo Vwrsslqj Wlphv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <3
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Lq dq duelwudjh0iuhh frpsohwh �qdqfldo pdunhw/ wkh w0wlph sulfh [w ri d
surplvhg sd|r� [ sdlg dw d whuplqdo wlph W lv
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zkhuh +uv> v � 3, lv wkh vsrw lqwhuhvw udwh1 Lq wkh irupxod deryh/ wkh h{0
shfwdwlrq lv frpsxwhg xqghu wkh vr0fdoohg htxlydohqw pduwlqjdoh phdvxuh
+h1p1p1, zklfk/ xqghu vrph whfkqlfdo k|srwkhvhv/ lv xqltxh/ dqg Iw lv
wkh lqirupdwlrq dydlodeoh dw wlph w1 Wkh surri ri wklv uhvxow uholhv rq d
uhsolfdwlrq wrro= zlwk dq lqlwldo lqyhvwphqw htxdo wr { @ [3/ d �qdqfldo
djhqw lv deoh wr ex| d vhoi0�qdqflqj sruwirolr zlwk whuplqdo ydoxh htxdo
wr [/ l1h1/ d khgjlqj sruwirolr/ dqg wkh w0wlph ydoxh ri wklv sruwirolr lv
[w1 Li wkh pdunhw lv qrw frpsohwh/ wkhuh h{lvw frqwlqjhqw fodlpv wkdw
fdqqrw eh khgjhg1 Ohw xv vwuhvv wkdw lw lv lpsruwdqw wr h{solflwo| vshfli|
wkh lqirupdwlrq dydlodeoh wr wkh djhqw1

Lq wkh ghidxow ulvn iudphzrun/ d ghidxow dsshduv dw vrph udqgrp wlph
� 1 Ohw xv ghqrwh e| 44iW?�j wkh lqglfdwru ixqfwlrq ri wkh vhw iW ? �j/
htxdo wr 4 li wkh ghidxow rffxuv diwhu W dqg htxdo wr 3 rwkhuzlvh1 D
ghidxow iuhh frqwlqjhqw fodlp frqvlvwv ri d qrqqhjdwlyh udqgrp yduldeoh
zklfk uhsuhvhqw wkh dprxqw ri fdvk sdlg dw d suhvshfl�hg wlph W wr wkh
rzqhu ri wkh fodlp1 Iru d ghidxowdeoh frqwlqjhqw fodlp/ wkh surplvhg
sd|phqw lv dfwxdoo| grqh rqo| li wkh ghidxow glg qrw rffxu ehiruh pdwx0
ulw|1 Li wkh ghidxow rffxuv ehiruh pdwxulw|/ wkh sd|phqw lv qrw grqh/ dqg
wkh ghidxowdeoh fodlp lv zruwkohvv diwhu ghidxow wlph1 Pruh jhqhudoo|/ wkh
sd|phqw ri d ghidxowdeoh fodlp frqvlvwv ri wzr sduwv=
4, Jlyhq d pdwxulw| gdwh W A 3/ d udqgrp yduldeoh [/ zklfk grhv qrw
ghshqg rq � uhsuhvhqwv wkh surplvhg sd|r� ~ wkdw lv/ wkh dprxqw ri fdvk
wkh rzqhu ri wkh fodlp zloo uhfhlyh dw wlph W / surylghg wkdw wkh ghidxow
kdv qrw rffxuhg ehiruh wkh pdwxulw| gdwh W 1
5, D suhglfwdeoh surfhvv k/ suhvshfl�hg lq wkh ghidxow0iuhh zruog/ prg0
hov wkh sd|r� zklfk lv uhfhlyhg li ghidxow rffxuv ehiruh pdwxulw|1 Wklv
surfhvv lv fdoohg wkh uhfryhu| surfhvv ru wkh uhedwh1

Wkh ydoxh ri wkh ghidxowdeoh fodlp lv/ surylghg wkdw wkh ghidxow kdv
qrw rffxuhg ehiruh wlph w>
[w @ H

�
[44iW?�j h{s

�
�
] W

w
ux gx

�
.k�44i��Wj h{s

�
�
] �

w
ux gx

� ���Jw
�
>
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zkhuh Jw lv wkh lqirupdwlrq dw wlph w1 Zh dvvxph wkdw wkh djhqw nqrzv
zkhq wkh ghidxow dsshduv1 Dw wlph w/ wkh djhqw nqrzv li wkh ghidxow kdv
rffxuhg ehiruh> li wkh ghidxow kdv qrw |hw rffxuhg/ kh kdv qr lqirupdwlrq
rq wkh wlph zkhq lw zloo kdsshq1

Wkh sureohp ri prghoolqj d ghidxow wlph lv zhoo uhsuhvhqwhg lq wkh
olwhudwxuh1 Wkhuh duh wzr pdlq dssurdfkhv= hlwkhu wkh ghidxow wlph �
lv d vwrsslqj wlph lq wkh dvvhw*v �owudwlrq/ ru lw lv d vwrsslqj wlph lq d
odujhu �owudwlrq1 Wkh sdshuv ri Frrshu dqg Pduwlq ^44` dqg Urjhuv ^7<`
frqwdlq d frpsdudwlyh vwxg| ri wkhvh dssurdfkhv1 Wkh pdlq gl�huhqfh
ehwzhhq wkh wzr phwkrgv lv wkdw lq wkh �uvw dssurdfk wkh ghidxow wlph
lv _dqqrxqfhg/% zkhuhdv lw lv qrw wkh fdvh lq wkh vhfrqg fdvh1

Lq wkh �uvw dssurdfk/ wkh vr0fdoohg vwuxfwxudo dssurdfk/ slrqhhuhg e|
Phuwrq ^77`/ wkh ghidxow wlph � lv d vwrsslqj wlph lq wkh �owudwlrq ri
wkh sulfhv1 Wkhuhiruh wkh ydoxlqj ri wkh ghidxowdeoh fodlp uhgxfhv wr wkh
sureohp ri wkh sulflqj ri wkh fodlp [44iW?�j zklfk lv phdvxudeoh zlwk
uhvshfw wr wkh �owudwlrq ri wkh sulfhv dw wlph W 1 Wklv lv d vwdqgdug/
wkrxjk gl�fxow/ sureohp/ zklfk uhgxfhv 0 lq d frpsohwh pdunhw fdvh 0 wr
wkh frpsxwdwlrq ri wkh h{shfwdwlrq ri wkh glvfrxqwhg sd|r� xqghu wkh
ulvn0qhxwudo suredelolw| phdvxuh1

Lq wkh vhfrqg phwkrg/ nqrzq dv wkh lqwhqvlw|0edvhg dssurdfk/ wkh
dlp lv dovr wr frpsxwh wkh ydoxh ri wkh ghidxowdeoh fodlp [44iW?�j>krzhyhu lw pd| kdsshq wkdw wklv fodlp lv qrw phdvxudeoh zlwk uhvshfw wr
wkh �0dojheud jhqhudwhg e| sulfhv xs wr wlph W 1 Lq wklv fdvh/ lw lv jhqhu0
doo| dvvxphg wkdw wkh pdunhw lv frpsohwh iru wkh odujh �owudwlrq/ zklfk
phdqv wkdw wkh ghidxowdeoh fodlp lv khgjhdeoh1 Lq rughu wr frpsxwh wkh
h{shfwdwlrq ri [44iW?�j xqghu wkh ulvn0qhxwudo suredelolw|/ lw lv frqyh0qlhqw wr lqwurgxfh wkh qrwlrq ri lqwhqvlw| ri wkh ghidxow1 Wkhq/ xqghu
vrph dvvxpswlrqv/ wkh lqwhqvlw| ri wkh ghidxow wlph dfwv dv d fkdqjh ri
wkh vsrw lqwhuhvw udwh lq wkh sulflqj irupxod1

Zh surfhhg vrphzkdw gl�huhqwo|/ qdpho|/ rxu jrdo lv wr h{dplqh wkh
frqqhfwlrq ehwzhhq wkh ghidxow0iuhh zruog dqg wkh ghidxowdeoh rqh1 Zh
uhfdoo vrph zhoo nqrzq 0 wkrxjk shukdsv irujrwwhq 0 wrrov wr frpsxwh wklv
h{shfwdwlrq/ zklfk vlpsoli| prvw ri wkh surriv lq h{lvwlqj olwhudwxuh rq
ghidxow ulvn prghoolqj1 Zh dovr wu| wr xqghuvwdqg ehwwhu wkh phdqlqj ri
_wkh lqirupdwlrq ri wkh djhqw% dqg wr pdnh suhflvh wkh uhodwlrq ehwzhhq
wkh ghidxow wlph dqg wkh sulfh*v �owudwlrq e| phdqv ri wkh kd}dug surfhvv1

Iluvw/ zh uhfdoo wkdw li wkh lqirupdwlrq lv rqo| wkh wlph zkhq wkh
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ghidxow dsshduv/ wkh frpsxwdwlrq ri wkh h{shfwdwlrq ri d ghidxowdeoh
sd|r� lqyroyhv wkh kd}dug ixqfwlrq ri � 1 Lq wklv fdvh/ wkh frpshqvdwru
ri wkh ghidxow surfhvv Qw @ 44i��wj fdq eh h{solflwo| h{suhvvhg lq whupv
ri wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri � 1 Zh glvfxvv d uhvxow ri Gx�h
dqg Odqgr ^4<` dqg zh jlyh d vkruwhu surri ri wklv uhvxow +dv zhoo dv d
vlpsohu irup ri wkh lqwhqvlw| ri wkh klwwlqj wlph,1

Vxevhtxhqwo|/ zh dvvxph wkdw wkh lqirupdwlrq ri wkh djhqw dw wlph w
frqvlvwv ri nqrzohgjh ri wkh ehkdylrxu ri wkh sulfhv xs wr wlph w dv zhoo dv
wkh ghidxow wlph1 Zh vkrz wkdw lq wklv fdvh wkh uhvxowv ghshqg vwurqjo|
rq wkh ghshqghqfh ehwzhhq wkh dvvhw surfhvv dqg wkh ghidxow wlph1 Lq
sduwlfxodu/ zh vkrz wkdw wkh lqwhqvlw| grhv qrw surylgh d vx�flhqw lq0
irupdwlrq dv idu dv wklv olqn lv frqfhuqhg1 Zh xvh vrph wrrov iurp wkh
wkhru| ri hqodujhphqw ri �owudwlrqv lq rughu wr frpsxwh wkh frpshqvdwru
ri Q/ surylghg wkdw lw h{lvwv1 Ilqdoo|/ zh jlyh vrph h{dpsohv zkhuh wkh
xvxdo dvvxpswlrqv pdgh lq wkh olwhudwxuh duh qrw vdwlv�hg dqg zkhuh wkh
ydoxh ri d ghidxow fodlp lv qrw rewdlqhg e| d fkdqjh ri vsrw udwh1

Wkhvh qrwhv duh sduwldoo| edvhg rq wkh zrunlqj sdshuv e| Hoolrww/
Mhdqeodqf dqg \ru ^55` dqg Uxwnrzvnl ^83`1 Prqltxh Mhdqeodqf wkdqnv
wkh sduwlflsdqwv wr Dvshw*v/ LQULD*v dqg Xop zrunvkrsv iru vwlpxodwlqj
glvfxvvlrqv/ dv zhoo dv wkh rujdql}huv dqg sduwlflsdqwv wr LVIPD Vxpphu
Vfkrro lq Vkdqjkdl1 Khqul Sdj�hv pdgh d fduhixo uhdglqj ri d �uvw yhuvlrq
dqg fruuhfwhg d orw ri plvsulqwv1 Wkh uhpdlqlqj huuruv duh rxuv1
� Vrph qrwdwlrq
Zh vkdoo zulwh I wr ghqrwh d �owudwlrq +Iw> w � 3,= D surfhvv lv vdlg wr
eh f�dgo�dj4 +uhvs1 f�djo�dg, li lw kdv uljkw frqwlqxrxv sdwkv zlwk ohiw olplwv
+ohiw frqwlqxrxv sdwkv zlwk uljkw olplwv,1 Li [ lv d f�dgo�dj surfhvv/ zh
ghqrwh e| [w� wkh olplw ri [v zkhq v jrhv wr w/ dqg v ? w/ dqg e|
�[w @[w �[w� wkh mxps ri [ dw wlph w1

Wkh suhglfwdeoh �0dojheud S rq +LU.�>E�I4, lv wkh vpdoohvw �0
dojheud pdnlqj doo dgdswhg f�djo�dg surfhvvhv phdvxudeoh1 Wklv �0dojheud
lv jhqhudwhg e| wkh surfhvvhv ri wkh irup 44`d>e`Id/ zkhuh Id 5 Id1 Lq
sduwlfxodu/ dq| f�djo�dg dgdswhg surfhvv lv pdqlihvwo| suhglfwdeoh1

D vhpl0pduwlqjdoh lv d surfhvv [ zklfk dgplwv wkh ghfrpsrvlwlrq
[ @ P . D> zkhuh P lv d pduwlqjdoh dqg D vwdqgv iru d suhglfwdeoh
surfhvv zlwk erxqghg yduldwlrq1

�A��t �t @ 6hi?U� @UhL?)4 uLh UL?|�?� 
@ _hL�|ic *�4�|it 
@ }@�U�i
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Wkh lqglfdwru ixqfwlrq ri wkh vhw E lv ghqrwhg e| 44E=
� Edfnjurxqg rq vwrsslqj wlphv
Zh uhfdoo ihz edvlf gh�qlwlrqv uhodwhg wr vwrsslqj wlphv1 Wkh qrwlrq ri
d vwrsslqj wlph ghshqgv rq wkh fkrlfh ri wkh �owudwlrq1 Ohw +>I >I> S ,
eh d suredelolw| vsdfh zlwk d �owudwlrq I @ +Iw,iw�3j= Dq LU. ^ i.4j
ydoxhg udqgrp yduldeoh � lv d I0vwrsslqj wlph li i� � wj 5 Iw iru dq| w=
Reylrxvo|/ li J lv d �owudwlrq odujhu wkdq I/ l1h1/ Iw � Jw iru dq| w> dqg
� lv d I0vwrsslqj wlph/ wkhq � lv d J0vwrsslqj wlph1 D vwrsslqj wlph
� lv I0suhglfwdeoh li wkhuh h{lvwv dq lqfuhdvlqj vhtxhqfh ri I0vwrsslqj
wlphv �q vxfk wkdw �q ? � rq i� A 3j dqg olp �q @ � 1 D vwrsslqj
wlph � lv I0wrwdoo| lqdffhvvleoh li iru dq| I0suhglfwdeoh vwrsslqj wlph V/
Si$ 5  = � +$, @ V+$, ?4j @ 3=

Lq d Eurzqldq �owudwlrq/ lw fdq eh suryhg wkdw dq| vwrsslqj wlph
lv d suhglfwdeoh vwrsslqj wlph1 Wkh prvw lpsruwdqw h{dpsoh ri wrwdoo|
lqdffhvvleoh vwrsslqj wlph lv wkh �uvw wlph zkhq d Srlvvrq surfhvv mxpsv1

Li � lv d qrqqhjdwlyh udqgrp yduldeoh rq vrph suredelolw| vsdfh
+>J> S , lw lv srvvleoh wr hqgrz  zlwk d �owudwlrq vxfk wkdw � lv d
vwrsslqj wlph1 Wklv �owudwlrq lv qrw xqltxh/ dqg wkh vpdoohvw �owudwlrq
vdwlvi|lqj wklv surshuw| lv Kw @ �+i� � xj = x � w, @ �+�+� ,_i� � wj,1
� Edfnjurxqg rq vwrfkdvwlf fdofxoxv
Ohw xv uhfdoo ihz edvlf idfwv rq vwrfkdvwlf surfhvvhv/ zklfk zh vkdoo xvh
lq zkdw iroorzv1 D pruh ghwdlohg dffrxqw fdq eh irxqg/ iru lqvwdqfh/ lq
Ghoodfkhulh dqg Ph|hu ^49` ru Surwwhu ^79`1

Wkh Grre0Ph|hu ghfrpsrvlwlrq wkhruhp vwdwhv wkdw/ xqghu vxlwdeoh
lqwhjudelolw| dvvxpswlrqv/ dq| vxshupduwlqjdoh ] dgplwv d ghfrpsrvl0
wlrq ] @ P � D> zkhuh P lv d orfdo pduwlqjdoh dqg D dq lqfuhdvlqj
suhglfwdeoh surfhvv/ zlwk D3 @ 31

D vwdqgdug Srlvvrq surfhvv +zlwk frqvwdqw lqwhqvlw| �, lv gh�qhg dv
hQw @S

q 44iWq�wj> zkhuh Wl duh udqgrp yduldeohv vxfk wkdw W3 @ 3 dqg
+Wl � Wl�4> l � 4, duh l1l1g1 udqgrp yduldeohv zlwk h{srqhqwldo odz ri
sdudphwhu �w1 Lq wklv fdvh/ hQw lv d udqgrp yduldeoh zlwk Srlvvrq odz
ri sdudphwhu �1 Lw lv zhoo nqrzq wkdw wkh surfhvv hQ lv d surfhvv zlwk
lqghshqghqw dqg vwdwlrqdu| lqfuhphqwv dqg wkdw iPw

ghi@ hQw � �w lv d
pduwlqjdoh lq lwv fdqrqlfdo �owudwlrq +vhh Eu�hpdxg ^:` iru pruh ghwdlov,1
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Wkh vwrfkdvwlf lqwhjudo zlwk uhvshfw wr d Srlvvrq surfhvv lv hdvlo| gh�qhg
dv ] w

3
#vgQv @

[
q>Wq�w

#Wq =

Pruh jhqhudoo|/ wkh surfhvv + hQw> w � 3, lv d Srlvvrq surfhvv ri lqwhq0
vlw| +h�w> w � 3, li= +l, hQ lv d f�dgo�dj surfhvv/ frqvwdqw ehwzhhq wzr mxpsv/
zlwk mxpsv ri vl}h 4/ l1h1 � hQv @ hQv� hQv� htxdov 3 ru 4/ +ll, wkh surfhvv

iPw
ghi@ hQw �

] w

3
h�v gv

lv d pduwlqjdoh1 Khuh/ h� lv d qrqqhjdwlyh surfhvv1 Wkhq/ li wkh surfhvv
# lv erxqghg dqg suhglfwdeoh/ wkh surfhvv

] w

3
#vgPv @

] w

3
#vg hQv �

] w

3
#vh�vgv @

[
q>Wq�w

#Wq �
] w

3
#vh�vgv

lv d pduwlqjdoh1 Lq sduwlfxodu/

H�
] w

3
#vgQv

� @ H�
] w

3
#vh�vgv�=

Ohw [ dqg \ eh wzr vhplpduwlqjdohv1 Wkh lqwhjudwlrq e| sduwv
irupxod uhdgv

[w\w @ [3\3 .
]
`3>w`

[v�g\v .
]
`3>w`

\v�g[v . ^[>\ `w>

zkhuh ^[>\ ` lv wkh txdgudwlf fryduldwlrq +wkh eudfnhw, ri wkh surfhvvhv
[ dqg \ 1 Ohw xv uhfdoo wkdw wkh txdgudwlf fryduldwlrq ri d frqwlqxrxv
surfhvv dqg d sxuh mxps surfhvv lv htxdo wr 3/ dqg wkdw wkh txdgudwlf
fryduldwlrq ri wzr sxuh mxps surfhvvhv lv wkh vxp ri surgxfwv ri wkhlu
mxpsv=

^ hQ4> hQ5`w @
[
v�w

�+ hQ4,v�+ hQ5,v>

zkhuh �+ hQl,v @ + hQl,v� + hQl,v�= Wkh eudfnhw ri d Eurzqldq prwlrq dqg
d Srlvvrq surfhvv lv htxdo wr 3/ dqg wkh eudfnhw ri hQ lv ^ hQ> hQ `w @ hQw1
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2 5|h�U|�h@* �TThL@U�
Dv douhdg| phqwlrqhg/ wkhuh duh wzr edvlf dssurdfkhv wr prghoolqj gh0
idxow ulvn1 Lq wkh �uvw dssurdfk ~ slrqhhuhg e| Eodfn dqg Vfkrohv ^7` dqg
Phuwrq ^77` ~ wkh ghidxow rffxuv zkhq wkh dvvhwv ri wkh �up duh lqvx�0
flhqw wr phhw sd|phqwv rq ghew1 Li E lv wkh ghew ydoxh/ wkh sd|phqw lv
pd{ +3> YW �E,/ dqg wkxv zh hvvhqwldoo| ghdo zlwk wkh vdph sureohp dv
lq wkh rswlrqv sulflqj wkhru|1

Lq dqrwkhu dssurdfk wkh �up ghidxowv zkhq lwv ydoxh idoov ehorz d
suhvshflihg ohyho1 Lq wklv fdvh/ wkh ghidxow wlph � lv vxssrvhg wr eh d
vwrsslqj wlph lq wkh dvvhw*v �owudwlrq1 Wkh ydoxdwlrq ri d ghidxowdeoh
fodlp uhgxfhv khuh wr wkh sureohp ri wkh sulflqj ri wkh fodlp [44iW?�jzklfk lv phdvxudeoh zlwk uhvshfw wr wkh �owudwlrq ri wkh sulfhv dw wlph W 1
Pdlq sdshuv wr eh txrwhg khuh duh= Eul|v dqg gh Yduhqqh ^;`/ Hulfvvrq
dqg Uhqhe| ^57`/ Zdqj ^89`1 Vrph dxwkruv lqyhvwljdwh dovr wkh frqvh0
txhqfhv ri wkh uhqhjrwldwlrq ri wkh ghew= Ghfdpsv dqg Idxuh0Julpdxg
^45`/ Phood0Eduudo ^76`1

Wkh ydoxdwlrq ri wkh ghidxowdeoh fodlp zlwklq wkh vwuxfwxudo dssurdfk
lv d vwdqgdug +exw gl�fxow, sureohp/ zklfk qhhgv wkh nqrzohgjh ri wkh
odz ri wkh sdlu +�>[,1 Zh uhfdoo khuh vrph ri wkh pdlq pdwkhpdwlfdo
uhvxowv rq wklv vxemhfw1

2�� O�||�?} A�4it Lu @ �L?t|@?| �@hh�ih
Ohw Y eh d surfhvv vwduwlqj dw y1 Iru dq| d � y zh lqwurgxfh wkh �uvw
wlph zkhuh wklv surfhvv uhdfkhv d/ l1h1/ �d+Y , @ lqi iw � 3 = Yw � dj1
Wkh suredelolw| odz ri �d+Y ,/ ru dw ohdvw lwv Odsodfh wudqvirup/ fdq eh
h{solflwo| frpsxwhg lq vrph fdvhv1 Wkh ydoxh ri d ghidxowdeoh fodlp rq
k+YW , lv H+k+YW ,44iW?�d+Y ,j,= Lwv hydoxdwlrq uhtxluhv wkh nqrzohgjh ri
wkh suredelolw| odz ri wkh sdlu +YW > �d+Y ,, xqghu wkh h1p1p1 Wkh vdph
vwxglhv fdq eh grqh iru d ? y/ li zh vhw

��d +Y , @ lqiiw � 3 = Yw � dj @ ��d+�Y , =

51414 Vwdqgdug Eurzqldq Prwlrq
Ohw Y eh d vwdqgdug Eurzqldq prwlrq vwduwlqj dw y> wkdw lv/ Yw @ y .
Zw1 Lq wklv fdvh/ wkh wzr hyhqwv i �d+Y , � wj dqg i vxsv�wZv � �j>
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zkhuh � @ d� y duh htxdo1 Wkh uh�hfwlrq sulqflsoh lpsolhv wkdw wkh u1y1
vxsv�wZv lv htxdo lq odz wr wkh u1y1 mZw m = Wkhuhiruh/

S +��+Z , � w, @ S +vxs
v�w

Zv � �, @ S + mZw m � �,
@ S +Z 5w � �5, @ S +wJ5 � �5,

zkhuh J lv d Jdxvvldq yduldeoh/ zlwk phdq 3 dqg yduldqfh 41 Lw iroorzv
wkdw ��+Z , odz@ �5

J5 / dqg wkh suredelolw| ghqvlw| ixqfwlrq ri �d+Y , lv

i+w, @ d� ys5�w6 h{s
�
� +y � d,5

5w
�
=

Wkh frpsxwdwlrq ri
H�44iW?�d+Y ,jk+YW ,

� @ H�k+YW ,��H�44iW��d+Y ,jk+YW ,�

fdq eh grqh xvlqj Pdunry surshuw|=
H�44iW��d+Y ,jk+YW ,� @ H�44iW��d+Y ,jH+k+YW , m I�d+Y ,,�

@ H�44iW��d+Y ,j k+iZW��d+Y , . d,�

@
] W

3
gx i+x,H�k+iZW�x . d,� >

zkhuh iZ lv d Eurzqldq prwlrq lqghshqghqw ri �d+Y ,> zlwk iZ3 @ 3=

51415 Eurzqldq Prwlrq zlwk Guliw
Vxssrvh wkdw Yw @ y . �w . �Zw/ zlwk � A 31 Wkhq/ i�d+Y , � wj @
i��+hY , � wj> zkhuh hYw @ �w

� .Zw dqg � @ +d� y,@�= Iurp Jluvdqry*v
wkhruhp/ zh fdq ghgxfh wkh odz ri �d+Y ,= Lqghhg/ li zh ghqrwh iru vlp0
solflw| �� @ ��+Z ,> wkhq

S +��+hY , � w, @ H
�
44i���wj h{s

��
�Z�� � 4

5
�5
�5 ��

��

@ h{s ����
�H
�
44i���wj h{s

� � 4
5
�5
�5 ��

� �
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dqg wkh txdqwlw|
H
�
44i���wj h{s

�� 4
5
�5
�5 ��

��

fdq eh frpsxwhg iurp wkh ghqvlw| ri ��= Lqghhg/ whglrxv frpsxwdwlrqv
ohdg wr

H+44i��?vj h� �55 ��, @ K+�> m� m > v,
zkhuh

K+�> {> v, @ h��{Q �� � {sv
�. h�{Q � � � � {sv

� +4,
dqg Q vwdqgv iru wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri wkh vwdqgdug
Jdxvvldq odz1 Wkh ghqvlw| ri ��+hY , lv

S3+��+hY , 5 gw, @ m�ms5�w6 h{s�+�� ��w,5
5w

zkhuh �� @ �@� +vhh Erurglq dqg Vdoplqhq ^8` s1 556/ irupxod 513151,

51416 Jhrphwulf Eurzqldq Prwlrq
Li Y lv d jhrphwulf Eurzqldq prwlrq vxfk wkdw

gYw @ Yw+�gw. � gZw,
wkhq iru d A y A 3 zh kdyh

�d+Y , @ lqi �w � 3 = y h{s ���� �5
5
�w. �Zw

� � d�

@ lqi �w � 3 = ��� �5
5
�w. �Zw � oq dy

�

vr wkdw wkh sureohp uhgxfhv wr wkh fdvh ri d Eurzqldq prwlrq zlwk guliw1

51417 Ghwhuplqlvwlf Yrodwlolw|
Li gYw @ �+w, gZw> zkhuh Z lv d Eurzqldq prwlrq dqg � lv d ghwhuplq0
lvwlf ixqfwlrq/ d fkdqjh ri wlph zloo jlyh wkh dqvzhu1 Lq idfw/ iurp wkh
Gdpelv0Gxelqv0Vfkzdu} wkhruhp/ wkh pduwlqjdoh Y lv d wlph0fkdqjhg
Eurzqldq prwlrq1 Pruh suhflvho|/ wkhuh h{lvwv d Eurzqldq prwlrq iZ



47 �Naj,,�A} Nu $juB�,| -�t"H �A ��ji��j�

vxfk wkdw Yw @ iZD+w, zkhuh D+w, @ kY>Y lw @ U w
3 �5+v, gv1 Xvlqj wklv

fkdqjh ri wlph/ dqg wkh htxdolw|
i�d+Y , ? wj @ i vxs

v�w
Yv A dj @ i vxs

v�w
iZD+v, A dj @ i�d+iZ , ? D+w,j

zh jhw wkh uhvxow1 Wr wkh ehvw ri rxu nqrzohgjh/ qr forvhg0irup vroxwlrq
lv nqrzq iru wkh suredelolw| odz ri wkh klwwlqj wlph zkhq Y vdwlv�hv
gYw @ �gw. �+w, gZw1

51418 Ruqvwhlq0Xkohqehfn Surfhvv
Ohw +uw> w � 3, eh gh�qhg dv

guw @ +!� �uw, gw.
s� gZw> u3 @ u>

dqg �� @ lqi iw � 3 = uw � �j= Iru dq| � A u> wkh ghqvlw| ixqfwlrq ri ��
htxdov

i+w, @ �� u3s5��w6
� �w
vlqk�w

�6@5
h�w@5

h{s
k
� �
5�
���� !

�
�5 � �u3 � !

�
�5 . +�� u3,5 frwk�w

�l
=

Iru wkh ghulydwlrq ri wkh odvw irupxod/ wkh uhdghu lv uhihuuhg wr Oheodqf*v
wkhvlv ^6:` +zkhuh wkhuh duh vrph plvsulqwv lq wkh uhvxow/ krzhyhu,1

51419 Ehvvho Surfhvvhv

DEhvvho surfhvv Uzlwk lqgh{ � � 3 +ru zlwk glphqvlrq � zlwk � @ �
5�4,lv d gl�xvlrq surfhvv zklfk wdnhv ydoxhv lq LU.> dqg kdv wkh lq�qlwhvlpdo

jhqhudwru
D� @ 4

5
g5
g{5 .

5� .4
5{

g
g{ =

Iru � A 4/ d EHV+�, vdwlv�hv H� U w3 U�4v gv� ?4> dqg lw lv wkh vroxwlrq
ri

Uw @ �.Zw . � � 4
5

] w

3
4
Uv

gv = +5,
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Lq whupv ri wkh lqgh{ �

Uw @ �.Zw . �� . 4
5
� ] w

3
4
Uv

gv =

Lw lv srvvleoh wr ghulyh d forvhg0irup h{suhvvlrq iru wkh Odsodfh wudqvirup
ri wkh suredelolw| odz ri wkh klwwlqj wlph1 Iru h{dpsoh/ li Y lv d EHV+6,
surfhvv wkhq iru dq| 3 ? y ? | +vhh ^8`,

H+6,y
� h{s��

5
5 �|� @ | vlqk+�y,

y vlqk+�|, =

Iru d EHV zlwk lqgh{ �> wkh Odsodfh wudqvirup lv jlyhq yld Ehvvho prg0
l�hg ixqfwlrqv/ qdpho|/

H�y
� h{s��

5
5 �|� @

�|
y
�� L�+�y,

L�+�|, =

Iru d EHV+6,/ lw lv dovr srvvleoh wr �qg wkh ghqvlw| ri wkh klwwlqj wlph1
Wkh devroxwh frqwlqxlw| uhodwlrqvkls

S +6,{
��Iw @

[wa�3
{ S{

��Iw >
zkhuh S{ lv wkh odz ri Eurzqldq prwlrq vwduwhg dw { dqg[ wkh fdqrqlfdo
surfhvv rq wkh Zlhqhu vsdfh/ |lhogv wkh htxdolw| +vhh Uhyx} dqg \ru ^7:`,

S +6,{ +!+�d,44i�d?4j, @ d
{S{+!+�d,,

zklfk krogv iru d ? {1 Frqvhtxhqwo| +dv ehiruh/ J vwdqgv iru wkh u1y1
zlwk wkh vwdqgdug Jdxvvldq odz xqghu S ,

S +6,{ +�d A w, @ S +6,{ +4 A �d A w, .S +6,{ +�d @4,
@ d

{S3+�{�d A w, . +4� d
{,

@ d
{S +{� d A sw mJ m , . +4� d

{ ,

@ d
{
u 5
�
] +{�d,@sw

3
h�|5@5 g| . +4� d

{,=

Iru d A {/ wkh ghqvlw| ri �d lqyroyhv d vhulhv +vhh Erurglq dqg Vdoplqhq
^8`/ s1 66</ irupxod 51315 dqg s1 6;:/ irupxod 513151,
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5141: Wlph0krprjhqhrxv Gl�xvlrq
Ohw Y eh d gl�xvlrq ri wkh irup

gYw @ d+Yw, gw. �+Yw, gZw>
zkhuh d dqg � duh Olsvfklw} frqwlqxrxv ixqfwlrqv1 Ohw * eh d erxqghg
ixqfwlrq rq ` �4> d ^ vxfk wkdw D* @ �*/ zkhuh D lv wkh lq�qlwhvlpdo
jhqhudwru ri Y / wkdw lv/

D @ 4
5�

5+{, g5
g{5 . d+{, g

g{ =
Wkhq

Hy
�44i�d?4jh���d

� @ *+y,
*+d,

iru dq| y 5 `�4> d ^ dqg � A 3=

5141; Qrq0frqvwdqw Eduulhu
Ohw �i +Y , @ lqi iw � 3 = Yw @ i+w,j> zkhuh i lv d ghwhuplqlvwlf ixqfwlrq
dqg Y d gl�xvlrq surfhvv1 Wkhuh duh rqo| ihz fdvhv iru zklfk wkh odz ri
�i +Y , lv h{solflwo| nqrzq> iru lqvwdqfh/ wkh fdvh zkhq Y lv d Eurzqldq
prwlrq dqg i lv dq d�qh ixqfwlrq1

2�2 5|LU�@t|�U �@hh�ih
Lq wklv vhfwlrq +wdnhq iurp ^56`, zh vwxg| d vlpsoh h{dpsoh zklfk lq0
wurgxfh wkh pdlq wrrov ri doo rxu vwxg|= wkh fkrlfh ri �owudwlrq dqg wkh
frqglwlrqdo suredelolw| glvwulexwlrq ixqfwlrq1
� Ilowudwlrqv
Vxssrvh wkdw d vsdfh +>J>I> S , lv jlyhq/ zkhuh I @ +Iw,iw�3j lv d
�owudwlrq vxfk wkdw I4 � J1 Zh gh�qh wkh ghidxow wlph � dv � @
lqi iw � 3 = Yw ? Kj> zkhuh K lv d udqgrp yduldeoh dqg Y dq I0
dgdswhg surfhvv/ vroxwlrq ri d VGH gulyhq e| d Eurzqldq prwlrq Z 1
Zh fdq zulwh

� @ lqi iw � 3 = Y �w A �j>
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zkhuh Y � lv dq lqfuhdvlqj surfhvv/ qdpho|/

Y �w ghi@ vxs i�+Yv � Y3,> v � wj
dqg � @ Y3 �K1 Zh dvvxph wkdw � A 31 Lq wklv vhfwlrq/ zh dvvxph
wkdw wkh udqgrp yduldeoh � lv nqrzq/ dqg wkdw wkh lqirupdwlrq dydlodeoh
lq wkh pdunhw dw wlph w lv Jw @ Iwb�+�,1 Wkhq/ reylrxvo|/ i� � wj 5 Jw
dqg � lv dJ0vwrsslqj wlph1 Vxssrvh wkdw I lv d Eurzqldq �owudwlrq dqg
wkdw wkh I0Eurzqldq prwlrq Z uhpdlqv d J0Eurzqldq prwlrq1 Wkhq
Z lv lqghshqghqw ri J3 dqg wkxv lw lv lqghshqghqw ri �= Wkh g|qdplfv
ri wkh dvvhwv uhpdlq wkh vdph iru wkh wzr �owudwlrqv I dqg J rqo| li K
lv lqghshqghqw ri wkh �owudwlrq I1
� Frqglwlrqdo odz
Khuh zh dvvxph/ dv lq HoNdurxl ^56`/ wkdw wkh eduulhu lv lqghshqghqw ri
I/ dqg zh lqwurgxfh wkh glvwulexwlrq ixqfwlrq ri �= I +w, @ S +� � w,1
Zh dvvxph wkdw I lv frqwlqxrxv dqg wkdw I +3, @ 31 Ohw xv lqwurgxfh
wkh ixqfwlrq N gh�qhg dv 4�I +w, @ S +� A w, ghi@ h�N+w,1 Wkh ixqfwlrq
N lv dq lqfuhdvlqj ixqfwlrq/ vxfk wkdw N+3, @ 3 dqg N+4, @41

Wkh frqglwlrqdo odz ri � zlwk uhvshfw wr I4 lv
S +� � w m I4, @ S +Y �w � � mI4, @ I +Y �w , @ 4� h�N+Y �w ,=

Lq sduwlfxodu/ li Y �4 � � d1v1/ wkhq � lv �qlwh zlwk suredelolw| 41 Ixu0
wkhupruh/ lq wkh sduwlfxodu fdvh zkhq � kdv dq h{srqhqwldo odz zlwk
sdudphwhu 4/ zh kdyh S +� A w mI4, @ h{s+�Y �w ,=

Li Y �w lv devroxwho| frqwlqxrxv zlwk uhvshfw wr wkh Ohehvjxh phdvxuh/
wkh surfhvv � vxfk wkdw Y �w @ U w

3 �v gv vdwlv�hv

�w @ olpk$3
S +w ? � � w. k m Iw,

S +� A w mIw, =

Ohw xv qrz irfxv rq wkh frqyhuvh lpsolfdwlrq1 Vxssrvh wkdw
S +� � w m I4, @ h�N+Dw,

zkhuh D lv dq duelwudu| frqwlqxrxv lqfuhdvlqj I0dgdswhg surfhvv/ dqg
N d frqwlqxrxv lqfuhdvlqj ixqfwlrq1 Rxu jrdo lv wr vkrz wkdw wkhuh
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h{lvwv d udqgrp yduldeoh �> zklfk lv lqghshqghqw ri I4> dqg vxfk wkdw
� odz@ lqi iw � 3 = �w A �j= Ohw xv vhw � ghi@ �� = Wkhq

iw ? �j @ iw ? ��j @ iFw ? �j>
zkhuh F lv wkh uljkw lqyhuvh ri �/ vr wkdw �Fw @ w= Wkhuhiruh

S +� A w mI4, @ h�N+�Fw, @ h�N+w,=
Zh kdyh wkxv hvwdeolvkhg wkh uhtxluhg surshuwlhv/ qdpho|/ wkh suredelolw|
odz ri � dqg lwv lqghshqghqfh ri wkh �0�hog I4=

2�� a�4T�_�g�t�L?
]krx ^93` vwxglhv wkh fdvh zkhq wkh ydoxh ri wkh �up lv prghoohg yld d
mxps0gl�xvlrq surfhvv rq wkh irup

gYw @ Yw��+�� ��, gw. � gZw .�w gQ�w
�> Y3 @ y>

zkhuh Z lv d Eurzqldq prwlrq/ Q� lv d Srlvvrq surfhvv/ dqg � uhs0
uhvhqwv wkh mxps dpsolwxgh1 Wkh surfhvvhv Z>Q� dqg � duh dvvxphg
wr eh pxwxdoo| lqghshqghqw1 Wkh ghidxow wlph lv prghoohg dv wkh �uvw
wlph zkhq wkh surfhvv Y idoov ehorz wkh ohyho d1 ]krx frpsxwhv wkh
h{shfwdwlrq ri wkh glvfrxqwhg sd|r� xqghu wkh ulvn qhxwudo phdvxuh/ dv0
vxplqj wkdw wkh ulvn suhplxp dvvrfldwhg zlwk wkh mxps lv htxdo wr }hur1
D forvhg0irup h{suhvvlrq iru wkh suredelolw| odz ri wkh sdlu +YW > � , lv
qrw nqrzq lq wklv fdvh1 Wkh gl�fxow| lv wkdw wkh ohyho pd| eh furvvhg
hlwkhu lq d frqwlqxrxv zd| ru zlwk d mxps1 ]krx jlyhv dq dssur{lpdwlrq
ri wkh h{shfwdwlrq/ xvlqj d fhuwdlq wlph glvfuhwl}dwlrq ri wkh surfhvv Y 1

Li � lv d qrqqhjdwlyh frqvwdqw dqg y A d/ zh kdyh Y� @ d> dqg wkh
Odsodfh wudqvirup ri � fdq eh hdvlo| irxqg1

2�e Oi_}�?}
Wkh ghidxowdeoh frqwlqjhqw fodlp 44iW?�jk+YW , lv dq IW 0phdvxudeoh udq0grp yduldeoh1 Li wkh ghidxow0iuhh pdunhw lv frpsohwh/ wklv uhpdlqv wuxh
iru wkh ghidxowdeoh pdunhw dqg lw lv srvvleoh wr khgjh dq| ghidxowdeoh
frqwlqjhqw fodlp1 Wklv lv qrw wkh fdvh lq ]krx*v prgho/ krzhyhu1
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2�D Aih4 5|h�U|�hi �L_i*t
D vxevwdqwldo olwhudwxuh sursrvhv wr prgho erwk wkh ghidxow iuhh whup
vwuxfwxuh dqg wkh whup vwuxfwxuh uhsuhvhqwlqj wkh uhodwlyh sulfhv ri gli0
ihuhqw pdwxulwlhv ri ghidxow0ulvn| ghew/ xvlqj dq h{whqvlrq ri wkh phwkrg
ghyhorshg e| Khdwk0Mduurz0Pruwrq1 Pdmru sdshuv lq wklv duhd lqfoxgh
Mduurz dqg Wxuqexoo ^5<`/ Vfk�rqexfkhu ^87/ 85`/ Kxeqhu ^5:/ 59`/ dqg
Elhohfnl dqg Uxwnrzvnl ^6`1

� W?|i?t�|)�M@ti_ �TThL@U�
Iurp qrz rq/ zh vkdoo irfxv rxu dwwhqwlrq rq wkh lqwhqvlw|0edvhg ydoxd0
wlrq1 Wkh ghidxow wlph � lv jlyhq dv d udqgrp wlph/ l1h1/ d qrqqhjdwlyh
udqgrp yduldeoh1 Zh dvvrfldwh zlwk wklv udqgrp wlph wkh frxqwlqj sur0
fhvv Q gh�qhg dv Qw @ 44i��wj= Wkh surfhvv Q lv dq lqfuhdvlqj surfhvv/
f�dgo�dj/ htxdo wr 3 ehiruh wkh ghidxow dqg htxdo wr 4 diwhu ghidxow1 Hvvhq0
wldoo|/ wkh lqwhqvlw| ri � lv gh�qhg dv wkh qrqqhjdwlyh dgdswhg surfhvv �
vxfk wkdw

Pw
ghi@ Qw �

] wa�

3
�x gx

lv d pduwlqjdoh1 Wklv dssurdfk/ pruh uhfhqw wkdq wkh vwuxfwxudo rqh/
lv dovr nqrzq dv wkh uhgxfhg0irup dssurdfk/ dqg kdv ehhq lqwurgxfhg
e| Mduurz dqg Wxuqexoo ^5<`/ Mduurz/ Odqgr dqg Wxuqexoo ^63`/ Odqgr
^67/ 68`/ Gx�h dqg Vlqjohwrq ^4:`1 Pruh uhfhqwv frqwulexwlrqv duh Kxeqhu
^5:/ 59` Duydqdwlv/ Juhjru| dqg Odxuhqw ^4`/ Vfk�rqexfkhu ^84/ 85/ 87/ 86`
dqg Orw} ^6</ 73` dprqj rwkhuv1

Dv zh vkdoo vhh lq zkdw iroorzv/ wkh fkrlfh ri wkh �owudwlrq lv hvvhqwldo1

��� 5|LU�@t|�U W?|i?t�|)G �*@tt�U �TThL@U�
Lq wklv vhfwlrq/ zh dgrsw wkh vwdqgdug gh�qlwlrq ri vwrfkdvwlf lqwhqvlw|
ri d udqgrp wlph � zlwk uhvshfw wr d �owudwlrq M vxfk wkdw � lv d M0
vwrsslqj wlph1 Qdpho|/ zh vd| wkdw/ iru d jlyhq �owudwlrq M @ +Mw,iw�3j/wkh M0dgdswhg qrqqhjdwlyh surfhvv � lv wkh M0lqwhqvlw| +ru eulh�|/ wkh
vwrfkdvwlf lqwhqvlw|, ri � li wkh surfhvv Qw�U �aw3 �v gv lv d M0pduwlqjdoh1
Zh hpskdvl}h wkdw li vxfk d gh�qlwlrq ri d vwrfkdvwlf lqwhqvlw| ri � lv
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dgrswhg/ wkhq wkh vwrfkdvwlf lqwhqvlw| � kdv yluwxdoo| qr phdqlqj diwhu
wlph � 1

Ohw xv frqvlghu dq hohphqwdu| h{dpsoh1 Li � lv dq h{srqhqwldoo|
glvwulexwhg udqgrp yduldeoh rq vrph �owhuhg suredelolw| vsdfh +>M> S ,>
zlwk wkh sdudphwhu � A 3> wkhq wkh frqvwdqw � lv uhihuuhg wr dv wkh kd}dug
udwh ri �> dqg wkh vwrfkdvwlf lqwhqvlw| ri � +zlwk uhvshfw wr dq| �owudwlrq
vxfk wkdw � lv d M0vwrsslqj wlph, htxdov �w @ �44iw��j= Vxfk d gh�qlwlrqri vwrfkdvwlf lqwhqvlw| lv txlwh vx�flhqw lq wkh wkhru| ri +pdunhg, srlqw
surfhvvhv5 vlqfh lq wklv fdvh rqh lv lqwhuhvwhg pdlqo| lq wkh �owudwlrq
jhqhudwhg e| wkh srlqw surfhvv lwvhoi1

Lq �qdqfldo dssolfdwlrqv/ krzhyhu/ zh iuhtxhqwo| ghdo zlwk vrph suh0
vshfl�hg xqghuo|lqj �owudwlrq/6 I vd|/ dqg wkxv lw lv pruh dssursuldwh wr
lqwurgxfh wkh pruh vshfl�f frqfhsw ri d I0lqwhqvlw| ri d udqgrp wlph1
Wkh fdvh ri d I0lqwhqvlw| zlwk uhvshfw wr dq h{whuqdo �owudwlrq I lv h{dp0
lqhg lq Vhfwlrq 8 ehorz +vhh/ lq sduwlfxodu/ Vhfwlrq 81419,1 Lq idfw/ zh �qg
lw frqyhqlhqw wr lqwurgxfh wzr uhodwhg qrwlrqv= ri d I0kd}dug surfhvv �
dqg d I0pduwlqjdoh kd}dug surfhvv � ri d udqgrp wlph � +vhh Gh�qlwlrqv
814 dqg 815/ uhvshfwlyho|,1 Rqh ri rxu pdlq jrdov lv wr vwxg| wkh uhod0
wlrqvklsv ehwzhhq wkhvh wzr frqfhswv/ xqghu ydulrxv w|shv ri k|srwkhvhv
lpsrvhg rq wkh xqghuo|lqj �owudwlrqv1

Uhpdun 614 Ohw eM eh d �owudwlrq odujhu wkdq M/ l1h1/ Mw � eMw iru hyhu|
w � 3> dqg � wkh M0lqwhqvlw| riQ 1 Wkh surfhvvQ lv pdqlihvwo| eM dgdswhg/
dqg wkxv � lv vwloo d vwrsslqj wlph zlwk uhvshfw wr wkh hqodujhg �owudwlrqeM= Krzhyhu/ lw pd| kdsshq wkdw Q grhv qrw dgplw dq lqwhqvlw| lq wkh
�owudwlrq eM/ dqg li wkh eM0lqwhqvlw| h{lvwv/ lw pd| eh gl�huhqw iurp M
lqwhqvlw|1

Lq wkh uhpdlqlqj sduw ri wklv vhfwlrq/ zh suhvhqw wkh pdlq uhvxowv dqg
h{dpsohv zklfk fdq eh irxqg lq h{lvwlqj �qdqfldo olwhudwxuh1

61414 Frqglwlrqdo H{shfwdwlrq
Vxssrvh wkdw � lv d udqgrp wlph zlwk M0lqwhqvlw| � ~ wkdw lv/ wkh surfhvv
Pw @ Qw � U wa�3 �vgv lv d M0pduwlqjdoh1 Ohw I eh d vxe�owudwlrq ri M=

25iic uLh �?t|@?Uic w@t| @?_ �h@?_| d�So�
�A)T�U@**)c �| �t }i?ih@|i_ M) |�i LMtih�@|�L?t Lu Th�Ui ThLUittit Lu Th�4@h) @tti|t�
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Gh�qlwlrq 614 Wkh sdlu +k>[, zkhuh k lv d I0suhglfwdeoh surfhvv dqg
[ d IW 0phdvxudeoh qrqqhjdwlyh udqgrp yduldeoh lv fdoohg d I0dgdswhg
ghidxowdeoh fodlp1 Lw fruuhvsrqgv wr d whuplqdo sd|r� [ zklfk lv sdlg li
wkh ghidxow kdv qrw dsshduhg ehiruh ru dw wlph W> dqg d uhedwh k zklfk
lv sdlg zkhq wkh ghidxow dsshduv1

Ohw +k>[, eh d I0dgdswhg ghidxowdeoh fodlp zlwk wkh ydoxh surfhvv
V= Ohw

UwVw @ H�U�k�44iw?��Wj .[UW44iW?�j mMw�
eh lwv glvfrxqwhg ydoxh1 Zh dvvxph khuh wkdw wkh vdylqjv dffrxqw E
vdwlv�hv

Ew @ h{s
�] w

3
ux gx

�

iru vrph I0dgdswhg qrqqhjdwlyh surfhvv u +nqrzq dv wkh vkruw0whup
lqwhuhvw udwh,/ dqg wkh glvfrxqw idfwru U htxdov Uw @ E�4w =
Sursrvlwlrq 614 Ohw e�x @ �x+4�Qx,= Wkhq

UwVw @ H�
] W

w
Uxkxe�xgx.[UW 44iW?�j mMw� +6,

dqg
UwVw @ H�

] W

w
+kxe�x � uxVx,gx.[UW44iW?�j m Mw�= +7,

�iNNuH Iurp wkh gh�qlwlrq ri wkh vwrfkdvwlf lqwhjudo/ zh jhw
U�k�44iw?��Wj @

] W

w
UxkxgQx @

] W

w
UxkxgPx .

] W

w
Uxkxe�xgx=

Wkhq/ wkh pduwlqjdoh surshuw| ri wkh vwrfkdvwlf lqwhjudo zlwk uhvshfw wr
P |lhogv

H�U�k�44iw?��Wj m Mw� @ H�
] W

w
UxkxgQx mMw�

@ H�
] W

w
Uxkxe�xgx m Mw�=

Wkh irupxod deryh suryhv wkdw wkh surfhvv UwVw . U w
3 Uxe�xkxgx lv d

M0pduwlqjdoh1 Wklv lpphgldwho| |lhogv +6,1 Ixuwkhupruh/ xvlqj Lwar*v
irupxod zh frqfoxgh wkdw wkh surfhvv Vw . U w

3 +e�xkx � uxVx,gx lv d M0
pduwlqjdoh dqg wklv suryhv +7,1 �
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61415 K|srwkhvlv +G,
Dv ehiruh/ � lv d udqgrp wlph zlwk M0lqwhqvlw| �/ l1h1/ wkh surfhvv
Pw @ Qw � U wa�

3 �vgv lv d M0pduwlqjdoh1 Lq rughu wr jlyh wkh ydoxh
ri d ghidxowdeoh fodlp lq d qhdw irup/ pdq| dxwkruv +vhh/ h1j1/ Gx�h hw
do1 ^4</ 53`, pdnh wkh iroorzlqj k|srwkhvlv=
K|srwkhvlv +G,1 Wkh lqwhqvlw| � dgplwv dw ohdvw rqh h{whqvlrq xs wr
lq�qlw|/ vd| �� vxfk wkdw vxfk wkdw wkh +uljkw0frqwlqxrxv, surfhvv Y>
jlyhq e| wkh irupxod

Yw @ H�\ h�
U W
w ��x gx m Mw,> +8,

lv frqwlqxrxv dw �> wkdw lv/ �YWa� @ YWa� � Y+Wa�,� @ 31
Wkhlu pdlq uhvxow lv wkh iroorzlqj=

Sursrvlwlrq 615 Iru d �{hg W A 3> ohw \ eh d MW 0phdvxudeoh udqgrp
yduldeoh1 Xqghu k|srwkhvlv +G, zh kdyh/ iru dq| w ? W>

H+ 44 i�AWj \ mMw, @ 44i�AwjH�\ h�
U W
w ��x gx mMw,= +9,

�iNNuH Zh vkdoo �uvw fkhfn wkdw
44i�AwjYw @ H��Y�44iw?��Wj . 44i�AWj\

��Mw�= +:,
Iurp wkh gh�qlwlrq/ Yw @ h��w iPw> zkhuh iP lv d M0pduwlqjdoh= iPw @
H�\ h���W m Mw, iru w 5 ^3> W ` > dqg ��w @ U w

3 ��v gv1 Xvlqj Lwar*v surgxfw
uxoh/ zh rewdlq

gYw @ iPw� g +h��w , . h��w giPw @ Yw�h���w g +h��w , . h��w giPw= +;,
Gh�qh Xw @ eQwYw> zkhuh eQw @ 44i�Awj @ 4 �Qw> dqg revhuyh wkdw +:,
pd| eh uhzulwwhq dv iroorzv

Xw @ H
�]

`w>W `
�Yx gQx .44i�AWj\

���Mw
�
= +<,

Rq wkh rwkhu kdqg/ dq dssolfdwlrq ri Lwar*v surgxfw uxoh |lhogv
gXw @ eQw� gYw � Yw� gQw .�Yw� eQw=



��cjBAO,BAW BAa ��-�|"N�t"� 56

Frpelqlqj wkh odvw irupxod zlwk +;,/ dqg qrwlflqj wkdw � eQw @ ��Qw/
zh rewdlq

gXw @ eQw�
�Yw�h���w g +h��w , . h��w giPw

�� Yw� gQw ��Yw gQw=
Diwhu uhduudqjlqj/ zh jhw

gXw @ ��Yw gQw . gfPw> +43,
zkhuh fP vwdqgv iru d M0pduwlqjdoh1 Pruh suhflvho|/

gfPw @ eQw�h��w giPw . gP�w >
zkhuh

gP�w @ �Yw�� gQw � 44i��wjh���w g +h��w ,� @ �Yw� g +Qw ��wa� ,>
vr wkdw P� lv d M0pduwlqjdoh1 Vlqfh reylrxvo| XW @ 44i�AWj\> +43,
lpsolhv +<,1 Li Y lv frqwlqxrxv dw � wkhq +:, |lhogv

H+ 44i�AWj \ mMw, @ 44i�AwjH+ 44 i�AWj \ mMw, @ 44i�AwjYw
@ 44i�AwjH�\ h��w���W mMw,=

Wklv frpsohwhv wkh surri1 �

Uhpdun 615 Lw vkrxog eh revhuyhg wkdw wkh cqdwxudo* h{whqvlrq ��x @
�x44`3>� ` grhv qrw vdwlvi| +G,1 Lqghhg/ lw fdq eh vkrzq wkdw wkh sur0
fhvv H�h�

U �
w ��x gx mMw, lv glvfrqwlqxrxv dw � 1 Pruhryhu/ wklv k|srwkhvlv

fdq qrw eh vdwlv�hg iru hyhu| \ 1 Lqghhg/ lw zrxog lpso| wkdw hyhu| M0
pduwlqjdoh lv frqwlqxrxv/ exw wklv lv pdqlihvwo| qrw wuxh1 Wkhuhiruh/ wkh
vxlwdeoh fkrlfh ri wkh h{whqghg lqwhqvlw| surfhvv �� vkrxog ghshqg rq \ 1

��2 �L �hLUittit @?_ , |i?t�L?t
Ohw +>I> S , eh d �owhuhg suredelolw| vsdfh1 Dq h{dpsoh ri ghidxow wlph
zlwk vwrfkdvwlf lqwhqvlw| lv d vlqjoh mxps Fr{ surfhvv/ wkdw lv/ d surfhvv
Qw @ 44iw��j vxfk wkdw wkhuh h{lvwv dq I0dgdswhg surfhvv i zlwk

S +� � w m I4, @
] w

3
iv gv ghi@ Iw=



57 �Naj,,�A} Nu $juB�,| -�t"H �A ��ji��j�

Lq wklv fdvh
S +� � w m Iw, @ Iw @ 4� h{s

�
�
] w

3
�x gx

�
>

zkhuh �v @ iv
4� Iv = Lq rughu wr vwxg| wkh lqwhqvlw| ri � / zh kdyh wr

lqwurgxfh d �owudwlrq vxfk wkdw � lv d vwrsslqj wlph> wklv lv qrw wkh fdvh
iru I= Lqghhg/ wklv zrxog lpso| wkdw Iw @ S +� � w m Iw, lv htxdo wr Qw/
zklfk lv pdqlihvwo| qrw wuxh1

61514 Hohphqwdu| Fdvh
Lq wkh hduo| sdshuv rq lqwhqvlw|0edvhg dssurdfk wr fuhglw ulvn prghoolqj
+vhh/ iru lqvwdqfh/ ^5</ 67`, wkh ghidxow wlph lv prghoohg dv wkh �uvw mxps
ri d Srlvvrq surfhvv/ zklfk lv dvvxphg wr eh lqghshqghqw ri wkh dvvhwv
sulfhv dqg2ru ri wkh ydoxh ri wkh �up1

Vxssrvh wkdw I lv wkh �owudwlrq ri wkh dvvhwv sulfhv dqg wkdw hQ lv
d Srlvvrq surfhvv/ lqghshqghqw ri I/ zlwk vwrfkdvwlf lqwhqvlw| h�1 Zh
ghqrwh e| � wkh �uvw wlph zkhq wkh Srlvvrq surfhvv kdv d mxps/ l1h1/
� @ W4= E|Qw @ hQwa� zh ghqrwh wkh dvvrfldwhg vlqjoh mxps surfhvv1 Wkh
fdqrqlfdo �owudwlrq ri Q lv K @ +Kw> w � 3,> zkhuh Kw @ �+Qv> v � w,>
dqg wkh lqwhqvlw| lv fohduo| K0dgdswhg1 Ilqdoo|/ Jw vwdqgv iru wkh �0
dojheud jhqhudwhg e| Iw dqg Kw> zh zulwh eulh�|= J @K bI1

Wkh K0pduwlqjdoh P / vwrsshg dw wkh K0vwrsslqj wlph �

Pw @ iPwa� @ Qw �
] wa�

3
h�vgv

lv d K0pduwlqjdoh1 Zh ghqrwh e| � d vwrfkdvwlf surfhvv zklfk lv htxdo
wr h� xs wr wlph � 1

Lw lv xvhixo wr revhuyh wkdw wkh surfhvv +Pw @ Qw�U wa�3 �vgv > w � 3,
lv qrw rqo| dK0pduwlqjdoh/ exw dovr dJ0pduwlqjdoh17 Wkh lqghshqghqfh
surshuw| doorzv xv wr vwdwh wkdw dq| erxqghg I40phdvxudeoh u1y1 [ zh
kdyh

H+[44i�AWj m Jw, @ 44i�AwjH
�
h{s�

] W

w
�x gx

���Kw
�
H+[ m Iw,=

e�L|�Ui |�@| @ 4@h|�?}@*i �? @ }��i? �*|h@|�L? �t ?L| ?iUitt@h�*) @ 4@h|�?}@*i �? @
*@h}ih �*|h@|�L?�



��cjBAO,BAW BAa ��-�|"N�t"� 58

Lqghhg/ lw vx�fhv wr uhfdoo wkdw/ liI dqgK duh lqghshqghqw �owudwlrqv
wkhq iru dq| erxqghg I40phdvxudeoh u1y1 [ dqg dq| erxqghg K40
phdvxudeoh u1y1 \ / zh kdyh H+[\ m Iw b Kw, @ H+[ mIw,H+\ mKw, iru
dq| w= Vxfk d prgho lv xvhg lq wkh olwhudwxuh rq fuhglw udwlqjv/ zkhuh
wkh ghidxow0wlph lv uhsuhvhqwhg e| wkh �uvw wlph zkhuh d Pdunry0fkdlq
uhdfkhv dq devruelqj vwdwh +vhh ^68`,1

61515 Frqvwuxfwlrq ri Fr{ Surfhvvhv
Ohw +>J> S , eh d suredelolw| vsdfh/ dqg +[w> w � 3, d frqwlqxrxv gli0
ixvlrq surfhvv rq wklv vsdfh1 Zh ghqrwh e| I lwv fdqrqlfdo �owudwlrq/
vdwlvi|lqj wkh xvxdo frqglwlrqv1 D qrqqhjdwlyh ixqfwlrq � lv jlyhq1 Zh
dvvxph wkdw wkhuh h{lvwv d udqgrp yduldeoh �/ lqghshqghqw ri [/ zlwk
dq h{srqhqwldo odz= S +� � w, @ h�w= Zh gh�qh wkh udqgrp wlph � dv
wkh �uvw wlph zkhq wkh surfhvv U w3 �+[v, gv lv deryh wkh udqgrp ohyho �/
l1h1/

� @ lqi iw � 3 =
] w

3
�+[v, gv � �j=

Wkh pxwxdo lqghshqghqfh ri � dqg [ zloo dyrlg xv wr hqwhu lq wkh
hqodujhphqw ri �owudwlrq*v zruog1 Wklv zloo eh grqh lq d qh{w vhfwlrq/ lq
wkh jhqhudo fdvh/ wkdw lv/ zkhq wkh lqghshqghqfh k|srwkhvlv lv uhod{hg1

Dqrwkhu h{dpsoh lv wr fkrrvh � @ lqi iw � 3 = hQ�w @ 4j> zkhuh
�w @ U w

3 �v gv dqg hQ lv d Srlvvrq surfhvv zlwk lqwhqvlw| 4/ lqghshqghqw
ri wkh �owudwlrq I1 Wkh vhfrqg phwkrg lv lq idfw htxlydohqw wr wkh �uvw1
Fr{ surfhvvhv duh xvhg lq d juhdw qxpehu ri vwxglhv +vhh/ h1j1/ ^68/ 78`,1
Zh vkdoo jhqhudol}h wklv dssurdfk lq Vhfwlrq :1

61516 Frqglwlrqdo H{shfwdwlrqv
Ohw xv fkhfn wkdw wkh deryh surfhvv Q lv d Fr{ surfhvvhv1

Ohppd 614 Wkh frqglwlrqdo glvwulexwlrq ixqfwlrq ri � jlyhq wkh �0�hog
Iw lv iru w � v

S +� A v mIw, @ h{s
�
�
] v

3
�+[x, gx

�
=
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�iNNuH Wkh surri iroorzv iurp wkh htxdolw| i� A vj @ iU v3 �+[x, gx A
�j= Iurp wkh lqghshqghqfh dvvxpswlrq dqg wkh Iw0phdvxudelolw| riU v
3 �+[x, gx iru v � w> zh rewdlq

S +� A v mIw, @ S
�] v

3
�+[x,gx � �

���Iw
�
@ h{s

�
�
] v

3
�+[x, gx

�
=

Lq sduwlfxodu/ zh kdyh
S +� � w m Iw, @ S +� � w m I4,=

Ohw xv qrwlfh wkdw wkh surfhvv Iw @ S +� � w mIw, lv khuh dq lqfuhdvlqj
surfhvv1 �

Zh zulwh Qw @ 44i��wj dqg Kw @ �+Qv = v � w,= Zh lqwurgxfh
wkh �owudwlrq Jw @ Iw b Kw> wkdw lv/ wkh hqodujhg �owudwlrq jhqhudwhg e|
wkh xqghuo|lqj �owudwlrq I dqg wkh surfhvv Q= +Zh ghqrwh e| I wkh
ruljlqdo Ilowudwlrq dqg e| J wkh hqoduJhg rqh1, Zh vkdoo iuhtxhqwo|
zulwh J @ I bK=

Lw lv hdv| wr ghvfuleh wkh hyhqwv zklfk ehorqj wr wkh �0�hog Jw rq wkh
vhw i� A wj1 Lqghhg/ li Jw 5 Jw/ wkhq Jw _ i� A wj @ Ew _ i� A wj iru
vrph hyhqw Ew 5 Iw1

Wkhuhiruh dq| Jw0phdvxudeoh udqgrp yduldeoh \w vdwlv�hv 44i�Awj\w @44i�Awj|w> zkhuh |w lv dq Iw0phdvxudeoh udqgrp yduldeoh1
Zh hpskdvl}h wkdw wkh hqodujhg �owudwlrq J @ I b K lv khuh wkh

�owudwlrq zklfk vkrxog eh wdnhq lqwr dffrxqw> wkh �owudwlrq jhqhudwhg e|
Iw dqg �+�, lv wrr odujh1 Lq wkh odwwhu �owudwlrq � zrxog eh d suhglfwdeoh
vwrsslqj wlph/ dqg zrxog qrw dgplw dq lqwhqvlw|1
Sursrvlwlrq 616 Ohw [ eh dq lqwhjudeoh u1y1 Wkhq/

44i�AwjH+[ m Jw, @ 44i�AwjH+[44i�Awj m Iw,
H+44i�Awj mIw, =

�iNNuH Iurp wkh uhpdunv rq wkh Jw phdvxudelolw|/ li \w @ H+[ m Jw,/
wkhq wkhuh h{lvwv |w/ zklfk lv Iw0phdvxudeoh vxfk wkdw

44i�AwjH+[ m Jw, @ 44i�Awj|w
dqg pxowlso|lqj erwk phpehuv e| wkh lqglfdwru ixqfwlrq/ zh ghgxfh
|w @ H+[44i�Awj m Iw,

H+44i�Awj mIw, 1 �
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Zh vkdoo qrz frpsxwh wkh h{shfwdwlrq ri d suhglfwdeoh surfhvv dw
wlph � dqg zh vkdoo jlyh wkh lqwhqvlw| ri �=
Ohppd 615 +l, Li k lv d I0suhglfwdeoh surfhvv wkhq

H+k� , @ H
�] 4

3
kx�+[x, h{s � ��x, gx

�

H+k� m Iw, @ H
�] 4

3
kx�+[x, h{s � ��x� gx

���Iw
�

dqg
H+k� m Jw, @ H

�] 4

w
kx�+[x,h�w��x gx

���Iw
�
44i�Awj . k�44i��wj= +44,

zkhuh �x @ U x
3 �+[v,gv1

+ll, Wkh surfhvv +Qw � U wa�3 �+[v,gv> w � 3, lv d J0pduwlqjdoh1
�iNNuH Ohw kw @ 44`y>z`+w,Ey zkhuh Ey 5 Iy1 Wkhq/

H+k� m Iw, @ H
�
H+44`y>z`+� ,Ey mI4,

���Iw
�

@ H
�
Ey
�h��y � h��z� mIw

�

@ H
�
Ey
] z

y
�+[x,h��x gx

���Iw
�

@ H
�] 4

3
kx�+[x,h��xgx

���Iw
�

dqg wkh uhvxow iroorzv iurp wkh prqrwrqh fodvv wkhruhp1
Wkh pduwlqjdoh surshuw| +ll, iroorzv iurp lqwhjudwlrq e| sduwv iru0

pxod1 Ohw w ? v1 Wkhq/ rq wkh rqh kdqg
H+Qv �Qw m Jw, @ S +w ? � � v m Jw, @ 44iw?�jS +w ? � � v mIw,

S +w ? � m Iw,
@ 44iw?�jH+4� h{s+�v ��w, mIw,

Rq wkh rwkhu kdqg/ iurp sduw +l,
H
�] va�

wa�
�+[x,gx

���Jw
�

@ H��va� � �wa� m Jw�

@ 44iw?�jH
�] 4

w
kx�xh�+�x��w,gx

���Iw
�
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zkhuh kx @ �+v a x,� �+w a x,1 Frqvhtxhqwo|/
U4
w kx�xh�+�x��w,gx
@ U v

w +�x ��v,�xh�+�x��w,gx. +�w ��v, U4v �xh�+�x��w,gx
@ �+�v � �w,h�+�v��w, . U vw �+x,h�+�x��w,gx. +�v � �w,h�+�v��w,

@ 4� h�+�v��w,=
Wklv hqgv wkh surri1 �

61517 Frqglwlrqdo H{shfwdwlrq ri I40Phdvxudeoh UdqgrpYdul0
deohv

Ohppd 616 Ohw [ eh dq I40phdvxudeoh u1y1 [1 Wkhq

H+[44i�Awj mIw, @ h{s � �
] w

3
�+[v, gv�H+[ m Iw,>

H+[ m Jw, @ H+[ mIw,= +45,
�iNNuH Ohw [ eh dq I40phdvxudeoh u1y1 Wkhq/
H+[44i�Awj m Iw, @ H+H+[44i�Awj mI4, m Iw, @ S +� A w m Iw,H+[ m I4,=
Wr suryh wkdw H+[ m Jw, @ H+[ m Iw,/ lw vx�fhv wr fkhfn wkdw

H+Ewk+� a w,[, @ H+Ewk+� a w,H+[ m Iw,,
iru dq| Ew 5 Iw dqg dq| k @ 44^3>d`1 Iru w � d/ wkh htxdolw| lv reylrxv1
Iru w A d/ zh kdyh
H+Ew44i��djH+[ mIw,, @ H+EwH+[ m Iw,H+44i��dj mI4,,

@ H+H+Ew[ m Iw,H+44i��dj mIw,,
@ H+[EwH+44i��dj mIw,, @ H+Ew[44i��dj,

dv h{shfwhg1 �
Ohw xv uhpdun wkdw +45, lpsolhv wkdw hyhu| I0vtxduh lqwhjudeoh pdu0

wlqjdoh lv d J0pduwlqjdoh1 Krzhyhu/ htxdolw| +45, grhv qrw dsso| wr dq|
J0phdvxudeoh udqgrp yduldeoh> lq sduwlfxodu S +� � w m Jw, @ 44i��wj lv
qrw htxdo wr Iw @ S +� � w mIw,=
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61518 Ghidxowdeoh ]hur0Frxsrq Erqg
Vlplodu frpsxwdwlrqv wr wkdw ri wkh suhfhglqj sdudjudsk vkrz wkdw

H+44iW?�j m Jw, @ 44i�AwjH+44iW?�j m Iw,H+44i�Awj mIw,
@ 44i�AwjH

�
h{s ��

] W

w
�+[v, gv�

���Iw
�
=

Vxssrvh wkdw wkh sulfh dw wlph w ri d ghidxow0iuhh erqg sd|lqj 4 dw
pdwxulw| w lv

E+w> W , @ H
�
h{s ��

] W

w
u+[v, gv�

���Iw
�
=

Wkh ydoxh ri d ghidxowdeoh }hur0frxsrq erqg lv

H
�
44iW?�j h{s ��

] W

w
u+[v, gv�

���Jw
�

@ 44i�AwjH
�
h{s ��

] W

w
^u+[v, . �+[v,` gv�

���Iw
�
=

Wkh w0wlph ydoxh ri d frusrudwh erqg/ zklfk sd|v � dw wlph W lq fdvh ri
ghidxow dqg 4 rwkhuzlvh/ lv jlyhq e|

H
�
h�
U W
w u+[v,gv +�44i��Wj .44i�AWj,

���Iw
�
=

Wkh odvw txdqwlw| lv htxdo wr

�E+w> W , . 44i�Awj+4� �,H
�
h{s � �

] W

w
^u+[v, . �+[v,`gv�

���Iw
�
=

Lw fdq eh suryhg wkdw/ li k lv vrph I0suhglfwdeoh surfhvv/

H+k�44i��Wj m Jw, @ k�44i��wj . 44i�AwjH
�] W

w
kxh�w��x�+[x,gx m Iw

�
=

Wkh fuhglw ulvn prgho ri wklv nlqg zdv vwxglhg h{whqvlyho| e| Odqgr ^68`1
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e O@3@h_ 6�?U|�L?t Lu @ +@?_L4 A�4i
Lq wklv vhfwlrq/ wkh sureohp ri txdvl0h{solflw hydoxdwlrq ri ydulrxv frq0
glwlrqdo h{shfwdwlrqv lv vwxglhg lq d yhu| vshfldo fdvh zkhq wkh rqo|
�owudwlrq dydlodeoh lq fdofxodwlrqv lv wkh qdwxudo �owudwlrq ri d udqgrp
wlph1 Lq sudfwlfdo whupv/ zh frqvlghu khuh dq lqglylgxdo zkr revhuyhv
wkh udqgrp wlph/ exw kdv qr dffhvv wr dq| rwkhu lqirupdwlrq1 Pruh
jhqhudo vlwxdwlrqv duh h{dplqhg lq wkh qh{w vhfwlrq1

Zh vwduw zlwk vrph zhoo nqrzq idfwv hvwdeolvkhg iru wkh �uvw wlph lq
Ghoodfkhulh ^46` ru ^47` +s1455,/ dqg xvhg djdlq lq Fkrx dqg Ph|hu ^<`/
Olswvhu dqg Vklu|dhy ^6;`/ Hoolrww ^54`/ Ghoodfkhulh dqg Ph|hu ^49` +s156:,
ru pruh uhfhqwo| lq Urjhuv dqg Zlooldpv ^7;` dqg Frfr}}d0Wklyhqw ^43`
dprqj rwkhuv1

Vxssrvh wkdw � lv dq LU. ^ i4j0ydoxhg udqgrp yduldeoh rq vrph
suredelolw| vsdfh +>J> S , vxfk wkdw S +� @ 3, @ 3 dqg S +� A w, A
3> ;w 5 LU.1 Dv ehiruh/ zh ghqrwh e| +Qw > w � 3, wkh ghidxow surfhvv/
gh�qhg dv wkh uljkw0frqwlqxrxv lqfuhdvlqj surfhvv Qw @ 44i��wj> dqg
e| Kw lwv qdwxudo �owudwlrq Kw @ �+Qx> x � w,> frpsohwhg dv xvxdo
zlwk S 0qhjoljhdeoh vhwv1 Wklv uljkw0frqwlqxrxv/ frpsohwh �owudwlrq K lv
jhqhudwhg e| wkh vhwv i� � vj iru v � w +wkdw lv wkh �0dojheud �+w a � ,,
dqg wkh dwrp i� A wj dqg lv wkh vpdoohvw �owudwlrq vdwlvi|lqj wkh xvxdo
k|srwkhvhv vxfk wkdw � lv d K0vwrsslqj wlph1

Qrwlfh wkdw dq| Kw0phdvxudeoh lqwhjudeoh u1y1 K lv ri wkh irup K @
k+� ,44i��wj .�k44i�Awj zkhuh k lv d Eruho ixqfwlrq gh�qhg rq ^3> w` dqg �k
d frqvwdqw1
Ohppd 714 Li \ lv dq| lqwhjudeoh/ J0phdvxudeoh udqgrp yduldeoh wkhq

H+\ mKw, @ 44i��wjH+\ mK4, . 44i�AwjH+\ 44i�Awj,S +� A w, = +46,
Lq sduwlfxodu/

H+\ mKw,44i�Awj @ 44i�AwjH+\ 44i�Awj,S +� A w, +47,

dqg li \ lv �+� ,0phdvxudeoh/ l1h1 \ @ k+� ,/ wkhq

H+\ mKw, @ 44i��wj\ .44i�AwjH+\ 44i�Awj,S +� A w,
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@ 44i��wj\ .44i�Awj 4
S +� A w,

]
`w>4`

k+x,gS +� � x,=

�iNNuH Ohw w eh �{hg1 Wkh u1y1 H+\ mKw, lv Kw0phdvxudeoh1 Wkhuhiruh/
lw fdq eh zulwwhq lq wkh irup H+\ mKw, @ k+� ,44i��wj .D44i�Awj zkhuhD lv frqvwdqw dqg k d Eruho ixqfwlrq1 Pxowlso|lqj erwk vlghv e| 44i�Awj/dqg wdnlqj wkh h{shfwdwlrq/ zh rewdlq
H^44i�AwjH+\ mKw,` @ H^H+44i�Awj\ mKw,` @ H^44i�Awj\ ` @ DS +� A w, =
Lw lv hdv| wr fkhfn wkdw/ rq wkh vhw i� � wj> zh kdyh H+\ mKw, @ k+� , @
H+\ m �, @ H+\ mK4,1 Lq idfw/ zh kdyh jlyhq wkh uljkw0frqwlqxrxv yhu0
vlrq ri wkh pduwlqjdoh H+\ mKw,1 �

e�� �L?_�|�L?@* , TiU|@|�L?t ��h�|� |�i �@|�h@* 6�*�
|h@|�L?

Iru hdv| ixuwkhu uhihuhqfh/ ohw xv zulwh grzq vrph vshfldo fdvhv ri wkh
irupxodh deryh1 Iru dq| w ? v zh kdyh

S +� A v mKw, @ 44i�AwjS +� A v m � A w,
@ 44i�AwjS +� A v,

S +� A w, @ 44i�Awj 4�I +v,
4�I +w, > +48,

zkhuh I +w, @ S +� � w, eh wkh uljkw0frqwlqxrxv glvwulexwlrq ixqfwlrq ri
�= Wkh iroorzlqj uhvxow lv d vwudljkwiruzdug frqvhtxhqfh ri +48,1

Fruroodu| 714 Wkh surfhvv fP zklfk htxdov
fPw @ 4�Qw

4� I +w, > ; w 5 LU.> +49,

iroorzv d K0pduwlqjdoh1 Htxlydohqwo|/ iru w � v

H+Qv �Qw mKw, @ +4�Qw,I +v, �I +w,
4�I +w, @ 44i�Awj I +v,� I +w,

4� I +w, = +4:,

�iNNuH Wkh htxdolw| +48, fdq eh uhzulwwhq dv iroorzv

H+4�Qv mKw, @ +4�Qw,4�I +v,
4�I +w, =
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Wklv lpphgldwho| |lhogv wkh pduwlqjdoh surshuw| ri fP= �
Ehiruh zh surfhhg ixuwkhu/ ohw xv uhfdoo wkh vwdqgdug qrwlrq ri wkh

kd}dug ixqfwlrq ri �=
Gh�qlwlrq 714 Wkh lqfuhdvlqj ixqfwlrq � = LU. $ LU. jlyhq e| wkh
irupxod

�+w, @ � oq +4� I +w,,> ; w 5 LU.> +4;,
lv fdoohg wkh kd}dug ixqfwlrq ri �=

Lw lv fohdu wkdw wkh uhodwlrqvkls I +w, @ h��+w, lv vdwlv�hg1 Li wkh
fxpxodwlyh glvwulexwlrq ixqfwlrq I lv dq devroxwho| frqwlqxrxv ixqfwlrq/
wkdw lv/ I +w, @ U w

3 i+x, gx> iru vrph ixqfwlrq i = LU. $ LU.> wkhq zh
kdyh

I +w, @ 4� h��+w, @ 4� h�
U w
3 �+x, gx> ; w 5 LU.>

zkhuh �+w, @ i+w,+4 � I +w,,�4= Lw lv fohdu wkdw � = LU. $ LU lv d
qrqqhjdwlyh ixqfwlrq dqg vdwlv�hv U43 �+x, gx @ 4> vlqfh I +4, @ 41
Wkh ixqfwlrq � lv fdoohg wkh lqwhqvlw| ixqfwlrq +ru kd}dug udwh, ri �=

Xvlqj wkh kd}dug ixqfwlrq �> zh pd| uhzulwh +46, dv iroorzv
H+\ mKw, @ 44i��wjH+\ m � , . 44i�Awj h�+w,H+ 44i�Awj\ ,> +4<,

dqg +48, wdnhv wkh irup
S +� A v mKw, @ 44i�Awj h�+w,��+v,=

Fruroodu| 715 Dvvxph wkdw \ lv K40phdvxudeoh/ vr wkdw \ @ k+� , iru
vrph Eruho phdvxudeoh ixqfwlrq k = LU. $ LU= Li wkh kd}dug ixqfwlrq �
ri � lv frqwlqxrxv wkhq

H+\ mKw, @ 44i��wjk+� , . 44i�Awj
] 4

w
k+x,h�+w,��+x, g�+x,= +53,

Lq sduwlfxodu/
H+k+� ,, @

] 4

3
k+x,h��+x, g�+x, =

Li � dgplwv wkh lqwhqvlw| ixqfwlrq � wkhq

H+\ mKw, @ 44i��wjk+� , . 44i�Awj
] 4

w
k+x,�+x,h�

U x
w �+y,gy gx= +54,
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Lq sduwlfxodu/ iru dq| w � v zh kdyh

S +� A v mKw, @ 44i�Awjh�
U v
w �+y,gy +55,

dqg
S +w ? � ? v mKw, @ 44i�Awj

�
4� h�

U v
w �+y, gy�= +56,

Wkh iroorzlqj vlpsoh uhvxow dsshduv wr eh xvhixo1

Ohppd 715 Wkh surfhvv O jlyhq e| wkh irupxod

Ow ghi@ 44i�Awjh�+w, @ +4�Qw,h�+w,> ; w 5 LU.> +57,
iroorzv d K0pduwlqjdoh1

�iNNuH Lw vx�fhv wr revhuyh wkdw O frlqflghv zlwk wkh surfhvv fP lq0
wurgxfhg lq Fruroodu| 7141 �

e�2 �TT*�U@|�L?t |L |�i V@*�@|�L? Lu #iu@�*|@M*i �*@�4t
Ohw xv �{ W A 3= Zh dvvxph wkdw wkh frqwlqxrxvo| frpsrxqghg lqwhuhvw
udwh u iroorzv d qrqqhjdwlyh ghwhuplqlvwlf ixqfwlrq vr wkdw wkh sulfh dw
wlph w ri d xqlw ghidxow0iuhh }hur0frxsrq erqg ri pdwxulw| W htxdov

E+w> W , @ h�
U W
w u+y, gy> ; w 5 ^3> W `=

Rxu jrdo lv wr �qg txdvl0h{solflw h{suhvvlrqv iru _ydoxhv% ri fhuwdlq gh0
idxowdeoh fodlpv1 Ohw xv dvvxph wkdw \ @ 44i��Wj k+� , . 44 i�AWj f>zkhuh f lv d frqvwdqw1 Li � lv frqwlqxrxv wkhq +53, |lhogv

H+\ mKw, @ 44i��wjk+� ,.44i�Awj
�] W

w
k+x,h�+w,��+x,g�+x,.fh�+w,��+W ,

�
=

Vlploduo|/ iru d �{hg w � W ghqrwh e| \w wkh udqgrp yduldeoh +glvfrxqwhg
sd|r� dw wlph w,

\w @ 44i��Wj k+� ,h�
U �
w u+y, gy .44 i�AWj fh�

U W
w u+y, gy= +58,
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Li � lv dq devroxwho| frqwlqxrxv ixqfwlrq/ wkhq zh jhw
H+\w mKw, @ 44i��wjk+� ,h

U w
� u+y, gy

.44i�Awj
�] W

w
k+x,�+x,h�

U x
w au+y,gy gx. fh�

U W
w au+y, gy�>

zkhuh au+y, @ u+y, . �+y,=
+d, Wkh fdvh ri d ghidxowdeoh }hur0frxsrq W 0pdwxulw| erqg zlwk }hur
uhfryhu| fruuhvsrqgv wr k @ 3 dqg f @ 4 lq +58,1 Li zh ghqrwh wkh
_ydoxh% dw wlph w ri vxfk d erqg e| G3+w> W , wkhq zh kdyh

G3+w> W , @ 44i�Awjh�
U W
w +u+y,.�+y,, gy> ; w 5 ^3> W `=

+e, Dvvxph qrz wkdw k @ � iru vrph frqvwdqw 3 ? � � 4 dqg f @ 4= Sxw
pruh h{solflwo|/ zh frqvlghu wkh udqgrp yduldeoh h\ �w zklfk htxdov

h\ �w @ 44i��Wj �h�
U �
w u+y,gy . 44i�AWj h�

U W
w u+y, gy=

Lq wklv fdvh/ iru hG�+w> W , ghi@ H+h\ �w mKw, zh jhw
hG�+w> W , @ 44i��wj�h

U �
w u+y,gy

.44i�Awj
�
�
] W

w
k+x,�+x,h�

U x
w au+y,gy gx. fh�

U W
w au+y, gy�=

Qrwlfh wkdw hG�+w> W , uhsuhvhqwv wkh ydoxh dw wlph w ri d W 0pdwxulw| gh0
idxowdeoh erqg zklfk sd|v d frqvwdqw sd|r� � dw wlph ri ghidxow/ li ghidxow
wdnhv sodfh ehiruh pdwxulw| gdwh W=
+f, Ohw xv �qdoo| frqvlghu wkh iroorzlqj udqgrp yduldeoh
\ �w @ �44i��Wj� . 44i�AWj� h�

U W
w u+y, gy @ E+w> W ,�44 i��Wj� .44 i�AWj�=

Htxlydohqwo|/ zh kdyh
\ �w @ 44i��Wj�h�

U W
� u+y, gyh�

U �
w u+y, gy . 44i�AWjh�

U W
w u+y, gy>

dqg wkh odvw h{suhvvlrq ohdgv wr k+�, @ �h�
U W
� u+y, gy> f @ 4> lq irupxod

+58,1 Wkh deryh vshfl�fdwlrq ri \ �w fruuhvsrqgv wr d ghidxowdeoh }hur0
frxsrq W 0pdwxulw| erqg zlwk iudfwlrqdo uhfryhu| ri sdu1 Wklv phdqv
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wkdw wkh erqg sd|v � dw pdwxulw| W li ghidxow rffxuv ehiruh pdwxulw| +rwk0
huzlvh/ lw sd|v wkh idfh ydoxh 4,1 Iru wkh ydoxh G�+w> W , ghi@ H+\ �w mKw,
ri vxfk d erqg zh jhw

G�+w> W , @ 44i��wj�E+w> W ,
.44i�Awj�E+w> W ,�4� h�

U W
w �+y, gy�. 44i�Awjh�

U W
w au+y, gy=

e�� �@h|�?}@*i �hLTih|) Lu @ �L?|�?�L�t O@3@h_ 6�?U�
|�L?

Zh vkdoo �uvw frqvlghu d yhu| vshfldo fdvh/ zkhq wkh fxpxodwlyh glvwulex0
wlrq ixqfwlrq I lv dq devroxwho| frqwlqxrxv ixqfwlrq/ wkdw lv/ zkhq wkh
udqgrp wlph � dgplwv wkh lqwhqvlw| ixqfwlrq �= Rxu jrdo lv wr surylgh
wkh pduwlqjdoh fkdudfwhul}dwlrq ri �= Wr eh pruh vshfl�f/ zh vkdoo fkhfn
gluhfwo| wkdw wkh surfhvv

Pw @ Qw�
] w

3
�+x, 44 ix��j gx @ Qw�

] wa�

3
�+x, gx @ Qw��+wa� , +59,

iroorzv d K0pduwlqjdoh1 Wr wklv hqg/ uhfdoo wkdw e| yluwxh ri +4:, zh
kdyh

H+Qv �Qw mKw, @ 44 i�Awj I +v,� I +w,
4� I +w, =

Rq wkh rwkhu kdqg/ li zh ghqrwh

\ @
] v

w
�+x,44 ix��j gx @

] va�

wa�
i+x,

4�I +x, gx @ oq 4� I +w a �,
4� I +v a � ,

wkhq reylrxvo| \ @ 44 i�Awj \ 1 Xvlqj +46,/ zh jhw

H+\ mKw, @ 44 i�Awj H+\ ,
S +� A w, @ 44i�Awj

U v
w �+x,+4�I +x,, gx

4� I +w,
@ 44 i�Awj I +v,� I +w,

4� I +w, =

Wklv vkrzv wkdw wkh surfhvv P gh�qhg e| +59, iroorzv d K0pduwlqjdoh1

Ohppd 716 Dvvxph wkdw I +w, @ 4� h�
U w
3 �+x, gx iru vrph ixqfwlrq � =

LU. $ LU.= Wkhq wkh surfhvv P jlyhq e| +59, iroorzv d K0pduwlqjdoh1
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Lw dsshduv wkdw Ohppd 716 uhpdlqv ydolg zkhq I lv phuho| frqwlqx0
rxv1 Pruh suhflvho|/ zh kdyh wkh iroorzlqj uhvxow1

Sursrvlwlrq 714 Dvvxph wkdw I +dqg wkxv dovr �, lv d frqwlqxrxv ixqf0
wlrq1 Wkhq wkh surfhvv Pw @ Qw � �+w a � , iroorzv d K0pduwlqjdoh1

�iNNuH Iru vdnh ri euhylw|/ zh suhihu wr pdnh xvh ri Ohppd 715/ udwkhu
wkdq wr uho| rq gluhfw fdofxodwlrqv1 Lw lv fohdu wkdw P lv K0dgdswhg1
Xvlqj Lwar*v irupxod/ zh rewdlq +qrwlfh wkdw � fdq eh vhhq dv d frqwlqxrxv
surfhvv ri erxqghg yduldwlrq,

Ow @ +4�Qw,h�+w, @ 4.
] w

3
h�+x,�+4�Qx, g�+x,� gQx

�= +5:,

Wklv lq wxuq |lhogv

Pw @ Qw � �+w a � , @
] w

3
�gQx � +4�Qx, g�+x,� @ �

] w

3
h��+x, gOx>

dqg wkxv P lv d K0pduwlqjdoh1 �
Lq wkh jhqhudo fdvh/ wkdw lv/ zkhq I lv qr orqjhu dvvxphg wr eh d

frqwlqxrxv ixqfwlrq/ zh ghqrwh e| I +w�, @ S +� ? w, wkh ohiw0kdqg vlgh
olplw ri I dw w=

Sursrvlwlrq 715 Wkh surfhvv +Pw > w � 3, zkhuh

Pw
ghi@ Qw �

]
`3>�aw`

gI +v,
4�I +v�, +5;,

lv d K0pduwlqjdoh1

�iNNuH Iurp Ohppd 714/ iru w A v
H+Qw �Qv mKv, @ H+44iv?��wj mKv,

@ 44iv?�jD.44i��vjH+44iv?��wj mK4, @ 44iv?�jD=
Zh kdyh suryhg wkdw wkh frqvwdqw D lv htxdo wr

S +v ? � � w,
S +v ? � , @ I +w,� I +v,

4�I +v, =
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Rq wkh rwkhu kdqg/

H
�]

`�av>�aw`
gI +x,

4� I +x�,
���Kv

�
@ 44iv?�jj+v,>

zkhuh
j+v, @ 4

4� I +v,H
�
44iv?�j

]
`�av>�aw`

gI +x,
4�I +x�,

�

@ 4�I +w,
4� I +v,

]
`v>w`

gI +x,
4�I +x�, �

4
4�I +v,

]
`v>w`

gI +y,
]
`v>y`

gI +x,
4� I +x�, =

Dsso|lqj Ixelql*v wkhruhp/ zh frqfoxgh wkdw j+v, @ I +w,� I +v,
4�I +v, 1 �

Sursrvlwlrq 716 Dvvxph wkdw � lv d frqwlqxrxv ixqfwlrq1 Wkhq iru
dq| +erxqghg, Eruho phdvxudeoh ixqfwlrq k = LU. $ LU> wkh surfhvv

fPkw @ 44i��wjk+� , �
] wa�

3
k+x, g�+x, +5<,

lv d K0pduwlqjdoh1

�iNNuH Qrwlfh wkdw wkh surri jlyhq ehorzv surylghv dq dowhuqdwlyh surri
ri Sursrvlwlrq 7141 Zh zlvk wr hvwdeolvk wkurxjk wkh gluhfw fdofxodwlrqv
wkh pduwlqjdoh surshuw| ri wkh surfhvv fPk jlyhq e| irupxod +5<,1

Iluvw/ irupxod +53, lq Fruroodu| 715 jlyhv

L =@ H�k+� ,44iw?��vj mKw
� @ 44i�Awjh�+w,

] v

w
k+x,h��+x, g�+x,=

Rq wkh rwkhu kdqg/ lw lv reylrxv wkdw

M =@ H
�] va�

wa�
k+x, g�+x,

���Kw
�
@ H��k+�,44 iw?��vj . �k+v,44i�Avj mKw

�

zkhuh zh vhw �k+v, @ U v
w k+x, g�+x,= Frqvhtxhqwo|/ djdlq e| +53,

M @ 44i�Awjh�+w,
�] v

w
�k+x,h��+x, g�+x, . h��+v,�k+v,

�
=
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Wr frqfoxgh wkh surri/ lw lv hqrxjk wr revhuyh wkdw Ixelql*v wkhruhp
|lhogv

] v

w
h��+x,

] x

w
k+y, g�+y, g�+x, . h��+v,�k+v,

@
] v

w
k+x,

] v

x
h��+y, g�+y, g�+x, . h��+v,

] v

w
k+x, g�+x,

@
] v

w
k+x,h��+x, g�+x,>

dv h{shfwhg1 �
Revhuyh wkdw wkh odvw surshuw| iroorzv dovr iurp Sursrvlwlrq 715 frp0

elqhg zlwk wkh idfw wkdw wkh lqwhjudo zlwk uhvshfw wr wkh pduwlqjdoh P
ri dq| suhglfwdeoh surfhvv lv d pduwlqjdoh1

Fruroodu| 716 Ohw k = LU. $ LU eh d +erxqghg, Eruho phdvxudeoh ixqf0
wlrq1 Wkhq wkh surfhvv

iPkw @ h{s �44i��wjk+� ,��
] wa�

3
+hk+x, � 4, g�+x, +63,

lv d K0pduwlqjdoh1

�iNNuH Lq ylhz ri wkh suhfhglqj uhvxow dssolhg wr hk � 4/ lw lv hqrxjk
wr revhuyh wkdw

h{s �44i��wjk+� ,� @ 44i��wjhk+� , . 44i��wj @ 44i��wj+hk+�, � 4, . 4 =
�

Wkh qdwxudo txhvwlrq zklfk dulvhv lq wklv frqwh{w uhdgv= grhv wkh
pduwlqjdoh surshuw| ri wkh surfhvv P lqwurgxfhg deryh xqltxho| fkdu0
dfwhul}h wkh lqwhqvlw| ixqfwlrq +ru/ pruh jhqhudoo|/ wkh kd}dug ixqfwlrq,
ri �B Wr h{dplqh wklv sureohp/ lw lv xvhixo wr qrwlfh wkdw wkh surfhvv
Dw @ �+w a � , vdwlv�hv= +l, D lv dq lqfuhdvlqj/ uljkw0frqwlqxrxv/ K0
dgdswhg surfhvv/ dqg +ll, Q �D lv d K0pduwlqjdoh1 Lw lv wkxv fohdu wkdw
D lv d gxdo suhglfwdeoh surmhfwlrq +ru K0frpshqvdwru, ri wkh lqfuhdvlqj/
uljkw0frqwlqxrxv/ K0dgdswhg surfhvv Q= Zh vkdoo vhh wkdw wkh dqvzhu
wr wkh txhvwlrq deryh lv srvlwlyh zkhq wkh kd}dug ixqfwlrq � lv d frq0
wlqxrxv ixqfwlrq1 Rwkhuzlvh/ wkh dqvzhu dsshduv wr eh qhjdwlyh/ wkdw
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lv/ wkh K0frpshqvdwru D ri Q grhv qrw vshfli| wkh kd}dug ixqfwlrq �
wkurxjk wkh uhodwlrqvkls Dw @ �+w a � ,> lq jhqhudo1 Lqghhg/ zkhq � kdv
glvfrqwlqxlwlhv wkhq +5:, wdnhv wkh iroorzlqj irup

Ow @ O3 .
]
`3>w`

+4�Qx, gh�+x, �
]
`3>w`

h�+x�, gQx>

wkdw lv +zh zulwh ��+v, @ �+v,� �+v�,,/

Ow @ 4 .
]
`3>w`

h�+x�,�+4�Qx, g�+x,� gQx
�

. [
v�w> v?�

�h�+v, � h�+v�, � h�+v�,��+v,�=

Ohw xv vwuhvv wkdw erwk D dqg � h{lvw iru duelwudu| udqgrp wlph �> dqg
duh xqltxh1

e�e +iThiti?|@|�L? A�iLhi4
Wkh iroorzlqj wkhruhp lv zhoo nqrzq +vhh Eu�hpdxg ^:`,1

Wkhruhp 714 Vxssrvh wkdw I lv gl�huhqwldeoh1 Ohw Kw @ H+k+� , mKw,
iru vrph erxqghg Eruho phdvxudeoh ixqfwlrq k = LU$ LU= Wkhq

Kw @ K3 .
]
`3>w`

hk+x, gPx> +64,

zkhuh Pw @ Qw � �+w a � ,> dqg wkh ixqfwlrq hk htxdov
hk+w, @ k+w,� h�+w,H�k+� ,44i�Awj

�=

�iNNuH Revhuyh �uvw wkdw K3 @ H+k+� ,,= Uhfdoo dovr wkdw Kw dgplwv
wkh uhsuhvhqwdwlrq +fi1 +53,,

Kw @ H+k+�, mKw, @ 44i��wjk+� , . 44i�Awjh�+w,e+w,> +65,
zkhuh

e+w, ghi@ H� 44i�Awjk+� ,� @
] 4

w
k+x, gI +x, @

] 4

w
k+x,i+x, gx=
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Li +64, krogv iru vrph ixqfwlrq hk> wkhq rq wkh vhw iw ? �j zh kdyh

Kw @ H+k+� ,, �
] w

3
hk+v,�+v, gv @ H+k+� ,,�

] w

3
hk+v,h�+v,i+v, gv>

dqg/ lq ylhz ri +65,/ Kw dovr htxdov h�we+w, rq wklv vhw1 E| gl�huhqwldwlrq
ri erwk h{suhvvlrqv zlwk uhvshfw wr w> zh rewdlq

�hk+w,i+w,h�+w, @ �h�+w,k+w,i+w, . h5�+w,i+w,e+w,=
Wkh htxdolw| hk+w, @ k+w, � h�+w,e+w, lv wkxv vwudljkwiruzdug rq wkh vhw
iw ? �j1 Vlqfh wkh surfhvv K lv pdqlihvwo| frqwlqxrxv rq wklv vhw/ zh
dovr kdyh hk+w, @ k+w,�Kw @ k+w,�Kw� rq iw ? �j= Lq ylhz ri wkh odvw
htxdolw|/ lw lv fohdu wkdw rq wkh vhw i� � wj wkh uljkw0kdqg vlgh lq +64,
jlyhv k+� ,> dv h{shfwhg1 �

Qrwlfh wkdw uhsuhvhqwdwlrq +64, fdq dovr eh uhzulwwhq dv iroorzv +fi1
irupxod +8;,,

Kw @ K3 .
]
`3>w`

+k+x,�Kx�, gPx= +66,

e�D �@h|�?}@*i ��@h@U|ih�3@|�L? Lu |�i O@3@h_ 6�?U�
|�L?

Zh vkdoo qrz h{dplqh wkh jhqhudo fdvh/ wkdw lv/ zh qr orqjhu dvvxph
wkdw � dgplwv wkh lqwhqvlw| ixqfwlrq �> wkdw lv/ wkh suredelolw| odz ri �
lv qrw qhfhvvdulo| devroxwho| frqwlqxrxv1 Ohw xv qrwlfh wkdw Qw @ Qwa�
+l1h1/ surfhvv Q lv vwrsshg dw wlph � , dqg H+Qw, @ S +� � w, @ I +w,=
Frqvlghu d ixqfwlrq � = LU. $ LU zlwk �+3, @ 3=
Gh�qlwlrq 715 D ixqfwlrq � = LU. $ LU lv fdoohg d pduwlqjdoh kd}dug
ixqfwlrq ri d udqgrp wlph � zlwk uhvshfw wr wkh qdwxudo �owudwlrq K li
dqg rqo| li wkh surfhvv Qw ��+w a � , lv d K0pduwlqjdoh1

Wkh ixqfwlrq � fdq dovr eh vhhq dv d I30dgdswhg uljkw0frqwlqxrxv
vwrfkdvwlf surfhvv/ zkhuh I3 lv wkh wulyldo �owudwlrq/ I3w @ i>>j iru
hyhu| w 5 LU.= Zh vkdoo vrphwlphv �qg lw xvhixo wr uhihu wr wkh pduwlqjdoh
kd}dug ixqfwlrq dv wkh I30pduwlqjdoh kd}dug surfhvv ri d udqgrp wlph
�= Wkh uhdvrq iru wklv frqyhqwlrq zloo ehfrph fohdu lq Vhfwlrq 816/ zkhuh
wkh qrwlrq ri d I0pduwlqjdoh kd}dug surfhvv zlwk uhvshfw wr d qrq0wulyldo
�owudwlrq I lv h{dplqhg1
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Sursrvlwlrq 717 +l, Wkh +xqltxh, pduwlqjdoh kd}dug ixqfwlrq ri � zlwk
uhvshfw wr K lv wkh uljkw0frqwlqxrxv lqfuhdvlqj ixqfwlrq � jlyhq e| wkh
irupxod

�+w, @
]
`3>w `

gI +x,
4�I +x�, @

]
`3>w `

gS +� � x,
4�S +� ? x, > ; w 5 LU.= +67,

+ll, Wkh pduwlqjdoh kd}dug ixqfwlrq � lv frqwlqxrxv li dqg rqo| li wkh
f1g1i1 I lv frqwlqxrxv1 Lq wklv fdvh/ � vdwlv�hv �+w, @ � oq +4 � I +w,,
+htxlydohqwo|/ I +w, @ 4� h��+w,,=
+lll, Wkh pduwlqjdoh kd}dug ixqfwlrq � frlqflghv zlwk wkh kd}dug ixqfwlrq
� li dqg rqo| li I lv d frqwlqxrxv ixqfwlrq1 Lq jhqhudo

h��+w, @ h��f+w, \
3�x�w

+4���+x,,> +68,

zkhuh �f+w, @ �+w, � S
3�x�w��+x,> dqg ��+x, @ �+x, ��+x�,=

+ly, Li I lv devroxwho| frqwlqxrxv wkhq

�+w, @ �+w, @
] w

3
i+x,+4� I +x,,�4 gx= +69,

�iNNuH Wkh gh�qlwlrq ri � lpsolhv wkdw H+Qw, @ H+�+w a � ,,> l1h1/

I +w, @
]
`3>w `

�+x, gI +x, .�+w,+4� I +w,, +6:,

dqg wkxv � iroorzv d uljkw0frqwlqxrxv ixqfwlrq1 Pruhryhu/ li �4 dqg �5
duh uljkw0frqwlqxrxv ixqfwlrqv zklfk vdwlvi| +6:, wkhq iru hyhu| w 5 LU.

]
`3>w `

+�4+x, ��5+x,, gI +x, . +�4+w, ��5+w,,+4� I +w,, @ 3=

Wklv vkrzv wkdw wkh pduwlqjdoh kd}dug ixqfwlrq �> li lw h{lvwv/ lv xqltxh1
Wr hvwdeolvk +l,/ lw lv hqrxjk wr fkhfn wkdw iru dq| w � v zh kdyh8 +fi1

+4:,,
H+Qv �Qw mKw, @ 44i�Awj I +v, �I +w,

4�I +w, @ H+\ mKw,>
DA��t ThLTih|) �@t @*hi@_) ThL�i_ �? �hLTLt�|�L? e�2� A�i ThLLu ThL��_i_ �ihi �t

M@ti_ L? t*�}�|*) _�gihi?| @h}�4i?|tc �L�i�ih�
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zkhuh zh kdyh vhw
\ @

]
`wa�>va� `

gI +x,
4� I +x�, =

Lw lv fohdu wkdw \ @ 44i�Awj \= Wkhuhiruh/ xvlqj +46,/ zh rewdlq

H+\ mKw, @ H+44 i�Awj \ mKw, @ 44i�Awj H+\ ,
4� I +w, =

Ixuwkhupruh
H+\ , @ S +� A v,

]
`w>v`

gI +x,
4�I +x�, .

]
`w>v`

]
`w>x`

gI +y,
4� I +y�, gI +x,

dqg wkxv
H+\ , @ +�+v,� �+w,,+4� I +v,, .

]
`w>v`

+�+x,��+w,, gI +x,

@ +�+v, ��+w,,+4� I +v,, ��+w,+I +v, �I +w,, .
]
`w>v`

�+x, gI +x,=
Wkh lqwhjudwlrq e| sduwv irupxod |lhogv

]
`w>v`

�+x, gI +x, @ �+v,I +v, ��+w,I +w,�
]
`w>v`

I +x�, g�+x,=

Ilqdoo|/ lw lv fohdu iurp +67, wkdw
]
`w>v`

I +x�, g�+x, @ �+v, ��+w, �I +v, .I +w,=

Frpelqlqj wkh htxdolwlhv deryh/ zh �qg wkdw H+\ , @ I +v, � I +w, iru
hyhu| w � v= Wklv frpsohwhv wkh surri ri +l,1 Vwdwhphqwv +ll,0+ly, duh
doprvw lpphgldwh frqvhtxhqfhv ri +l, dqg wkh gh�qlwlrq ri d kd}dug
ixqfwlrq1 Ohw xv rqo| revhuyh wkdw dw dq| srlqw ri glvfrqwlqxlw| ri I zh
kdyh

��+w, ghi@ �+w,� �+w�, @ I +w,� I +w�,
4�I +w�, =

Rq wkh rwkhu kdqg/ iru wkh kd}dug ixqfwlrq � zh rewdlq

h���+w, @ h�+�+w,��+w�,, @ 4�I +w,
4� I +w�, @ 4���+w,= +6;,
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Wklv vkrzv wkdw wkh pduwlqjdoh kd}dug ixqfwlrq � dqg wkh kd}dug ixqf0
wlrq � fdqqrw frlqflgh zkhq I lv glvfrqwlqxrxv1 Lq ylhz ri +6;,/ uhodwlrq0
vkls +68, lv dovr hdv| wr hvwdeolvk1 Dv zdv douhdg| phqwlrqhg/ wkh qrwlrq
ri d pduwlqjdoh kd}dug ixqfwlrq lv forvho| uhodwhg wr wkh K0frpshqvdwru
ri � +ru udwkhu/ wkh K0frpshqvdwru ri wkh dvvrfldwhg mxps surfhvv Q,1
Ohw xv �uvw uhfdoo wkh gh�qlwlrq ri d frpshqvdwru ri dq lqfuhdvlqj surfhvv1
Lq rxu frqwh{w/ lw fdq eh vwdwhg dv iroorzv1

Gh�qlwlrq 716 D surfhvv D lv fdoohg dK0frpshqvdwru ri wkh mxps sur0
fhvv Q li dqg rqo| li wkh iroorzlqj krog=
+l, D lv dq K0suhglfwdeoh uljkw0frqwlqxrxv lqfuhdvlqj surfhvv/ D3 @ 3>
+ll, wkh surfhvv Q �D lv d K0pduwlqjdoh1

Xvlqj wkh zhoo0nqrzq uhvxow rq wkh h{lvwhqfh dqg xqltxhqhvv ri wkh
Grre0Ph|hu ghfrpsrvlwlrq zlwk uhvshfw wr wkh �owudwlrq K zklfk vdw0
lv�hv wkh cxvxdo frqglwlrqv/* lw lv hdv| wr fkhfn wkdw d surfhvv D lv d
K0frpshqvdwru ri wkh mxps surfhvv Q li dqg rqo| li Dw @ �+w a � ,>
zkhuh � lv wkh pduwlqjdoh kd}dug ixqfwlrq ri �= Wkhuhiruh/ zh kdyh wkh
iroorzlqj uhvxow1

Ohppd 717 Wkh xqltxh K0frpshqvdwru D ri d udqgrp wlph � lv jlyhq
e| wkh irupxod

Dw @
]
`3>wa� `

gI +x,
4� I +x�, @ �+w a � ,> ; w 5 LU.= +6<,

�iNNuH Lq ylhz ri wkh gh�qlwlrq ri wkh pduwlqjdoh kd}dug ixqfwlrq dqg
Sursrvlwlrq 717/ lw lv hqrxjk wr fkhfn wkdw wkh surfhvv Dw @ �+w a � ,>
lv K0suhglfwdeoh1 Exw wklv lv reylrxv/ vlqfh w $ w a � lv d frqwlqxrxv
K0dgdswhg surfhvv/ vr wkdw lw lv K0suhglfwdeoh1 �

Frpelqlqj sduw +ll, lq Sursrvlwlrq 717 zlwk Ohppd 717 zh jhw lp0
phgldwho| wkh iroorzlqj fruroodu|1

Fruroodu| 717 Wkh kd}dug ixqfwlrq � ri � lv uhodwhg wr wkhK0frpshqvdwru
D ri wkh mxps surfhvv Q wkurxjk wkh irupxod Dw @ �+w a � , li dqg rqo|
li wkh fxpxodwlyh glvwulexwlrq ixqfwlrq I ri � lv frqwlqxrxv1



77 �Naj,,�A} Nu $juB�,| -�t"H �A ��ji��j�

e�S #��i @?_ w@?_L<t +it�*|
Zh vkdoo h{dplqh d prgho vwxglhg lq Gx�h dqg Odqgr ^4<`1 Wkh| dvvxph
wkdw � @ �3 @ lqi iw � 3 = Yw @ 3j> zkhuh wkh surfhvv Y vdwlv�hv

gYw @ �+w> Yw, gw . �+w> Yw, gZw> Y3 @ y A 3> +73,
zkhuh Z lv d Eurzqldq prwlrq1 Vxssrvh wkhuh lv d ulvn| dvvhw dqg d
ulvnohvv rqh zlwk }hur udwh/ vxfk wkdw wkhuh h{lvwv d xqltxh htxlydohqw
pduwlqjdoh phdvxuh rq IW 1 Wkhq/ dq| IW 0phdvxudeoh vtxduh0lqwhjudeoh
u1y1 lv wkh whuplqdo ydoxh ri d vhoi �qdqflqj vwudwhj|/ dqg zh vkdoo vd|
wkdw wkh pdunhw lvIW 0frpsohwh1 Wkh sulfh ri wkh ghidxowdeoh }hur0frxsrq
erqg zrxog eh HT+44iW?�3j, lq wklv IW 0frpsohwh pdunhw/ T ehlqj wkh
ulvn qhxwudo suredelolw|/ dqg wkh khgjlqj vwudwhj| zrxog eh vlplodu wr wkh
fdvh ri eduulhu rswlrq1 Wkh wlph �3 lv d vwrsslqj wlph zlwk uhvshfw wr
wkh Eurzqldq �owudwlrq Iw @ �+Zv> v � w,= Wkhuhiruh/ lw lv suhglfwdeoh
lq wkdw �owudwlrq dqg dgplwv qr lqwhqvlw|1 Zh vkdoo glvfxvv wklv srlqw
odwhu1

Khuh/ zh vxssrvh/ dv lq ^4<`/ wkdw wkh djhqw zloo revhuyh ghidxow zkhq
lw kdsshqv exw zloo kdyh qr nqrzohgjh ri Y ehiruh ghidxow kdv rffxuhg1
Lq wklv fdvh/ zkhq wkh ghidxow kdv qrw |hw dsshduhg/ wkh ydoxh ri d }hur0
frxsrq lv jlyhq lq whupv ri wkh kd}dug ixqfwlrq ri Q dv h{s ��+W , �
�+w,�> zkhuh g�+v, @ gI +v,

4�I +v, dqg I +v, @ S +� � v, +dvvxphg wr eh
frqwlqxrxv,1 Wkh qh{w uhvxow lv d jhqhudo idfw dqg uhpdlqv wuxh iru dq|
ghidxow wlph/ zlwkrxw dq| dgglwlrqdo k|srwkhvlv1
Sursrvlwlrq 718 Ohw Y eh d gl�xvlrq zkrvh g|qdplfv duh jlyhq e| +73,
dqg � d vwrsslqj wlph zklfk prghov wkh ghidxow wlph1 Wkh kd}dug ixqfwlrq
ri � lq wkh �owudwlrq K lv �+w, @ � oq+4 � I +w,,/ dqg wkh ydoxh ri d
ghidxowdeoh }hur0frxsrq erqg lv

H
�
h�
U W
w u+v,gv 44iW?�j

���Kw
�
@ 44i�Awj h�

U W
w
�
u+v, gv.g�+v,

�
>

zkhuh u lv wkh ghwhuplqlvwlf lqwhuhvw udwh1
Gx�h dqg Odqgr ^4<` kdyh vkrzq wkdw wkh lqwhqvlw| ixqfwlrq ri �3

htxdov
�+w, @ 4

5�
5+w>3,C*C{ +w>3,>
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zkhuh *+w> {, lv wkh frqglwlrqdo ghqvlw| ri Yw zkhq w ? �3/ l1h1/ wkh
ghulydwlyh zlwk uhvshfw wr { ri S +Yw � {> w ? �3,

S +w ? �3, 1 Wkh htxlydohqfh eh0
wzhhq Gx�h0Odqgr*v dqg rxu uhvxow lv reylrxv1 Lq idfw/ Gx�h dqg Odqgr
uhsuhvhqw �+w, lq wkh iroorzlqj zd|

�+w, @ olpk$3
4

kS +w ? �3,
] 4

3
S +Yw 5 g{> w ? �3,S{+�3 ? k, +74,

dqg wkh| hvwdeolvk wkdw wklv olplw lv htxdo wr 4
5�

5+w> 3,C*C{ +w> 3,1 Wkh
uljkw0kdqg vlgh ri +74, fdq eh zulwwhq dv

4
kS +w ? �3,

] 4

3
S +Yw 5 g{> w ? �3,+4�S{+k ? �3,,

@ 4
kS +w ? �3,

�
S +w ? �3, �

] 4

3
S +Yw 5 g{> w. k ? �3,

�

@ 4
kS +w ? �3, +S +w ? �3,� S +w. k ? �3,, @ i+w,

4�I +w, >

zklfk lv rxu uhvxow1 Wkh surri wkdw wkh olplw lq +74, lv 45�
5+w>3,C*C{ +w>3,lv txlwh frpsolfdwhg/ krzhyhu1 Gx�h dqg Odqgr suryh �uvw wklv uhvxow

iru d Eurzqldq prwlrq/ wkhq iru wkh Ruqvwhlq0Xkohqehfn surfhvv/ dqg
�qdoo| iru pruh jhqhudo gl�xvlrq surfhvvhv1 Vhh dovr ^55` iru dqrwkhu
surri1

e�. Bi?ih@*�3@|�L?t
Zh jlyh khuh vrph lghdv krz wr h{whqg wkh suhylrxv prgho1

71:14 Vxffhvvlyh ghidxow wlphv
Iluvw/ wkh suhylrxv uhvxowv fdq hdvlo| eh jhqhudol}hg wr wkh fdvh ri vxf0
fhvvlyh ghidxow wlphv1 Zh uhsurgxfh khuh wkh uhvxow ri ^<`1 Ohw �n eh
vxffhvvlyh wlphv ri ghidxow/ Qw @S

n 44i�n�wj dqg K wkh fdqrqlfdo �owud0
wlrq ri Q 1 Ohw xv lqwurgxfh Wn @ �n � �n�41 Wkhq/ wkh surfhvv Qw �Dw
lv dq K0pduwlqjdoh/ zkhuh
Dw @ !4+W4, . = = =.!q�4+W4> = = = > Wq�5>Wq�4, .!q+W4> = = = > Wq�4> w�Wq,
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rq �q � w ? �q.4/ dqg

!n+w4> = = = > wn�4> w, @
]
`3>w`

gIn+v4> = = = > vn�4>v,
4�In+v4> = = = > vn�4> v�,

In+w4> = = = > wn�4> w, @ S +�n � w mW4 @ w4> = = = > Wq�4 @ wq�4,=

71:15 Sduwldo revhuydwlrqv
Ohw xv dvvxph wkdw wkh djhqw revhuyhv Kw dv zhoo dv wkh sulfhv +ru wkh
ydoxh ri wkh �up, dw vrph glvfuhwh wlphv/ vd| iru hdfk wlph w4 ? w5 ?
= = = ? wn1 Wkh lqirupdwlrq ri wkh djhqw lv Jw @ Kw b �+Vwn > wn ? w,= Ohw
J eh d J0dgdswhg surfhvv1 Wkhq/

Jw44iw?�j @ 44iw?�j
[
n
jn�444iwn�4��?wnj>

zkhuh jn lv �+Vwm > m � n,0phdvxudeoh1 Wkh J0lqwhqvlw| ri ghidxow lv gh0
�qhg dv wkhJ0dgdswhg surfhvv � vxfk wkdwQw�U wa�3 g�v lv d pduwlqjdoh1
Wkh vdph phwkrg dv lq wkh suhylrxv vhfwlrq ohdgv wr g�v @ gI +v,

4� I +v�, >
zkhuh I +v, @ S +� � v m�+Vwm > wm � v,,1

D O@3@h_ �hLUittit Lu @ +@?_L4 A�4i
Lq wklv vhfwlrq/ suhylrxvo| lqwurgxfhg frqfhswv duh h{whqghg wr wkh fdvh
zkhq d odujhu �rz ri lqirupdwlrq ~ irupdoo| uhsuhvhqwhg e| d �owudwlrq
I ~ lv dydlodeoh1 Jhqhudoo| vshdnlqj/ rxu jrdo lv wr h{dplqh irupxodh iru
wkh frqglwlrqdo h{shfwdwlrq ri wkh irup H+\ m Jw,> zkhuh Jw @ Iw b Kw
+dw ohdvw iru fhuwdlq fodvvhv ri J0phdvxudeoh udqgrp yduldeohv \ ,1

D�� �L?_�|�L?@* , TiU|@|�L?t ��h�|� @? �hM�|h@h)
6�*|h@|�L?

Dv ehiruh/ zh ghqrwh e| � d qrqqhjdwlyh udqgrp yduldeoh rq d suredelolw|
vsdfh +>J> S ,> vxfk wkdw S +� @ 3, @ 3 dqg S +� A w, A 3 iru dq|
w 5 LU.= Dv xvxdo/ zh lqwurgxfh d uljkw0frqwlqxrxv surfhvv Q e| vhwwlqj
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Qw @ 44i��wj> dqg zh ghqrwh e|K wkh dvvrfldwhg �owudwlrq= Kw @ �+Qx =
x � w,=

Zh dvvxph wkdw zh duh jlyhq d qdwxudo �owudwlrq ri d fhuwdlq Eurzqldq
prwlrq I dqg zh gh�qhJ @KbI> wkdw lv/ Jw @ KwbIw iru hyhu| w=9 Iru
hdfk w> wkh �0�hog Jw lv dvvxphg wr uhsuhvhqw doo revhuydwlrqv dydlodeoh
dw wlph w=

Wkh surfhvvQ lv reylrxvo|J0dgdswhg/ exw qrw qhfhvvdulo|I0dgdswhg1
Lq rwkhu zrugv/ � lv d J0vwrsslqj wlph/ exw qrw qhfhvvdulo| d I0vwrsslqj
wlph +vhh ^83` iru d pruh jhqhudo fdvh,1

Sursrvlwlrq 814 Iw � Jw @ Kw b Iw � J�w > iru hyhu| w 5 LU.> zkhuh

J�w ghi@ �D 5 J m<E 5 Iw D_ i� A wj @ E _ i� A wj�=
Iru dq| w 5 LU. dqg iru dq| hyhqw D 5 K4bIw zh kdyh D_i� � wj 5 Jw=

�iNNuH Revhuyh wkdw Jw � Kw b Iw @ �+Kw>Iw, @ �+i� � xj> x �
w> Iw,= Dovr/ lw lv hdvlo| vhhq wkdw wkh fodvv J�w lv d vxe0�0�hog ri J=
Wkhuhiruh/ lw lv hqrxjk wr fkhfn wkdw li hlwkhu D @ i� � xj iru vrph
x � w ru D 5 Iw> wkhq wkhuh h{lvwv dq hyhqw E 5 Iw vxfk wkdw D _ i� A
wj @ E _ i� A wj= Lqghhg/ lq wkh iruphu fdvh zh pd| wdnh E @ >> lq wkh
odwwhu E @ D= �

81414 Kd}dug Surfhvv �
Iru dq| w 5 LU.> zh zulwh Iw @ S +� � w m Iw,> vr wkdw 4 � Iw @ S +� A
w mIw,= Lw lv hdvlo| vhhq wkdw wkh surfhvv I +4 � I> uhvs1, lv d erxqghg/
qrqqhjdwlyh I0vxepduwlqjdoh +I0vxshupduwlqjdoh/ uhvs1, Zh pd| wkxv
ghdo zlwk wkh uljkw0frqwlqxrxv prgl�fdwlrq ri I= Wkh qh{w gh�qlwlrq lv
d vwudljkwiruzdug jhqhudol}dwlrq ri Gh�qlwlrq 7141

Gh�qlwlrq 814 Dvvxph wkdw Iw ? 4 iru hyhu| w 5 LU.= Wkh I0kd}dug
surfhvv ri �> ghqrwhg e| �> lv gh�qhg wkurxjk wkh irupxod 4�Iw @ h��w>
ru htxlydohqwo|/ �w @ � oq +4�Iw, iru hyhu| w 5 LU.=

S+iU@** |�@| @** �*|h@|�L?t @hi @tt�4i_ |L Mi E�c:��UL4T*i|i_� ì @tt�4i @*tL
|�@| |�i i?*@h}i_ �*|h@|�L? B t@|�t�it |�i ��t�@* UL?_�|�L?t�<
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Lq Vhfwlrq 814/ zh dvvxph wkurxjkrxw wkdw wkh lqhtxdolw| Iw ? 4 krogv
iru hyhu| w> vr wkdw wkh I0kd}dug surfhvv � lv zhoo gh�qhg1 Lw vkrxog eh
vwuhvvhg wkdw wkh fdvh zkhq � lv d I0vwrsslqj wlph/ lv qrw h{dplqhg lq
wklv vhfwlrq1

81415 Frqglwlrqdo H{shfwdwlrq H+ 44i�Awj\ m Jw,
Zh vwduw zlwk wkh iroorzlqj uhvxow/ zklfk lv d jhqhudol}dwlrq ri Ohppd
7141
Ohppd 814 Iru dq| J0phdvxudeoh erxqghg udqgrp yduldeoh \ zh kdyh/
iru dq| w 5 LU.>

H+ 44i�Awj\ m Jw, @ 44i�Awj H+ 44i�Awj\ mIw,
S +� A w m Iw,

@ 44i�AwjH+ 44i�Awj h�w\ m Iw,> +75,
iru dq| w � v

S +w ? � � v m Jw, @ 44i�Awj S +w ? � � v mIw,
S +� A w m Iw,

@ 44i�AwjH�4� h�w��v mIw,= +76,
H+ 44 i�Avj \ m Jw, @ 44i�AwjH�\ 44i�Avjh�w m Iw,= +77,

dqg iru dq| Iv0phdvxudeoh udqgrp yduldeoh [ zh kdyh
H+ 44i�Avj[ m Jw, @ 44i�AwjH�[h�w��v mIw,= +78,

�iNNuH Wkh surri iroorzv iurp wkh uhpdun wkdw wkh uhvwulfwlrq wr wkh
vhw i� A wj ri dq| Jw0phdvxudeoh udqgrp yduldeoh uhsuhvhqwv d Iw0
phdvxudeoh udqgrp yduldeoh1 Irupxod +78, iroorzv iurp

H+ 44 i�Avj h�w[ m Iw, @ H+ h�w[H+44 i�Avj mIv, mIw,= �

81416 Dssolfdwlrqv wr Ghidxowdeoh Erqgv
Wkh iroorzlqj irupxod/ zklfk lv d vlpsoh frqvhtxhqfh ri +77,/ zloo suryh
xvhixo lv vrph dssolfdwlrqv1 Ohw � eh d frqvwdqw1 Wkhq iru duelwudu|
J0phdvxudeoh udqgrp yduldeoh \ zh kdyh/
H+44 i��vj �.44i�Avj \ m Jw, @ � S +� � v m Jw,. 44i�AwjH+44 i�Avj \ m Jw,>
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vr wkdw
H+44i��vj � .44 i�Avj \ m Jw,

@ ��4� 44i�AwjH�4� h�w��v mIw,�. 44i�AwjH+44 i�Avj h�w\ mIw,=
Li \ lv Iv0phdvxudeoh wkhq zh pd| uhzulwh wkh odvw irupxod dv iroorzv
H+44i��vj � .44i�Avj \ m Jw,

@ �44i��wj . � 44i�AwjH�4� h�w��v m Iw, . 44i�AwjH+h�w��v \ m Iw,=

81417 Frqglwlrqdo H{shfwdwlrq H+\ m Jw,
Lw lv hdvlo| vhhq wkdw

44i��wjH+\ m Jw, @ H+44i��wj\ mK4 b Iw,= +79,
Iluvw/ Jw @ Kw b Iw � K4 b Iw= Ixuwkhupruh/ iru dq| D 5 K4 b Iw zh
kdyh

]
D
H+44G\ mK4 b Iw, gS @

]
D
44G\ gS

@
]
D_G

\ gS @
]
D_G

H+\ m Jw, gS

@
]
D
44GH+\ m Jw, gS>

zkhuh zh zulwhG @ i� � wj=Qrwlfh wkdw wkh udqgrp yduldeoh LGH+\ mJw,
lv pdqlihvwo| Jw0phdvxudeoh/ dqg wkxv lw lv dovr K4bIw0phdvxudeoh1 Zh
frqfoxgh wkdw +79, krogv1

E| frpelqlqj +79, zlwk +75,/ zh rewdlq wkh iroorzlqj uhvxow +qrwlfh
wkdw irupxod +7:, lv d vwudljkwiruzdug jhqhudol}dwlrq ri htxdolw| +46,,1

Ohppd 815 Iru dq| J0phdvxudeoh udqgrp yduldeoh \ zh kdyh
H+\ m Jw, @ 44i��wjH+\ mK4 bIw, . 44i�AwjH+ 44i�Awj h�w\ mIw,= +7:,

Wkh iroorzlqj fruroodu| lv xvhixo lq fdofxodwlrqv uhodwhg wr ghidxowdeoh
fodlpv1
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Fruroodu| 814 Dvvxph wkdw I +dqg wkxv dovr �, iroorzv d frqwlqxrxv
surfhvv ri erxqghg yduldwlrq1 Ohw \ @ k+�, iru d +erxqghg, Eruho phd0
vxudeoh ixqfwlrq k = LU. $ LU= Wkhq
H+\ m Jw, @ 44i��wj k+� , . 44i�AwjH

�] 4

w
k+x,h�w��x g�x

���Iw
�
= +7;,

Ohw ] eh d I0suhglfwdeoh surfhvv1 Wkhq iru dq| w � v
H+]� L iw?��vj m Jw, @ 44i�AwjH

�] v

w
]xh�w��x g�x

���Iw
�
= +7<,

�iNNuH Htxdolw| +7;, iroorzv iurp +7:,1 Lqghhg/ lq ylhz ri +7:,/ lw lv
hqrxjk wr fkhfn wkdw wkh iroorzlqj htxdolw| krogv

H+ 44i�Awj k+� , m Iw, @ H
�] 4

w
k+x,h��x g�x

���Iw
�

@ H
�] 4

w
k+x, gIx

���Iw
�
>

zkhuh wkh vhfrqg htxdolw| lv d frqvhtxhqfh ri wkh htxdolw| gIx @ h��x g�x
zklfk krogv zkhq � lv d frqwlqxrxv surfhvv ri erxqghg yduldwlrq1 Zh
frqvlghu �uvw d vwhszlvh ixqfwlrq k+x, @ Sq

l@3 kl44^wl>wl.4`+x,> zkhuh/z1o1r1j1/ w3 @ w ? � � � ? wq.4 @4=
Wkhq zh kdyh +zh xvh khuh/ lq sduwlfxodu/ irupxod +78,,

H+ 44i�Awjk+�, m Iw, @
q[
l@3

H�H+ 44i�Awjkl44^wl>wl.4`+� , mIwl.4,
��Iw�

@ H
� q[
l@3

kl+Iwl.4 � Iwl,
���Iw

�

@ H
� q[
l@3

] wl.4

wl
k+x, gIx

���Iw
�

@ H
�] 4

w
k+x, gIx

���Iw
�
=

Wkh surri ri +7<, lv vlplodu1 Zh vwduw e| dvvxplqj wkdw ] lv d vwhszlvh
surfhvv/ vr wkdw +zh duh lqwhuhvwhg rqo| lq ]x iru x A w,

]x @
q[
l@3

]wl44^wl>wl.4 `+x,>
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zkhuh w3 @ w ? � � � ? wq.4 @4= Xvlqj Ohppd 814/ zh rewdlq
H� Liwl��?wl.4j ]� m Jw

� @ 44i�Awjh�w H� L iwl��?wl.4j]wl m Iw
�=

Wkhq zh surfhhg dorqj wkh vlplodu olqhv dv lq wkh �uvw sduw ri wkh surri1
�

81418 Pduwlqjdohv Dvvrfldwhg zlwk wkh Kd}dug Surfhvv �
Ohppd 816 Wkh surfhvv Ow @ 44i�Awjh�w @ +4 � Qw,h�w iroorzv d J0
pduwlqjdoh1

�iNNuH Lw lv hqrxjk wr fkhfn wkdw iru dq| w � v
H+44 i�Avjh�v m Jw, @ 44i�Awjh�w =

Lq ylhz ri +77, wklv fdq eh uhzulwwhq dv iroorzv
44i�Awj h�w H+ 44 i�Avj h�v mIw, @ 44i�Awjh�w =

Wr frpsohwh wkh surri/ lw lv hqrxjk wr revhuyh wkdw
H+ 44 i�Avj h�v mIw, @ H�h�vH+ 44i�Avj mIv, mIw� @ 4= �

Lq wkh qh{w uhvxow/ zh ghdo zlwk wkh frqwlqxrxv fdvh/ wkdw lv/ zh dv0
vxph wkdw � lv d frqwlqxrxv surfhvv1 Wkh iroorzlqj uhvxow lv d frxqwhusduw
ri Sursrvlwlrqv 71407161

Sursrvlwlrq 815 Dvvxph wkdw wkh I0kd}dug surfhvv � ri d udqgrp wlph
� iroorzv d frqwlqxrxv surfhvv ri erxqghg yduldwlrq1 Wkhq wkh surfhvvaPw @ Qw��wa� iroorzv d J0pduwlqjdoh1 Ixuwkhupruh/ iru dq| +erxqghg,
I0suhglfwdeoh surfhvv ] wkh surfhvvhv

aP]w @ ]�44i��wj �
] wa�

3
]x g�x +83,

dqg
�P]w @ h{s �44i��wj]� ��

] wa�

3
+h]x � 4, g�x +84,

duh J0pduwlqjdohv
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�iNNuH Wkh pduwlqjdoh surshuw| ri aP fdq eh vkrzq xvlqj wkh vdph du0
jxphqwv dv lq wkh surri ri Sursrvlwlrq 714/ wkdw lv/ Lwar*v ohppd frpelqhg
zlwk Ohppd 8161 Wr vkrz wkh pduwlqjdoh surshuw| ri aP] > zh surfhhg
dorqj wkh vlplodu olqhv dv lq wkh surri ri Sursrvlwlrq 716 +pdnlqj xvh ri
irupxod +7;, lq Fruroodu| 814/ udwkhu wkdq ri Fruroodu| 715,1 Ilqdoo|/ lw
lv fohdu wkdw +84, lv dq hdv| frqvhtxhqfh ri +83,1 �

Uhpdun 814 Li wkh frqwlqxrxv surfhvv � lv qrw ri erxqghg yduldwlrq/
irupxod +5:, ehfrphv

Ow @ +4�Qw,h�w @ 4.
] w

3
h�x�+4�Qx, +g�x . +4@5,k�lx,� gQx

�

dqg lw lv qr orqjhu wuxh wkdw aP lv d J0pduwlqjdoh1

81419 I0Lqwhqvlw| ri d Udqgrp Wlph
Ohw xv frqvlghu wkh fodvvlf fdvh ri dq devroxwho| frqwlqxrxv I0kd}dug
surfhvv �= Zh dvvxph wkdw �w @ U w

3 �x gx iru vrph I0surjuhvvlyho| phd0
vxudeoh surfhvv �> uhihuuhg wr dv wkh I0lqwhqvlw| ri d udqgrp wlph �= E|
yluwxh ri Sursrvlwlrq 815/ wkh surfhvv P jlyhq e| wkh irupxod

Pw @ Qw �
] wa�

3
�x gx @Qw �

] w

3
44 i��xj�x gx +85,

iroorzv d J0pduwlqjdoh1 Wkh surshuw| lv iuhtxhqwo| xvhg lq wkh �qdqfldo
olwhudwxuh dv d gh�qlwlrq ri d I0lqwhqvlw| ri d udqgrp wlph1 Wkh lqwxlwlyh
phdqlqj ri wkh I0lqwhqvlw| � dv wkh _lqwhqvlw| ri vxuylydo jlyhq wkh lq0
irupdwlrq �rz I% ehfrphv fohdu iurp wkh iroorzlqj fruroodu|1 Krzhyhu/
lq wklv jhqhudo vhwwlqj/ � lv qrw qhfhvvdulo| d srvlwlyh surfhvv1

Fruroodu| 815 Li wkh I0kd}dug surfhvv � ri � lv devroxwho| frqwlqxrxv
wkhq iru dq| w � v

S +� A v m Jw, @ 44i�AwjH
�h�

U v
w �x gx ��Iw�

dqg
S +w ? � � v m Jw, @ 44i�AwjH�4� h�

U v
w �x gx ��Iw�=
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Uhpdun 815 Vlqfh reylrxvo| wkhI0kd}dug ixqfwlrq � lv qrw zhoo gh�qhg
zkhq � lv d I0vwrsslqj wlph +wkdw lv/ zkhq K � I vr wkdw J @ I,/
Fruroodu| 815 fdqqrw eh gluhfwo| dssolhg lq vxfk d fdvh1 Krzhyhu/ lw
dsshduv wkdw iru d fhuwdlq fodvv ri d J0vwrsslqj wlphv zh fdq �qg dq
lqfuhdvlqj J0suhglfwdeoh surfhvv � vxfk wkdw iru dq| w � v
S +� A v m Jw, @ 44i�AwjH�h�w��v

��Jw� @ 44i�AwjH�h�
U v
w �x gx ��Jw�>

zkhuh wkh vhfrqg htxdolw| krogv surylghg wkdw wkh surfhvv � lv devroxwho|
frqwlqxrxv1 Lw vhhpv qdwxudo wr frqmhfwxuh wkdw wkh surfhvv � +irupdoo|
lqwurgxfhg lq Vhfwlrq 816, dozd|v uhsuhvhqwv wkh aI0kd}dug surfhvv ri �
iru vrph �owudwlrq aI vxfk wkdw � lv qrw d aI0vwrsslqj wlph1 Iurp wklv
ylhzsrlqw/ wkh qrwlrq ri d pduwlqjdoh kd}dug surfhvv frxog eh vhhq dv d
sxuho| whfkqlfdo wrro zklfk doorzv xv wr �qg wkh cqdwxudo* kd}dug surfhvv
ri �=

D�2 O)TL|�it�t EO� @?_ , |i?t�L?t
81514 K|srwkhvlv +K,
Zh vkdoo qrz h{dplqh wkh k|srwkhvlv +K, zklfk uhdgv=
+K, Hyhu| I vtxduh0lqwhjudeoh pduwlqjdoh lv dJ vtxduh0lqwhjudeoh pdu0
wlqjdoh1

Wklv k|srwkhvlv lpsolhv wkdw wkhI0Eurzqldq prwlrq uhpdlqv d Eurz0
qldq prwlrq lq wkh hqodujhg �owudwlrq1 Lw zdv vwxglhg e| Eu�hpdxg dqg
\ru ^9` dqg Pd}}lrwwr dqg V}slujodv ^75`/ dqg iru �qdqfldo sxusrvh e|
Nxvxrnd ^66`1 Wklv k|srwkhvlv lv txlwh qdwxudo/ ghvslwh lwv whfkqlfdo irup1
Lw lv htxlydohqw wr=
+K-, Iru dq| w/ wkh �0�hogv I4 dqg Jw duh frqglwlrqdoo| lqghshqghqw
jlyhq Iw1

Wklv fdq eh zulwwhq lq dq| ri wkh htxlydohqw irupv +vhh/ h1j1 Gho0
odfkhulh dqg Ph|hu ^49`, =
+K4, ;I 5 I4> ;Jw 5 Jw> H+IJw mIw, @ H+I mIw,H+Jw mIw,
+K5, ; w � 3> ;Jw 5 Jw> H+Jw mI4, @ H+Jw m Iw,
+K6, ; w � 3> ;I 5 I4> H+I m Jw, @ H+I mIw,1
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Ohppd 817 Lq rxu vhwwlqj/ +K, lv htxlydohqw wr wkh iroorzlqj frqglwlrq
+K3,

; v � w> S +� � v mI4, @ S +� � v mIw,= +86,
�iNNuH Li +K5, krogv/ wkhq +86, krogv wrr1 Li +86, krogv/ wkh idfw wkdw
Kw lv jhqhudwhg e| wkh vhwv i� � vj> v � w suryhv wkdw I4 dqg Kw duh
frqglwlrqdoo| lqghshqghqw jlyhq Iw1 Wkh surshuw| iroorzv1 Wklv uhvxow
fdq eh dovr irxqg lq ^48`1 �
Uhpdun 816 +l, Htxdolw| +86, dsshduv lq vhyhudo sdshuv rq ghidxow ulvn/
w|slfdoo| zlwkrxw dq| uhihuhqfh wr wkh +K, k|srwkhvlv1 Iru h{dpsoh/ lq
wkh Pdgdq0Xqdo sdshu ^74`/ wkh pdlq wkhruhp iroorzv iurp wkh idfw wkdw
+86, krogv +Vhh wkh surri ri E< lq wkh dsshqgl{ ri wkhlu sdshu,1 Wklv lv
dovr wkh fdvh iru Zrqj*v prgho ^8:`1
+ll, Li � lvI40phdvxudeoh/ dqg li +86, krogv/ wkhq � lv dq I0vwrsslqj wlph
+dqg grhv qrw dgplw lqwhqvlw|,1 Li � lv d I0vwrsslqj wlph/ htxdolw| +86,
krogv1 Wkrxjk frqglwlrq +K, grhv qrw qhfhvvdulo| krog wuxh/ lq jhqhudo/
lw lv vdwlv�hg zkhq � lv frqvwuxfwhg wkurxjk d vwdqgdug dssurdfk +vhh
Vhfwlrq : ehorz,1

81515 Uhsuhvhqwdwlrq Wkhruhp
Iru wkh fdvh ri wkh �owudwlrq I lv jhqhudwhg e| d Eurzqldq prwlrq
Nxvxrnd ^66` hvwdeolvkhv wkh iroorzlqj uhsuhvhqwdwlrq wkhruhp1
Wkhruhp 814 Dq| J0vtxduh lqwhjudeoh pduwlqjdoh dgplwv d uhsuhvhqwd0
wlrq dv d vxp ri d vwrfkdvwlf lqwhjudo zlwk uhvshfw wr wkh Eurzqldq prwlrq
dqg d vwrfkdvwlf lqwhjudo zlwk uhvshfw wr wkh glvfrqwlqxrxv pduwlqjdoh P 1
�iNNuH Lw vx�fhv wr suryh wkdw dq| u1y1 ri wkh irup [ @ +4 �Qv,Iw>
zkhuh v ? w dqg Iw 5 Iw> fdq eh uhsuhvhqwhg dv wkh vxp ri wzr vwrfkdvwlf
lqwhjudov1 Iurp wkh htxdolw| [ @ Owh��wIw/ dqg wkh uhsuhvhqwdwlrq
wkhruhp lq wkh �owudwlrq I/ zh rewdlq [ @ +4 . U v3 �xOxgPx,+H+Iw, .U w
3 #xgEx,1 �
Lq wklv fdvh/ wkh ghidxowdeoh pdunhw lv frpsohwh dv vrrq dv wkhuh

duh d ulvnohvv dvvhw dqg wzr wudgdeoh ulvn| dvvhwv/ iru lqvwdqfh= dq dvvhw
prghoohg wkurxjk d jhrphwulf Eurzqldq prwlrq dqg d ghidxowdeoh }hur0
frxsrq erqg1
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D�� �@h|�?}@*i O@3@h_ �hLUitt \
Lq ylhz ri Sursrvlwlrq 815/ lw lv qdwxudo wr dgrsw wkh iroorzlqj gh�qlwlrq
ri wkh I0pduwlqjdoh kd}dug surfhvv ri d udqgrp wlph1

Gh�qlwlrq 815 D I0suhglfwdeoh uljkw0frqwlqxrxv lqfuhdvlqj surfhvv �
lv fdoohg d I0pduwlqjdoh kd}dug surfhvv ri d udqgrp wlph � li dqg rqo|
li wkh surfhvv Qw � �wa� iroorzv d J0pduwlqjdoh/ zkhuh J @ I bK= Lq
dgglwlrq/ �3 @ 3=

Zh vkdoo �uvw h{dplqh d vshfldo fdvh zkhq wkh I0pduwlqjdoh kd}dug
surfhvv � fdq eh h{suhvvhg wkurxjk d vwudljkwiruzdug frxqwhusduw ri
irupxod +67,1 Wr wklv hqg/ zh lqwurgxfh wkh iroorzlqj frqglwlrq1
Frqglwlrq +J, Wkh surfhvv Iw @ S +� � w mIw, dgplwv d prgl�fdwlrq
zlwk lqfuhdvlqj vdpsoh sdwkv1

Lw lv fohdu wkdw xqghu wkh k|srwkhvlv +K, wkh surfhvv I dgplwv d
prgl�fdwlrq zlwk lqfuhdvlqj vdpsoh sdwkv/ vr wkdw +J, krogv1 Qrwlfh
wkdw I lv qrw qhfhvvdulo| d I0suhglfwdeoh surfhvv/ krzhyhu1 Zh vkdoo
vwxg| odwhu wkh uhodwlrq ehwzhhq wkh k|srwkhvhv +J, dqg +K,1 Dovr/ zh
vkdoo jlyh lq Vhfwlrq : dq h{dpsoh zkhuh wkh k|srwkhvlv +K, +dqg wkxv
dovr +J,, lv vdwlv�hg1

Sursrvlwlrq 816 Dvvxph wkdw +J, krogv1 Li wkh surfhvv � jlyhq e| wkh
irupxod

�w @
]
`3>w `

gIx
4�Ix� @

]
`3>w `

gS +� � x m Ix,
4� S +� ? x m Ix, +87,

lv I0suhglfwdeoh/ wkhq � lv wkh I0pduwlqjdoh kd}dug surfhvv ri wkh udqgrp
wlph �=

�iNNuH Lw vx�fhv wr fkhfn wkdw Qw��wa� iroorzv dJ0pduwlqjdoh/ zkhuh
J @KbI= Xvlqj +76,/ zh rewdlq iru w ? v

H+Qv �Qw m Jw, @ S +w ? � � v m Jw, @ 44i�Awj S +w ? � � v m Iw,
S +� A w mIw,

@ 44i�Awj H+Iv mIw,�Iw
4�Iw =
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Rq wkh rwkhu kdqg/ iru wkh surfhvv � jlyhq e| +87, zh rewdlq
H��va� � �wa� m Jw� @ H

�]
`wa�>va� `

gIx
4� Ix�

���Jw
�
@ H+44 i�Awj \ m Jw,>

zkhuh
\ ghi@

]
`w>va� `

gIx
4� Ix� @ 44i�Awj \= +88,

Ixuwkhupruh/ xvlqj +77,/ zh jhw

H+ 44i�Awj \ m Jw, @ 44i�Awj H+ 44i�Awj \ mIw,S +� A w m Iw, =

Lw lv wkxv hqrxjk wr yhuli| wkdw L ghi@ H+ 44i�Awj \ m Jw, vdwlv�hv
L @ H+Iv m Iw, �Iw= +89,

Wr wklv hqg/ qrwlfh wkdw
L @ H

�
44i�Avj

]
`w>v`

gIx
4�Ix� .44iw?��vj

]
`w>va� `

gIx
4�Ix�

���Iw
�

@ H
�
H
�
44i�Avj

]
`w>v`

gIx
4�Ix�

���Iv
�
.44iw?��vj

]
`w>va� `

gIx
4�Ix�

���Iw
�

@ H
�
+4� Iv,

]
`w>v`

gIx
4� Ix� .

]
`w>v`

]
`w>x`

gIy
4� Iy� gIx

���Iw
�

@ H
�
+4� Iv,+�v � �w, .

]
`w>v`

+�x ��w,gIx
���Iw

�
@ H+Iv � Iw mIw,

zkhuh wkh odvw htxdolw| fdq eh ghulyhg dorqj wkh vlplodu olqhv dv lq wkh
surri ri sduw +l, lq Sursrvlwlrq 7171 �

Wkh irupxodh hvwdeolvkhg lq Fruroodu| 814 duh vwloo ydolg xqghu wkh
k|srwkhvlv +J,1 Pruh vshfl�fdoo|/ zh kdyh wkh iroorzlqj uhvxow/ zklfk lv
d frqvhtxhqfh ri Fruroodu| 814 frpelqhg zlwk Sursrvlwlrq 816
Fruroodu| 816 Vxssrvh wkdw +J, krogv/ dqg Iw @ S +� � w m Iw, lv d
frqwlqxrxv surfhvv1 Wkhq �w @ �w @ � oq +4�Iw, iru hyhu| w 5 LU.=
+l, Ohw \ @ k+�, iru vrph Eruho phdvxudeoh ixqfwlrq k = LU. $ LU=
Wkhq
H+\ m Jw, @ 44i��wj k+� , . 44i�AwjH

�] 4

w
k+x,h�w��x g�x

���Iw
�
= +8:,
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+ll, Ohw ] eh d I0suhglfwdeoh surfhvv1 Wkhq iru dq| w � v

H+]� m Jw, @ 44i��wj]� . 44iw?�jH
�] 4

w
]xh�w��x g�x

���Iw
�
>

H+]�44iw?��vj m Jw, @ 44i�AwjH
�] v

w
]xh�w��x g�x

���Iw
�
=

81614 Uhsuhvhqwdwlrq Wkhruhp
Zh duh lq d srvlwlrq wr h{whqg Eu�hpdxg*v uhsuhvhqwdwlrq wkhruhp1
Sursrvlwlrq 817 Vxssrvh wkdw k|srwkhvlv +J, krogv dqg wkdw I lv frq0
wlqxrxv1 Ohw k eh d I0suhglfwdeoh surfhvv/ dqg ohw Kw @ H+k� m Jw,= Wkhq/
wkh surfhvv K dgplwv d ghfrpsrvlwlrq lq d frqwlqxrxv pduwlqjdoh dqg d
glvfrqwlqxrxv pduwlqjdoh dv iroorzv

Kw @p3 .
] wa�

3
h�xgpx .

]
`3>w`

+kx �Kx�, gPx> +8;,

zkhuh p lv d frqwlqxrxv I0pduwlqjdoh

pw @ H
�] 4

3
kxh��xg�x

���Iw
�

dqg P lv d glvfrqwlqxrxv J0pduwlqjdoh/ qdpho|/ Pw @ Qw � �wa� =
�iNNuH Iurp +8:, zh nqrz wkdw

Kw @ H+k� m Jw, @ 44i��wjk� .44i�AwjH
�] 4

w
kxh�w��xg�x

���Iw
�

@ 44i��wjk� .44i�AwjDw=
Iurp wkh pduwlqjdoh uhsuhvhqwdwlrq wkhruhp iru wkh Eurzqldq �owudwlrq
lw iroorzv wkdwp lv d frqwlqxrxv I0pduwlqjdoh1 Khqfh wkh Lwar lqwhjudwlrq
e| sduwv irupxod |lhogv

Dw @ h�wpw � h�w
] w

3
kxh��xg�x

@ p3 .
] w

3
h�xgpx .

] w

3
pxh�xg�x �

] w

3
kxg�x
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�
] w

3
h�x

] x

3
kyh��yg�y g�x

@ p3 .
] w

3
h�xgpx .

] w

3
+Dx � kx,g�x=

Ixuwkhupruh +qrwlfh wkdw wkh surfhvv D lv frqwlqxrxv,

44i�AwjDw @
] wa�

3
gDx � 44i��wjD� @

] wa�

3
gDx � 44i��wjK��=

Wkhq/ lw iroorzv wkdw

Kw @p3 .
] wa�

3
h�xgpx .

] wa�

3
+Dx � kx,g�x . 44i��wj+k� �K��,

Vlqfh Dx @ Kx iru x ? �> zh frqfoxgh wkdw +8;, lv ydolg1 �

Uhpdun 817 Wkh surfhvv U wa�3 h�xgpx lv d J0pduwlqjdoh +vhh ehorz,1
Li I lv d Eurzqldq �owudwlrq/ p fdq eh zulwwhq dv d vwrfkdvwlf lqwhjudo
zlwk uhvshfw wr wkh Eurzqldq prwlrq Z= Wkh surfhvv p lv dovr d J0
pduwlqjdoh1

81615 I0frpshqvdwru ri I
Dvvxph qrz wkdw hlwkhu +J, lv qrw vdwlv�hg +dqg wkxv I lv qrw qhfhvvdulo|
dq lqfuhdvlqj surfhvv,/ ru +J, krogv +exw wkh lqfuhdvlqj surfhvv I lv
qrw I0suhglfwdeoh,1 Vv wkh qh{w uhvxow vkrzv/ wkh I0pduwlqjdoh kd}dug
surfhvv � fdq vwloo eh irxqg wkurxjk d vxlwdeoh prgl�fdwlrq ri irupxod
+87,1 Lq idfw/ wkh iruhjrlqj uhvxowv zhuh dovr ghulyhg lq d pruh jhqhudo
vhwwlqj +vhh ^65/ 64`,1

Iurp qrz rq/ zh gr qrw qhhg wr dvvxph wkdw +J, krogv1 Zh zulwh hI
wr ghqrwh wkh I0frpshqvdwru ri wkh I0vxepduwlqjdoh I= Wklv phdqv wkdwhI lv wkh xqltxh I0suhglfwdeoh/ uljkw0frqwlqxrxv/ lqfuhdvlqj surfhvv/ zlwkhI3 @ 3> dqg vxfk wkdw wkh surfhvv iP @ I � hI iroorzv d I0pduwlqjdoh
+wkh h{lvwhqfh dqg xqltxhqhvv ri hI lv d frqvhtxhqfh ri wkh Grre0Ph|hu
ghfrpsrvlwlrq wkhruhp,1
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Sursrvlwlrq 818 +l, Wkh I0pduwlqjdoh kd}dug surfhvv ri d udqgrp wlph
� lv jlyhq e| wkh irupxod

�w @
]
`3>w `

g hIx
4�Ix� = +8<,

+ll, Li hIw @ hIwa� iru hyhu| w 5 LU. +wkdw lv/ wkh surfhvv hI lv vwrsshg dw
�, wkhq � @ hI=

�iNNuH Lw lv fohdu wkdw wkh surfhvv � jlyhq e| +8<, lv suhglfwdeoh1 Wkhuh0
iruh/ zh qhhg rqo| wr yhuli| wkdw Qw � �wa� iroorzv d J0pduwlqjdoh1 Zh
surfhhg dorqj wkh vdph olqhv dv lq wkh surri ri Sursrvlwlrq 8161 Lq wkh
suhvhqw fdvh/ lw lv hqrxjk wr vkrz wkdw iru dq| v � w

hL =@ H
�]

`w>va� `
g hIx

4�Ix�
���Iw

�
@ H+Iv �Iw m Iw, @ H+ hIv � hIw m Iw,>

zkhuh wkh vhfrqg htxdolw| lv reylrxv1 Qrwlfh wkdw iru dq| I0suhglfwdeoh
surfhvv [ zh kdyh

H+44iw?��vj[� mIw, @ H
�]

`w>v`
[x g hIx

���Iw
�
=

Frqvhtxhqwo|/

hL @ H
�
44i�Avj

]
`w>v`

g hIx
4� Ix� . 44iw?��vj

]
`w>va� `

g hIx
4�Ix�

���Iw
�

@ H
�
H
�
44i�Avj

]
`w>v`

g hIx
4�Ix�

���Iv
�
. 44iw?��vj

]
`w>va� `

g hIx
4� Ix�

���Iw
�

@ H
�
+4� Iv,

]
`w>v`

g hIx
4� Ix� .

]
`w>v`

]
`w>x`

g hIy
4�Iy� g hIx

���Iw
�

@ H
�
+�v � �w,+4� Iv, .

]
`w>v`

+�x � �w, g hIx
���Iw

�
=

Vlqfh � lv I0suhglfwdeoh dqg iP lv d I0pduwlqjdoh/ zh kdyh

H
�]

`w>v`
+�x ��w, giPx

���Iw
�
@ 3=
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Frqvhtxhqwo|/ zh rewdlq
hL @ H

�
+�v � �w,+4�Iv, .

]
`w>v`

+�x � �w, g hIx
���Iw

�

@ H
�
+�v � �w,+4�Iv, .

]
`w>v`

+�x � �w, g+Ix � iPx,
���Iw

�

@ H
�
+�v � �w,+4�Iv, .

]
`w>v`

+�x � �w, gIx
���Iw

�
=

Rxu jrdo lv wr vkrz wkdw hL @ H+ hIv � hIw m Iw,= Wr wklv hqg/ zh revhuyh
wkdw ]

`w>v`
+�x ��w, gIx @ ��w+Iv �Iw, .

]
`w>v`

�x gIx=
Wkh Lwar*v lqwhjudwlrq e| sduwv irupxod |lhogv

]
`w>v`

�x gIx @ �vIv � �wIw �
]
`w>v`

Ix� g�x +93,

vlqfh � lv d surfhvv ri erxqghg yduldwlrq/ vr wkdw lwv frqwlqxrxv pduwlq0
jdoh sduw ydqlvkhv1 Ilqdoo|/ xvlqj +8<, zh jhw

]
`w>v`

Ix� g�x @ �v ��w � hIv . hIw=

Frpelqlqj wkh irupxodh deryh/ zh frqfoxgh wkdw

+�v � �w,+4�Iv, .
]
`w>v`

+�x � �w, gIx @ hIv � hIw= +94,

Wklv frpsohwhv wkh surri ri sduw +l, ri wkh sursrvlwlrq1 Dvvxph qrz wkdw
hIwa� @ hIw iru hyhu| w 5 LU.= Wklv phdqv wkdw wkh surfhvv Iw � hIwa� lv
d I0pduwlqjdoh1 Zh zlvk wr vkrz wkdw li wkh surfhvv Qw � hIwa� iroorzv
d J0pduwlqjdoh/ wkdw lv/ H+Qv � hIva� m Jw, @ Qw � hIwa� iru w � v> ru
htxlydohqwo|/ H+Qv � Qw m Jw, @ H+ hIva� � hIwa� m Jw,= E| yluwxh ri +76,/
zh kdyh

H+Qv �Qw m Jw, @ +4�Qw, H+Qv �Qw mIw,
H+4�Qw m Iw, = +95,

Rq wkh rwkhu kdqg/
H+ hIva� � hIwa� m Jw, @ H� 44i�Awj+ hIva� � hIwa� ,

��Jw�
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@ +4�Qw, H+
hIva� � hIwa� m Iw,
H+4�Qw mIw,

@ +4�Qw, H+Iv �Iw m Iw,
H+4�Qw mIw,

@ +4�Qw, H+Qv �Qw mIw,
H+4�Qw m Iw, >

zkhuh wkh vhfrqg htxdolw| iroorzv iurp +75,/ dqg wkh wklug lv d frqvh0
txhqfh ri rxu dvvxpswlrq wkdw wkh surfhvv Iw � hIwa� lv d I0pduwlqjdoh1
�
Uhpdun 818 Xqghu dvvxpswlrq +K,/ wkh surfhvv hI lv qhyhu vwrsshg dw
�> xqohvv � lv d I0vwrsslqj wlph1 Wr vkrz wklv dvvxph/ rq wkh frqwudu|/
wkdw hIw @ hIwa� = Xqghu +K,/ wkh surfhvv Iw � hIwa� lv qrw rqo| d I0
pduwlqjdoh/ exw dovr d J0pduwlqjdoh1 Vlqfh e| yluwxh ri sduw +ll, lq
Sursrvlwlrq 818 wkh surfhvv Qw � hIwa� lv d J0pduwlqjdoh/ zh frqfoxgh
wkdw Q � I iroorzv d J0pduwlqjdoh1 Lq ylhz ri wkh gh�qlwlrq ri I> wkh
odvw surshuw| uhdgv

H+Qv m Jw, �H+H+Qv mIv, m Jw, @ Qw �H+Qw mIw,>
iru w � v> ru htxlydohqwo|

H+Qv �Qw m Jw, @ H�H+Qv m Iv, m Jw, �H+Qw m Iw, @ L4 � L5= +96,
Xqghu +K,/ zh kdyh +fi1 +K3,

L4 @ H+S +� � v mIv, mIw bKw,
@ H+S +� � v mI4, m Iw bKw,
@ H+S +� � v mI4, m Iw,

vlqfh wkh udqgrp yduldeoh S +� � v m I4, lv reylrxvo| I40phdvxudeoh/
dqg wkh �0�hogv I4 dqg Kw duh frqglwlrqdoo| lqghshqghqw jlyhq Iw=
Frqvhtxhqwo|/ L4 @ H+Qv mIw,= Zh frqfoxgh wkdw +96, fdq eh uhzulw0
whq dv iroorzv= H+Qv �Qw m Jw, @ H+Qv mIw,�H+Qw m Iw,= Ixuwkhupruh/
dsso|lqj +95, wr wkh uljkw0kdqg vlgh ri wkh odvw htxdolw|/ zh rewdlq

+4�Qw, H+Qv �Qw m Iw,
H+4�Qw mIw, @ H+Qv �Qw m Iw,=

E| ohwwlqj v whqg wr 4> zh rewdlq Qw @ H+Qw m Iw,> ru pruh h{solflwo|/
S +� � w m Iw, @ 44i��wj iru hyhu| w 5 LU.= Wklv vkrzv wkdw � lv d I0
vwrsslqj wlph1
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81616 Ydoxh ri d Uhedwh
Wkh wkhru| ri gxdo suhglfwdeoh surmhfwlrq suryhv wkdw wkh surfhvv hI
hqmr|v wkh surshuw| wkdw iru dq| I0suhglfwdeoh erxqghg surfhvv k zh
kdyh

H+k� , @ H
�] 4

3
kv g hIv

�
=

Lqghhg/ zrunlqj �uvw zlwk hohphqwdu| suhglfwdeoh surfhvvhv/ rqh pd|
fkhfn wkdw

H+k� mIw, @ H
�] 4

3
kvg hIv mIw

�
+97,

H+k� m Jw, @ k�44+��w, .44+�Aw,H
�] 4

w
kxh�wg hIx

���Iw
�
= +98,

Wklv surshuw| dsshduv wr eh xvhixo lq wkh frpsxwdwlrq ri wkh ydoxh ri d
uhedwh

H�44i��Wj k� � @ H
�] W

3
kv g hIv

�
=

D�e �hL�?�@? �L|�L? �@ti
Lq doo uhvxowv ri wklv vhfwlrq zh dvvxph wkdw wkh �owudwlrq I lv wkh qdwxudo
�owudwlrq ri vrph Eurzqldq prwlrq1 Lq wklv fdvh/ wkh ghfrpsrvlwlrq ri
dq| I0pduwlqjdoh lq wkh �owudwlrq J lv nqrzq xs wr wlph � +vhh Mhxolq*v
dqg \ru*v sdshuv ^65/ 64/ 8<`,1 Iru h{dpsoh/ li Z lv d Eurzqldq prwlrq
zlwk uhvshfw wr I> lwv ghfrpsrvlwlrq lq wkh �owudwlrqJ> ehiruh wkh ghidxow
wlph �> uhdgv

Zwa� @ iZwa� �
] wa�

3
gkZ>I lv
4� Iv� >

zkhuh +iZwa� > w � 3, lv d frqwlqxrxv J0pduwlqjdoh zlwk wkh lqfuhdvlqj
surfhvv w a �= Zh pd| wkxv lqwhusuhw wklv pduwlqjdoh dv d J0Eurzqldq
prwlrq vwrsshg dw wlph w1 Li wkh g|qdplfv ri d ydoxh ri wkh �up Y duh
jlyhq e|

gYw @ Yw+uw gw. �w gZw,
lq d ghidxow0iuhh iudphzrun/ zkhuh Z lv d Eurzqldq prwlrq xqghu wkh
h1p1p1/ wkh ghfrpsrvlwlrq ri Y zlwk uhvshfw wr wkh hqodujhg �owudwlrq
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J lv
gYw @ Yw�uw gw� �w gkZ>I lw

4�Iw� . �w giZw
�

surylghg wkdw zh uhvwulfw rxu dwwhqwlrq wr wlphv ehiruh ghidxow1 Wkhuh0
iruh/ wkh ghidxow dfwv dv d fkdqjh ri guliw whup lq wkh g|qdplfv ri wkh
sulfh surfhvv1 Vrph h{dpsohv zloo eh jlyhq lq Vhfwlrq 91

Lq vrph h{dpsohv/ I lv d frqwlqxrxv lqfuhdvlqj surfhvv1 Lq wklv fdvh/
wkh eudfnhw kZ>I l lv htxdo wr }hur/ dqg wkh I0Eurzqldq prwlrq Z
uhpdlqv d Eurzqldq prwlrq zlwk uhvshfw wr wkh �owudwlrq J xs wr wlph
� 1 Wkhuhiruh/ dq| I0pduwlqjdoh lv htxdo wr d J0pduwlqjdoh xs wr wlph
� 1 Pruhryhu/ wkh kd}dug surfhvv dqg wkh lqwhqvlw| surfhvv duh htxdo1

81714 Uhsuhvhqwdwlrq Wkhruhp
Wkh �owudwlrq I lv dvvxphg khuh wr eh wkh qdwxudo �owudwlrq ri vrph
Eurzqldq prwlrq1 Rq wkh rwkhu kdqg/ lq frqwudvw wr Sursrvlwlrq 817/ zh
qr orqjhu srvwxodwh wkdw wkh k|srwkhvlv +J, lv vdwlv�hg1 Rq wkh rwkhu
kdqg/ zh vwloo pdnh dq dvvxpswlrq wkdw wkh surfhvv I lv frqwlqxrxv1 Xq0
ghu wklv vhw ri dvvxpswlrqv/ zh jhw wkh iroorzlqj uhsuhvhqwdwlrq wkhruhp1
Sursrvlwlrq 819 Ohw k eh d I0suhglfwdeoh surfhvv/ dqg Kw @ H+k� m Jw,=
Wkhq/ wkh surfhvv K dgplwv d ghfrpsrvlwlrq lq d frqwlqxrxv pduwlqjdoh
dqg d glvfrqwlqxrxv pduwlqjdoh dv iroorzv

Kw @ K3 .
] wa�

3
�xg eEx .

]
`3>w`

+kx �Kx�, gPx> +99,

zkhuh eE lv dJ0Eurzqldq prwlrq dqgP lv wkh glvfrqwlqxrxvJ0pduwlqjdoh/
Pw @ Qw � �wa� =
�iNNuH Iurp +98, zh nqrz wkdw

Kw @ H+k� m Jw, @ 44i��wjk� . 44i�AwjH
�] 4

w
kxh�wg hIx

���Iw
�

@ 44i��wjk� . 44i�AwjDw=
Wkh surfhvv � ghi@ I � hI lv d I pduwlqjdoh1 Wkhuhiruh/ wkh surfhvv D fdq
eh zulwwhq dv

Dw @ h�wH
�] 4

w
kxg hIx

���Iw
�
@ h�wH

�] 4

w
kxgIx

���Iw
�
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@ h�wpw � h�w
] w

3
kxgIx

zkhuh pw @ H
�U4

3 kxgIx
���Iw

�
1 Khqfh wkh Lwar lqwhjudwlrq e| sduwv

irupxod |lhogv

Dw @p3 .
] w

3
h�x+gpx � kxgIx,

.
] w

3
Dxh�x+gIx . h�xgkI lx,�

] w

3
gkp�

] �

3
kxgIx> h�lv=

Ohw xv frpsxwh wkh eudfnhw

gkp�
] �

3
kxgIx> h�lv @ h�vgkp�

] �

3
kxgIx>�lv

@ h5�v�gkp>I lv � kvgkI lv�=
Lw iroorzv wkdw

Dw @p3 .
] w

3
h�x�gpx . h�xgkp>I lx�

.
] w

3
h�x+Dx � kx,�gIx . h�xgkI lx�=

Wkh surfhvvhv

hpw @pw .
] w

3
h�xgkp>I lx> h�w @ �w .

] w

3
h�xgk�lx

duh J0pduwlqjdohv/ dqg wkh| fdq eh zulwwhq lq whupv ri hEwa� @ Ewa� .U wa�
3

gkE>I lv
4�Iv 1 Ilqdoo|/ zh kdyh

Kw @ +k� �K��,44i��wj .p3

.
] wa�

3
h�x +ghpx . +Kx � kx,gh�x, .

] wa�

3
+Kx � kx,h�xgDx=

Wklv frpsohwhv wkh surri1 �
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81715 Uhodwlrqvkls Ehwzhhq K|srwkhvhv +J, dqg +K,
Lw dsshduv wkdw prghov lq zklfk k|srwkhvlv +J, krogv duh forvh wr wkdw
lq zklfk +K, lv vdwlv�hg1 Pruh suhflvho|/ zh kdyh wkh iroorzlqj uhvxow1
Sursrvlwlrq 81: Vxssrvh wkdw wkh surfhvv I lv frqwlqxrxv1 Wkh wzr
iroorzlqj frqglwlrqv duh htxlydohqw=
+d, wkh surfhvv Iw @ S +� � w m Iw, lv lqfuhdvlqj/
+e, li +\w> w � 3, lv d I0pduwlqjdoh/ wkhq +\wa� > w � 3, lv d J0pduwlqjdoh1
�iNNuH Li +J, krogv/ wkhq wkh surfhvvNw @ H+44i�Awj m Iw, lv ghfuhdvlqj1Wkhuhiruh/ wkh I0Eurzqldq prwlrqZ uhpdlqv dJ0Eurzqldq prwlrq xs
wr wlph � / dqg wkxv +e, krogv1

Li +e, krogv/ wkh eudfnhw kZ>I l lv htxdo wr }hur1 Wklv lpsolhv wkdw
wkh pduwlqjdoh sduw ri I lv htxdo wr }hur/ wkhuhiruh wkh vxshupduwlqjdoh
I lv dq lqfuhdvlqj surfhvv1 �

D�D N?�^�i?itt Lu @ �@h|�?}@*i O@3@h_ �hLUitt \
Zh vkdoo �uvw h{dplqh wkh uhodwlrqvkls ehwzhhq wkh frqfhsw ri d I0
pduwlqjdoh kd}dug surfhvv � ri � dqg wkh fodvvlf qrwlrq riJ0frpshqvdwru
ri � +ru d gxdo suhglfwdeoh surmhfwlrq ri wkh dvvrfldwhg �uvw mxps surfhvv
Q,1
Gh�qlwlrq 816 D surfhvv D lv d J0frpshqvdwru ri � li dqg rqo| li
wkh iroorzlqj frqglwlrqv duh vdwlv�hg= +l, D lv d J0suhglfwdeoh uljkw0
frqwlqxrxv lqfuhdvlqj surfhvv/ zlwk D3 @ 3> +ll, wkh surfhvv Q �D lv d
J0pduwlqjdoh1

Lw lv zhoo nqrzq wkdw iru dq| udqgrp wlph � dqg dq| �owudwlrqJ vxfk
wkdw � lv d J0vwrsslqj wlph wkhuh h{lvwv d xqltxh J0frpshqvdwru D ri
�= Pruhryhu/ Dw @ Dwa� > wkdw lv/ D lv vwrsshg dw �= Lq wkh qh{w dx{loldu|
uhvxow/ zh ghdo zlwk dq duelwudu| �owudwlrq I zklfk/ zkhq frpelqhg zlwk
wkh qdwxudo �owudwlrq K ri d J0vwrsslqj wlph �> jhqhudwhv wkh hqodujhg
�owudwlrq J=
Ohppd 818 Ohw I eh dq duelwudu| �owudwlrq: vxfk wkdw J @ K b I=
+l, Ohw D eh d J0suhglfwdeoh uljkw0frqwlqxrxv lqfuhdvlqj surfhvv vdwlvi|0

.�t �t�@*c �i @tt�4i |�@| 6 t@|�t�it |�i ��t�@* UL?_�|�L?t�<
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lqj Dw @ Dwa� = Wkhq wkhuh h{lvwv d I0suhglfwdeoh uljkw0frqwlqxrxv lq0
fuhdvlqj surfhvv � vxfk wkdw Dw @ �wa� = +ll, Ohw � eh d I0suhglfwdeoh
uljkw0frqwlqxrxv lqfuhdvlqj surfhvv1 Wkhq Dw @ �wa� lv d J0suhglfwdeoh
uljkw0frqwlqxrxv lqfuhdvlqj surfhvv1

Wkh qh{w sursrvlwlrq vxppdul}hv wkh uhodwlrqvklsv ehwzhhq wkh J0
frpshqvdwru ri � dqg wkh I0pduwlqjdoh kd}dug surfhvv � ri �= Rqfh
djdlq/ I lv dq duelwudu| �owudwlrq vxfk wkdw J @K bI=

Sursrvlwlrq 81; +l, Ohw � eh d I0pduwlqjdoh kd}dug surfhvv ri �= Wkhq
wkh surfhvv Dw @ �wa� lv wkh J0frpshqvdwru ri �= +ll, Ohw D eh wkh J0
frpshqvdwru ri �= Wkhq wkhuh h{lvwv d I0pduwlqjdoh kd}dug surfhvv �
vxfk wkdw Dw @ �wa� =

Ohw xv uhfdslwxodwh wkh uhvxowv deryh1 Iluvw/ iru dq| udqgrp wlph �
rq vrph suredelolw| vsdfh +>J> S ,> dqg dq duelwudu| �owudwlrq I wkhuh
h{lvwv d I0pduwlqjdoh kd}dug surfhvv � ri �= Ixuwkhuhpruh/ lw lv xqltxh
xs wr wlph �> lq wkh iroorzlqj vhqvh= li �4 dqg �5 duh wzr I0pduwlqjdoh
kd}dug surfhvvhv ri �> wkhq �4wa� @ �5wa� = Wr hqvxuh wkh xqltxhqhvv di0
whu � ri d I0pduwlqjdoh kd}dug surfhvvhv zh qhhg wr lpsrvh dgglwlrqdo
uhvwulfwlrqv rq �=

Dvvxph qrz wkdw zh duh jlyhq dJ0vwrsslqj wlph � iru vrph �owudwlrq
J= Wkhq wkhuh h{lvw vhyhudo glvwlqfw �owudwlrqv I vxfk wkdw J @KbI=
Dvvxph wkdw J @KbI4 @KbI5> dqg ghqrwh e| �l d Il0pduwlqjdoh
kd}dug surfhvv ri �= Wkhq �4wa� @ Dwa� @ �5wa� = Lw vhhpv uhdvrqdeohwr vhdufk iru wkh aI0pduwlqjdoh kd}dug surfhvv zkhuh aI lv d cplqlpdo*
�owudwlrq vxfk wkdw J @K b aI=

D�S +i*@|�L?t��T �i|�ii? O@3@h_ �hLUittit K @?_ \
Ohw xv dvvxph wkdw � lv zhoo gh�qhg +lq sduwlfxodu/ � lv qrw d I0vwrsslqj
wlph,1 Xqghu dvvxpswlrq +J,/ li wkh I0kd}dug surfhvv � dqg wkh I0
pduwlqjdoh kd}dug surfhvv � duh frqwlqxrxv surfhvvhv wkhq reylrxvo|
�w @ �w @ � oq +4 � Iw,= Pruh suhflvho|/ xqghu +J,/ wkh frqwlqxlw| ri
� lpsolhv wkh frqwlqxlw| ri � dqg wkh ydolglw| ri +87,1 Rq wkh rwkhu
kdqg/ li wkh I0pduwlqjdoh kd}dug surfhvv � lv jlyhq e| +87,/ dqg � lv d
glvfrqwlqxrxv surfhvv/ wkhq qhfhvvdulo| � 9@ �=
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Uhfdoo wkdw/ li wkh I0kd}dug surfhvv � lv zhoo gh�qhg/ wkhq iru dq|
Iv0phdvxudeoh udqgrp yduldeoh \ zh kdyh +fi1 +78,,

H+ 44i�Avj\ m Jw, @ 44i�AwjH
�\ h�w��v m Iw,= +9:,

Wkh qdwxudo txhvwlrq zklfk dulvhv lv wklv frqwh{w lv zkhwkhu zh pd|
vxevwlwxwh � zlwk wkh I0pduwlqjdoh kd}dug ixqfwlrq � lq wkh irupxod
deryh1 Ri frxuvh/ wkh dqvzhu lv wulyldo +dqg srvlwlyh, zkhq lw lv nqrzq
wkdw htxdolw| � @ � lv ydolg1 Iru lqvwdqfh/ wklv krogv li frqglwlrq +J, lv
vdwlv�hg dqg � lv d frqwlqxrxv surfhvv +uhfdoo wkdw lq wklv fdvh �w @ �w @
� oq +4�Iw,,1 Li/ lq dgglwlrq/ wkh surfhvv � @ � lv devroxwho| frqwlqxrxv
wkhq iru dq| Iv0phdvxudeoh udqgrp yduldeoh \

H+ 44i�Avj\ m Jw, @ 44i�AwjH�\ h�
U v
w �x gx m Iw,= +9;,

Li wkh I0kd}dug surfhvv � h{lvwv/ exw iroorzv d glvfrqwlqxrxv surfhvv
wkhq wkh htxdolw| � @ � lv qhyhu vdwlv�hg1 Pruh suhflvho|/ xqghu +J,/ zh
kdyh

h��w @ h��fw \
3�x�w

+4���x,> +9<,

zkhuh �f lv wkh frqwlqxrxv frpsrqhqw ri �> wkdw lv/
�fw @ �w �

[
3�x�w

��x=

Wkh qh{w uhvxow fryhuv dovr wkh fdvh zkhq wkh I0kd}dug surfhvv �
grhv qrw h{lvw +iru lqvwdqfh/ zkhq � lv d I0vwrsslqj wlph,1 Zh vkdoo zrun
gluhfwo| zlwk wkh I0pduwlqjdoh kd}dug surfhvv �= Lw dsshduv wkdw htxdolw|
+9:, uhpdlqv ydolg zlwk � uhsodfhg e| �> surylghg wkdw dq dgglwlrqdo
frqwlqxlw| frqglwlrq lv vdwlv�hg1 Qrwlfh wkdw iru wkh surfhvv Y lq irupxod
+:3, ehorz wr eh zhoo gh�qhg/ zh qhhg wr vshfli| wkh I0pduwlqjdoh kd}dug
surfhvv � qrw rqo| xs wr �> exw dovr diwhu �= Wkh surri ri wkh qh{w uhvxow
lv doprvw lghqwlfdo wr wkdw ri Sursrvlwlrq 6151
Sursrvlwlrq 81< Dvvxph wkdw wkh k|srwkhvlv +K, lv ydolg dqg wkh I0
pduwlqjdoh kd}dug surfhvv � ri � lv d frqwlqxrxv surfhvv1 Iru d �{hg v A
3> ohw \ eh d Jv0phdvxudeoh udqgrp yduldeoh1 Li wkh +uljkw0frqwlqxrxv,
surfhvv Y> jlyhq e| wkh irupxod

Yw ghi@ H�\ h�w��v m Iw,> ; w 5 ^3> v`> +:3,
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lv frqwlqxrxv dw �> wkdw lv/ �Yva� @ Yva� � Y+va�,� @ 3> wkhq iru dq|
w ? v zh kdyh

H+ 44 i�Avj \ m Jw, @ 44i�AwjH
�\ h�w��v m Jw,= +:4,

Uhpdun 819 Ohw xv uhvwulfw rxu dwwhqwlrq wr wkh fdvh zkhuh I lv d
Eurzqldq �owudwlrq/ dv lw lv wkh fdvh lq wkhvh qrwhv1 Wkhq

H�\ h�w��v m Iw, @ h�wH�\ h��v mIw�=
Wkh pduwlqjdohH�\ h��v mIw� lv frqwlqxrxv dv dq| Eurzqldq pduwlqjdoh
dqg h�w lv frqwlqxrxv e| k|srwkhvlv1 Wkhuhiruh Y lv d frqwlqxrxv surfhvv1

Wkh iroorzlqj fruroodu| surylghv d vx�flhqw frqglwlrq iru wkh pduwlq0
jdoh kd}dug surfhvv � wr ghwhuplqh wkh frqglwlrqdo vxuylydo suredelolw|
ri � jlyhq wkh �0�hog Jw=
Fruroodu| 817 Dvvxph wkdw wkh k|srwkhvlv +K, lv ydolg1 Ohw wkh I0
pduwlqjdoh kd}dug surfhvv � ri � eh d frqwlqxrxv surfhvv1 Iru d �{hg
v A 3> li wkh surfhvv Y jlyhq e| wkh irupxod

Yw @ H�h�w��v m Iw,> ; w 5 ^3> v`> +:5,
lv frqwlqxrxv dw �> wkdw lv/ �Yva� @ Yva� � Y+va�,� @ 3> wkhq iru dq|
w � v zh kdyh

S +� A v m Jw, @ 44i�AwjH�h�w��v mIw,= +:6,

S �@ti ��ihi � �t @ I4�4i@t�h@M*i �@h�@M*i
Rxu dlp lv wr vwxg| vrph sduwlfxodu h{dpsohv/ lq zklfk wkh k|srwkhvlv
+J, lv qrw vdwlv�hg1 Dqrwkhu h{dpsoh fdq eh irxqg lq Nxvxrnd ^66`1 Dv
lq Vhfwlrq 817/ zh dvvxph wkurxjkrxw wkdw I lv wkh Eurzqldq �owudwlrq1
Zh vkdoo pdlqo| vwxg| wkh odvw sdvvdjh wlphv1

S�� �L|@|�L? @?_ �@t�U +it�*|t
Vxssrvh wkdw wkh g|qdplfv ri wkh ydoxh ri d �up duh

gYw @ �+Yw, gw. �+Yw, gZw> Y3 @ y A 3 +:7,
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zkhuh � A 3 dqg wkdw wkh lqwhuhvw udwh u lv htxdo wr 31 Lq zkdw iroorzv/ d
ohyho d lv frqvlghuhg1 Zh ghqrwh e| �d+Y , wkh �uvw wlph zkhq Y lv htxdo
wr d=

�d+Y , @ lqi i w � 3 = Yw @ dj
zlwk lqi i>j @ .4=Zkhq Y lv d wudqvlhqw gl�xvlrq/ zh lqwurgxfh �d+Y ,
wkh odvw wlph zkhuh Y lv htxdo wr d> wkdw lv/

�d+Y , @ vxs iw � 3 = Yw @ dj=
Li wkhuh lv qr dpeljxlw|/ zh vkdoo zulwh eulh�| �d @ �d+Y ,> �d @ �d+Y ,1
Iru d �{hg w> zh vkdoo dovr xvh wkh iroorzlqj udqgrp wlphv

jdw +Y , @ vxs i v � w = Yv @ dj>
gdw +Y , @ lqi ix � w = Yx @ dj=

Wkh udqgrp wlph jdw lv wkh ohiw h{wuhplw| ri wkh h{fxuvlrq zklfk vwudggohvryhu w/ ru wkh odvw sdvvdjh dw wkh ohyho d ehiruh wlph w= Wkh udqgrp wlph
gdw lv wkh �uvw sdvvdjh dw wkh ohyho d diwhu wlph w1 Wkh udqgrp wlphv
jdw dqg �d duh reylrxvo| I40phdvxudeoh> wkh| duh qrw vwrsslqj wlphv/
krzhyhu1 Rq wkh rwkhu kdqg/ wkh udqgrp wlphv �d dqg gdw duh I0vwrsslqjwlphv1 Ohw x ? w1 Wkh htxdolw| ri hyhqwv

ijdw +Y , � xj @ i�d+Y , � xj _ igdx A wj
zloo eh ri frqvwdqw xvh1

Lq wkh fdvh � @ 3 dqg � @ 4/ wkh surfhvv Y lv htxdo wr y .Z / zkhuh
Z lv d Eurzqldq prwlrq dqg xvlqj uhvxowv ri Vhfwlrq 51414 zh jhw

gdw +Y , @ w. lqi ix � 3 = Zx.w �Zw @ ��Zwj
@ w. e���Zw

odz@ w. +��Zw,5
J5 = +:8,

Khuh � @ d� y dqg e�e @ lqi ix � 3 = fZx @ ej/ zkhuh fZ lv d Eurzqldq
prwlrq lqghshqghqw ri Iw> dqg J lv d Jdxvvldq yduldeoh/ zlwk phdq 3
dqg yduldqfh 4/ lqghshqghqw ri Z 1

Vlplodu vwxglhv fdq eh grqh iru wkh surfhvv
ghYw @ hYw+�gw. � gZw,> hY3 @ y>
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wkdqnv wr wkh iroorzlqj uhodwlrqvklsv

jd+hY , @ vxs iw � 4 = +�� �5
5 ,w . �Zw @ oq dy j

@ vxs iw � 4 = �w.Zw @ �j
@ vxs iw � 4 = iZw @ �j @ j�+iZ ,>

�d+hY , @ vxs iw = iZw @ �j>
zkhuh

� @ 4
� +��

�5
5 ,> � @ 4

� oq dy ? 3> iZw @ �w.Zw =

91414 Ydoxdwlrq ri Ghidxowdeoh Fodlpv
Iru vlpsolflw|/ zh dvvxph wkdw u @ 31 Rxu dlp lv wr frpsxwh wkh ydoxh
ri d frqwlqjhqw fodlp zlwk sd|r� J+YW ,/ zkhuh W lv d �{hg wlph/ li wkh
ghidxow kdv qrw dsshduhg ehiruh wlph W 1 Wklv sd|r� lv pdgh hlwkhu dw
wlph W ru odwhu +vhh ehorz iru ghwdlov,1 Wkh fdvh zkhuh d sd|phqw ri
k� lv pdgh dw wlph � li wkh ghidxow kdv dsshduhg ehiruh W> dqg zkhuh k
lv vrph jlyhq I0suhglfwdeoh surfhvv lv dovr wdnhq lqwr dffrxqw1 Lq wklv
vhwwlqj/ wkh ydoxh ri wkh ghidxowdeoh fodlp lv wkh h{shfwdwlrq ri

J+YW ,44iW?�j . k�44i��Wj =
Wkh ydoxh ri wkh ghidxowdeoh fodlp iru d J0lqiruphg djhqw frqvlvwv ri
wzr frpsrqhqwv=
� Whuplqdo sd|r�
Wkh ydoxh ri wkh whuplqdo sd|r� lv

H+J+YW ,44iW?�j m Jw, @ 44i�AwjH+J+YW ,44iW?�j m Iw,H+44i�Awj mIw,
@ 44i�AwjH+J+YW ,h�w��W m Iw,

zkhuh h��w @ 4 � Iw @ S +� A w m Iw,= Lq wkh vshfldo fdvh zkhq h��w @
#+Yw,/ zh rewdlq/ gxh wr Pdunry surshuw| ri Y

H+J+YW ,h��W m Iw, @ �+Yw> W � w,
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zlwk �+{> x, @ H+J+Y {x ,#+Y {x ,,> zkhuh Y { lv wkh vroxwlrq ri +:7, zlwk
wkh lqlwldo ydoxh {1 Lq rughu wr hydoxdwh wklv sduw/ wkh frpsxwdwlrq ri
wkh lqwhqvlw| lv qrw vx�flhqw1
� Uhedwh
Dv zh phqwlrqhg hduolhu/ li k lv d +erxqghg, I0suhglfwdeoh surfhvv wkhq

H�k�44iw?��WjmJw� @ 44iw?�jh�wH�
] W

w
kv g hIvmIw�=

Dv zh vkdoo vhh lq zkdw iroorzv/ lq pdq| h{dpsohv wkh surfhvv hI hyroyhv
dv d orfdo wlph cd+Y ,1 Lq wkh sduwlfxodu fdvh zkhq kv @ k+Yv,/ wkh frp0
sxwdwlrq ri wkh uhedwh sduw fdq eh grqh xvlqj wkh zhoo nqrzq surshuw|
ri wkh orfdo wlph= U W3 k+Yv, gcdv+Y , @ k+d,cdW +Y ,1

91415 Vfdoh Ixqfwlrq
Uhfdoo wkdw d vfdoh ixqfwlrq iru d gl�xvlrq Y lv d ixqfwlrq v = LU$ LU vxfk
wkdw wkh surfhvv v+Y , iroorzv d orfdo pduwlqjdoh1 Lq rxu vhwwlqj/ wkh vfdoh
ixqfwlrq iru Y lv nqrzq wr vdwlvi| v3+{, @ f h{s �� 5U {3 �+|,��5+|, g|�>
zkhuh f lv d frqvwdqw1 Lq wkh fdvh ri frqvwdqw frh�flhqwv � dqg �> zlwk
� ? 3 dqg � A 3/ zh pd| fkrrvh v+{, @ h{s �� 5���5{�> vr wkdw v lv d
vwulfwo| lqfuhdvlqj ixqfwlrq dqg v+�4, @ 31

Ohw cd+Y , vwdqg iru wkh orfdo wlph ri Y dw wkh ohyho d dqg O|+\ , wkh
orfdo wlph ri \ @ v+Y , dw wkh ohyho | +ri frxuvh/ erwk Y dqg v+Y , duh
frqwlqxrxv vhplpduwlqjdohv,1 Wkh ghqvlw| ri rffxsdwlrq wlph irupxod
iru \ ohdgv wr
]
LU
i+|,O|w +\ , g| @

] w

3
i+\v, gk\ lv @

] w

3
i+v+Yv,, ^v3+[v,`5 gk[lv

@
]
LU
i+v+d,, ^v3+d,`5cdw +Y , gd

@
]
LU
i+|,v3+v�4+|,, cv�4+|,w +Y , g|=

Wklv vkrzv wkdw Ov+d,w +\ , @ v3+v+d,, cdw +Y ,=
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S�2 w@t| �@tt@}i A�4i Lu @ Ah@?t�i?| #�g�t�L?
Ohw Y eh d wudqvlhqw gl�xvlrq dqg v d vfdoh ixqfwlrq vxfk wkdw v+�4, @ 3
dqg v+{, A 31 Ohw �d ghi@ vxs iw � 3 = Yw @ dj eh wkh odvw sdvvdjh wlph
ri Y dw wkh ohyho d1 Wkh ydoxh ri wkh �up zloo qhyhu eh dw d diwhu wlph
�d1

91514 I0frpshqvdwru ri Q
Zh vkdoo qrz irfxv rq wkh h{solflw hydoxdwlrq ri wkh I0frpshqvdwru ri
wkh �uvw mxps surfhvv dvvrfldwhg zlwk wkh odvw sdvvdjh wlph ri d wudqvlhqw
gl�xvlrq1

Ohppd 914 Zh kdyh

h��w @ S +�d A w mIw, @ v+Yw,
v+d, a 4=

Wkh I0frpshqvdwru ri wkh surfhvv Qw @ 44i�d�wj lv hIw @ 4
5v+d,O

v+d,
w >

zkhuh O lv wkh orfdo wlph ri wkh frqwlqxrxv vhplpduwlqjdoh v+Y ,1

�iNNuH Wkhvh uhvxowv duh zhoo nqrzq +vhh/ iru h{dpsoh/ \ru ^8<`/ s17;,1
Zh uhsurgxfh khuh wkh surri1 Revhuyh wkdw

Sy��d A w mIw� @ Sy
�
lqix�wYx ? d

���Iw
�

@ Sy
�
vxs
x�w

+�v+Yx,, A �v+d,
���Iw

�

@ SYw
�
vxs
x�3

+�v+Yx,, A �v+d,
�
@ v+Yw,

v+d, a 4>

zkhuh wkh wzr htxdolwlhv iroorz iurp wkh Pdunry surshuw| ri Y> dqg wkh
idfw wkdw li P lv d frqwlqxrxv orfdo pduwlqjdoh zlwk P3 @ 4> Pw � 3>
dqg olpw$4Pw @ 3> wkhq

vxs
w�3

Pw
odz@ 4

X >
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zkhuh X kdv d xqlirup odz rq ^3> 4` +vhh Uhyx} dqg \ru ^7:`/ Fkds15/
H{16145,1 Wdqdnd*v irupxod lpsolhv wkdw

v+Yw,
v+d, a 4 @Pw � 4

5v+d,O
v+d,
w

zkhuh P lv d pduwlqjdoh dqg wkh qhhghg uhvxow lv wkhq hdvlo| rewdlqhg1
�

91515 Dssolfdwlrq wr wkh Ydoxdwlrq ri Ghidxowdeoh Fodlpv
Lq wklv vhfwlrq/ zh vkdoo h{solflwo| frpsxwh wkh ydoxh ri d ghidxowdeoh
fodlp lq wkh sduwlfxodu fdvh zkhuh Yw @ y . �w . �Zw/ zlwk � ? 31 Lq
wklv fdvh/ wkh vfdoh ixqfwlrq lv v+{, @ h{s+�5���5{,= Uhfdoo wkdw zh
frqvlghu khuh wkh ghidxow wlph � @ �d ghi@ vxs iw � 3 = Yw @ dj= Qrwh
wkdw } a 4 @ 4 � +4 � },.1 Wkhuhiruh/ H+k+YW ,]W mIw, @ �+Yw> W � w,/
zkhuh
�+{> x, @ H

�
k+{. �x. �Zx,

�
4�

�
4� v+{. �x. �Zx,

v+d,
�.�� >

ru htxlydohqwo|/

�+{>x, @ H^k+Y {x ,`�H
%
k+Y {x ,

�
4� 4

v+d, h{s�
5�
� +{. �x. �Zx,

�.&
>

zkhuh Y {x @ { . �x . �Zx= Lq wkh fdvh ri d ghidxowdeoh }hur0frxsrq
erqg zlwk }hur uhfryhu|/ wkh frpsxwdwlrq uhgxfhv wr wkh fodvvlf fdvh ri
d Hxurshdq rswlrq1 Lqghhg/ iurp wkh deryh frpsxwdwlrqv

H+44i�AWj m Jw, @ 44i�Awj v+d, �H++v+d,� v+YW ,,. mIw,
v+Yw, a v+d,

dqg wkh fdofxodwlrq ri
H�+v+d,�v+YW ,,. mIw� @ H

��v+d,�h{s �� 5�
�5 +y.�W .�ZW ,��.

���Iw
�

lv wkh vdph dv lq wkh fdvh ri d sxw rswlrq lq wkh Eodfn0Vfkrohv prgho1
Lq wkh rwkhu fdvhv/ hyhq wkrxjk wkh frpsxwdwlrqv duh vrphwlphv khdy|/
wkh| rqo| lqyroyh wkh Jdxvvldq odz1
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S�� w@t| �@tt@}i A�4i �iuLhi �@?!h�T|U)
Zh qrz dvvxph wkdw � @ jd�3+Y , @ vxs iw � �3 = Yw @ dj> zkhuh

�3 @ �3+Y , @ lqi iw � 3 = Yw @ 3j
lv wkh edqnuxswf| gdwh/ dqg y A d= Ohw � @ 3 dqg ohw � eh d qrqqhjdwlyh
frqvwdqw1 Wkhq

S �jd�3+Y , � w m Iw� @ S �g�w +Z , A �3+Z , mIw�

rq wkh vhw iw ? �3+Z ,j/ zkhuh zh vhw � @ y � d
� 1 Lw lv hdv| wr suryh wkdw

S�g�w +Z , ? �3+Z , m Iw� @ �+�Zwa�3+Z ,,>
zkhuh wkh ixqfwlrq � = LU$ LU htxdov

�+{, @ S{+��+Z , ? �3+Z ,, @ {@� iru 3 ? { ? �>
@ 4 iru � ? {>
@ 3 iru { ? 3=

Frqvhtxhqwo|/ rq wkh vhw i�3+Y , A wj zh kdyh

H�jd�3 � w m Iw� @ +��Zwa�3,.
� @ +��Zw,.

� =

Zh ghgxfh wkdw wkh I0frpshqvdwru ri wkh surfhvv Qw @ 44ijd�3�wj lv
Dw @ 4

5�O
�w +Z ,1

S�e w@t| �@tt@}i A�4i �iuLhi �@|�h�|)
Lq wklv vhfwlrq/ zh dvvxph wkdw d �up rshudwhv xqwlo wlph W . % @ �/
zkhuh W lv d �{hg wlph/ dqg lw surplvhv wr sd| wr wkh lqyhvwruv dw gdwh
� wkh dprxqw K+YW ,1 Li wkh ydoxh ri wkh �up uhpdlqv ehwzhhq W dqg �
deryh d ohyho d> iru vrph d ? y> wkhq wkh �up ghidxowv dqg wkh sd|phqw ri
K+YW , dw wlph � lv qrw pdgh1 Lq wklv vhwwlqj/ wkh ydoxh ri wkh ghidxowdeoh
fodlp zlwk d uhedwh jlyhq e| wkh surfhvv kw lv wkh h{shfwdwlrq ri

K+YW ,44iW?�j .K+YW ,44iYW�dj44i��Wj . k�44iYW�dj44i��Wj>
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zkhuh
� @ vxs i w � � = Yw @ dj @ jd� +Y ,=

Li Yw A d iru hyhu| w � �/ zh vhw � @ �1 Li wkh wlph %/ zklfk dfwv dv d
ghod|/ lv htxdo wr 3/ wkh sureohp lv hdvlhu/ dw ohdvw dw wlph 3/ vlqfh lq wklv
fdvh wkh sd|r� lv d I40phdvxudeoh fodlp K+Y4,44iY4Adj . kj44iY4?dj/dqg zh duh uhgxfhg wr d _gljlwdo% frpsxwdwlrq iru wkh �uvw sduw +zh
vkdoo h{sodlq odwhu krz wr hydoxdwh wkh uhedwh sduw,1 Iru vlpsolflw|/ zh
vhw � @ 4 lq zkdw iroorzv1

91714 Eurzqldq Prwlrq Fdvh
Zh suhvhqw khuh wkh fdvh ri d Eurzqldq prwlrq1 Li Y lv d Eurzqldq
prwlrq zlwk frqvwdqw guliw/ wkh fdofxodwlrqv fdq dovr eh grqh/ exw wkh|
duh pruh lqyroyhg1
� Frpsxwdwlrq ri wkh lqwhqvlw| ixqfwlrq
Zrunlqj lq wkh K0�owudwlrq lv hdv|/ vlqfh zh qhhg rqo| wr nqrz wkh
suredelolw| odz ri wkh udqgrp yduldeoh j @ vxs iw � 4 = Zw @ 3j> zkhuh
wkh Eurzqldq prwlrq Z vwduwv iurp 31 Lw lv zhoo nqrzq wkdw j iroorzv d
dufvlqh odz/ l1h1/

I +w, @ S +j � w, @ 5
�Dufvlq

sw=
Wkhuhiruh/ wkh lqwhqvlw| ixqfwlrq ri wkh udqgrp wlph j lv

�+w, @ i+w,
4� I +w, @

4
+4�Dufvlq+sw,,sw+4� w, =

� Frpsxwdwlrq ri wkh I0frpshqvdwru

Ohppd 915 Wkh I0kd}dug surfhvv ri Q lv

Iw @ S +j � w m Iw, @ �
� mZw ms4� w

�
+:9,

zkhuh
�+{, @

u 5
�
] {

3
h{s+�x

5
5 , gx=
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Wkh I0frpshqvdwru ri Qw @ 44ij�wj htxdov
hIw @

] w

3

u5
�

gOvs4� v >
zkhuh O lv wkh orfdo wlph dw ohyho 3 ri wkh Eurzqldq prwlrq Z=
�iNNuH Wklv uhvxow lv zhoo nqrzq dqg fdq eh irxqg lq \ru ^8<`1 Zh
uhsurgxfh wkh surri1 Iru w ? 4/ wkh vhw ij � wj lv htxdo wr igw A 4j1 Wkh
uhvxow iroorzv iurp +:8, dqg wkh iroorzlqj htxdolw|;

S
� d5
J5 A 4� w

�
@ �

� md ms4� w
�
=

Wkhq/ wkh Lwar0Wdqdnd irupxod frpelqhg zlwk wkh lghqwlw| {�3+{, .
�33+{, @ 3 ohdg wr

S +j � w mIw, @ �
� mZw ms4� w

�

@
] w

3
�3
� mZv ms4� v

�
g
� mZv ms4� v

�
. 4
5
] w

3
gv

4� v�
33
� mZv ms4� v

�

@
] w

3
�3
� mZv ms4� v

� vjq+Zv,s4� v gZv .
] w

3
gOvs4� v�

3
� mZv ms4� v

�

@
] w

3
�3
� mZv ms4� v

� vjq+Zv,s4� v gZv .
u 5
�
] w

3
gOvs4� v =

Lw iroorzv wkdw wkh I0frpshqvdwru ri Q lv
hIw @

u 5
�
] waj

3
gOvs4� v =

Wkhuhiruh/ vlqfh hIw @ hIwaj wkh I0pduwlqjdoh kd}dug surfhvv ri j lv g�w @u 5
�

gOws4� w 1 �

Uhpdun 914 +l, Lq wklv sduwlfxodu fdvh/ lw lv srvvleoh wr jlyh wkh ghfrp0
srvlwlrq ri wkh Eurzqldq prwlrq lq wkh hqodujhg �owudwlrq/ qdpho|/

Zw @iZw �
] w

3
44^3>j`+v, �3

4��
� mZv ms4� v

� vjq+Zv,s4� v gv
H�t �t�@*c C t|@?_t uLh @ t|@?_@h_ B@�tt�@? h���
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. 44ij�wj vjq+Z4,
] w

j
�3
�
� mZv ms4� v

�
gv=

+ll, Lw lv lqwhuhvwlqj wr qrwlfh wkdw wkh frqwlqxrxv I0vxepduwlqjdoh Iw @
S +j � w mIw, grhv qrw iroorz dq lqfuhdvlqj surfhvv/ vr wkdw Iw 9@ 4 �
h{s+��w,/ dqg zh kdyh dq h{dpsoh zkhq wkh htxdolw| � @ � grhv qrw
krog1 Lq rughu wr hqvxuh wkdw wkh frqglwlrqdo h{shfwdwlrq iroorzv dq lq0
fuhdvlqj surfhvv/ lw lv qhfhvvdu| wr zrun zlwk wkh �owudwlrq hI jhqhudwhg
e| wkh J0Eurzqldq prwlrq hE +Vhh D}�hpd hw do1 ^5` ru \ru ^8<`/ Surs1
4718,1 Qr �qdqfldo lqwhusuhwdwlrq ri wklv qhz �owudwlrq lv dydlodeoh/ krz0
hyhu1

Qrwlfh wkdw frqglwlrq +J, lv qrw vdwlv�hg lq wkh suhvhqw vhwwlqj +wkxv
+K, grhv qrw krog qhlwkhu,1 Ixuwkhupruh/ erwk I dqg � duh frqwlqxrxv
surfhvvhv/ exw I lv qrw dq lqfuhdvlqj surfhvv/< dqg fohduo| � 9@ �= Wr
frqfoxgh/ li +J, idlov wr krog/ wkh frqwlqxlw| ri � dqg � lv qrw vx�flhqw
iru wkh htxdolw| � @ � wr eh vdwlv�hg1 Ohw xv �qdoo| revhuyh wkdw I0
lqwhqvlw| � lv dovr wkh aI0lqwhqvlw| ri �> zkhuh aI vwdqgv iru wkh �owudwlrq
jhqhudwhg e| wkh surfhvv mZwm +ri frxuvh/ aI lv d vwulfw vxe�owudwlrq ri
I,1 Zh kdyh �w @ S +j � w mIw, @ S +j � w m aIw, iru hyhu| w=
� Ghidxowdeoh fodlpv
Zh suhvhqw khuh wkh frpsxwdwlrq ri H+K+ZW ,44iW?jj m Jw,/ iru w ? W ?
4= Zh nqrz wkdw

S +j A w m Iw, @ 4� �
� mZw ms4� w

�
=

Lq rughu wr hydoxdwh H+K+ZW ,44iW?jj m Iw,/ zh �uvw frqglwlrq zlwk uh0
vshfw wr IW =

H+K+ZW ,44iW?jj m Iw, @ H+K+ZW , m Iw,�H
�
K+ZW ,�

� mZW ms4� W
� ���Iw

�
=

Wkh frpsxwdwlrq fdq eh grqh xvlqj wkh Pdunry surshuw|= H+K+ZW , m Iw, @eK+Zw,> zkhuh eK+d, @ H+K+ZW�w . d,, dqg

H
�
K+ZW ,�

� mZW ms4� W
� ���Iw

�
@ gK�+Zw,>

bA��t uLh4�*@ EDb� h@|�ih |�@? EDe� t�L�*_ Mi �ti_ |L i�@*�@|i \�
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zkhuh lq wxuq
gK�+d, @ H

�
K+ZW�w . d,�

� mZW�w . d ms4� W
��

>

ru pruh h{solflwo|/
gK�+d, @ 4s5�+W � w,

]
LU
K+x,�

� mx ms4� W
�
h{s

�
� +x� d,5

5+w� w,
�
gx=

Wkh frpsxwdwlrq iru wkh uhedwh sduw/ lq wkh sduwlfxodu fdvh kv @
k+Yv, iroorzv iurp

H+
] W

w
kvg hIvmIw, @ k+d,H+ hIW � hIwmIw, @ k+d,^H+h�W mIw,� h�w `

zklfk fdq eh grqh zlwk Pdunry surshuw|1
� Jhqhudolvdwlrq
Wkhvh uhvxowv fdq eh h{whqghg wr wkh odvw wlph ehiruh 4 zkhuh wkh Eurz0
qldq prwlrq uhdfkhv wkh ohyho �1 Ohw j� @ vxs iw � 4 = Zw @ �j> zkhuh
vxs+>, @ 4= Lq wkh �owudwlrq K> wkh lqwhqvlw| ixqfwlrq ri j� lv jlyhq
wkurxjk wkh suredelolw| odz ri j�> dv jlyhq lq \ru ^8;` +vhh irupxod +61e,
wkhuhlq,

S +j� 5 gx, @ h{s
�
� �5
5+4� x,

� gx
�sx+4� x, =

Qrwh wkdw wkh uljkw0kdqg vlgh lv d vxe0suredelolw|/ dqg wkdw wkh plvvlqj
pdvv lv

S +j� @ 4, @ S +�� � 4, @ S + mJ m � �, =
zkhuh J lv wkh vwdqgdug Jdxvvlrq yduldeoh1 Wkh frpsxwdwlrq lq wkh
hqodujhg �owudwlrq iroorzv iurp wkh uhpdun wkdw

S +j� ? w mIw, @ �
� m��Zw ms4� w

�
=

Wkh gxdo suhglfwdeoh surmhfwlrq ri Qw @ 44ij��wj lv

Dw @
u 5
�
] w

3
gO�vs4� v>

zkhuh O� lv wkh orfdo wlph ri Z dw wkh ohyho �=
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91715 Eurzqldq Prwlrq zlwk Guliw
Zh uhwxuq wr wkh jhqhudo fdvh +:7, zlwk frqvwdqw frh�flhqwv= gYw @
�gw. � gZw=
� Frpsxwdwlrq ri wkh lqwhqvlw| ixqfwlrq
Lq wklv vhfwlrq/ zh frpsxwh wkh lqwhqvlw| ri wkh ghidxow wlph lq wkh �o0
wudwlrq K1 Lq rughu wr vlpsoli| wkh surri/ zh vhw � @ 4/ dqg zh zulwh
jd+Y , iru jd4 +Y ,1 Ri frxuvh/ zh qhhg rqo| wr nqrz wkh suredelolw| odz
S +jd+Y , ? w,1 Wkh ghidxow wlph fdq eh zulwwhq lq whupv ri Eurzqldq
prwlrq dv iroorzv

jd+Y , @ vxs iw � 4 = �w. �Zw @ d � yj
@ vxs iw � 4 = �w .Zw @ �j
@ vxs iw � 4 = �Zw @ �j @ j�+ �Z ,

zkhuh � @ �@� dqg � @ +d � y,@� ? 3= Xvlqj Jluvdqry*v wkhruhp/ zh
rewdlq

S +jd+Y , � w, @ H
�
44ij��wj h{s ��Z4 � �5

5
� � +::,

zkhuh
j� @ j�4 +Z , @ vxs iw � 4 = Zw @ �j=

Wkhq
S +jd+Y , � w, @ h{s

�
��� �5

5
�
H
�
44ij�+Z ,?wj h{s ���p4

s4� j��
�

zkhuh � lv d Ehuqrxool udqgrp yduldeoh/ p4 lv wkh ydoxh dw wlph 4 ri wkh
Eurzqldq phdqghu/ zlwk wkh suredelolw| odz

S +p4 5 g{, @ { h{s+�{
5
5 , 44i{�3j g{=

Ixuwkhupruh/ wkh udqgrp yduldeohv j�> �> dqg p4 duh pxwxdoo| lqghshq0
ghqw1 Wkhuhiruh/

S +jd+Y , � w, @ h{s
�
��

��
5
5
� ] w

3
4

�sx+4� x, h{s
�
� �5
5+4� x,

�

+�>x, gx +:;,

ghi@ �+y> d> w,>
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zkhuh

+�> x, @ 4

5
�] 4

3
h�{s4�x{h�{5@5 g{.

] 4

3
h��{s4�x{h�{5@5 g{

�
>

wkdw lv/

+�> x, @

] 4

3
frvk+��{s4� x,{h�{5@5 g{=

Ri frxuvh/ iru � @ 3 zh rewdlq wkh vdph uhvxow dv lq wkh suhylrxv sdud0
judsk1

Sursrvlwlrq 914 Zkhq wkh djhqw kdv rqo| wkh lqirupdwlrq ri ghidxow
wlph/ wkh ydoxh ri d ghidxowdeoh }hur0frxsrq erqg lv h{s+�U Ww �v gv,>
zkhuh +� lv gh�qhg e| +:;,,

�w @ �3w+y> d> w,
4��+y> d> w, =

� Frpsxwdwlrq ri wkh I0kd}dug surfhvv
Iroorzlqj wkh deryh frpsxwdwlrqv/ zh rewdlq

S +jd+Y , � w mIw, @ G�4w H+G444ij�+Z ,�wj m Iw,>

zkhuh Gw @ h{s ��Zw � w�5
5
�1 Wkhuhiruh/ iurp wkh htxdolw|

ij�+Z , � wj @ i��+Z , � wj _ ig�w A 4j
zh rewdlq
H+G444ij��wj mIw,

@ h{s ��Zw � �5
5
� 44i��+Z ,�wjH� h{s^�+Z4 �Zw,`44ig�w +Z ,A4j mIw,

Xvlqj wkh lqghshqghqfh surshuwlhv ri wkh Eurzqldq prwlrq dqg htxdolw|
+:8,/ zh jhw

H� h{s^�+Z4 �Zw,`44ig�w +Z ,A4j mIw�

@ H� h{s^�fZ4�w`44ie��ZwA4�wj mIw
� @ �+��Zw>4� w,
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zkhuh
�+z> v, @ H�h�Zv44i�z�vj

� @ hv�5@5 �H�h�Zv44i�z?vj
�=

� Frpsxwdwlrq ri �
E| frqglwlrqlqj zlwk uhvshfw wr I�z / zh rewdlq

H�h�Zv44i�z?vj
�

@ h�zH
�
44i�z?vjh�

5
5 +v��z,H�h�+Zv�Z�z ,� �5

5 +v��z, mI�z
��

@ h�zH
�
44i�z?vjh�

5
5 +v��z,

�
@ h�z. v�5

5 K+�> mz m > v,
zkhuh K lv gh�qhg lq +4,1 Wkhuhiruh/

S +jd+Y , � w mIw, @ 44i��+Z ,�wj h{s
� +x� 4,�5

5
�
�+��Zw> 4� w,

@ 44i��+Z ,�wj
�
4� h�+��Zw,K+�> m��Zw m > 4� w,

�
=

Ohppd 916 Zh kdyh
S +jd+Y , A w m Iw, @ 44i��+Z ,�wjh�+��Zw,K+�> m��Zw m >4� w,=

� Ydoxh ri d ghidxowdeoh }hur0frxsrq erqg
Zh fdq h{suhvv wkh deryh uhvxow lq whupv ri wkh ydoxh ri wkh �up/ xvlqj
wkdw wkh Eurzqldq prwlrq wkdw zh duh xvlqj lv htxdo wr +Yw � y,@�= Zh
kdyh
S +jd+Y , � w mIw, @ 44i�d+Y ,�wj

�
4� h��+Yw�d,@�K+�> 4� mYw� d m >4� w,

�
=

Wkh frpsxwdwlrq ri S +jd+Y , A W m Iw, @ H+]W m Iw, fdq eh grqh dv lq
kh suhylrxv fdvh/ zlwk wkh khos ri Pdunry surshuw|1
� Ghfrpsrvlwlrq ri S +jd+Y , � w mIw,
Xvlqj wkh ghfrpsrvlwlrq S +jd+Y , � w m Iw, @ \w44i��+Z ,�wj> zkhuh

\w @ 4� h�+��Zw,K+�> m��Zw m >4� w,>
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zh duh deoh wr ghwhuplqh wkh I0pduwlqjdoh kd}dug surfhvv ri jd+Y ,1 Xv0
lqj Lwar*v ohppd/ zh rewdlq wkh ghfrpsrvlwlrq ri \w dv d vhplpduwlqjdoh
\w @Pw .Nw1 Pruh suhflvho| gPw @ pwgZw dqg gNw @ nwgw . �wgOw>
zkhuh

pw @ h�+��Zw,+�K � vjq+��Zw,K 3{,+�> m��Zw m >4� w,>
nw @ h�+��Zw,+K 3x . �K3{vjq+��Zw,

� +4@5,+K33{{ . �5K,,+�> m��Zw m >4� w,>
�w @ �h�+��Zw,K3{+�> m��Zw m > 4� w,=

Wkhuhiruh/ wkh I0frpshqvdwru ri jd+Y , lv 44i��+Z ,�wj
gNw
4� \w 1

S�D �MtL*�|i*) �L?|�?�L�t W?|i?t�|)
Zh jlyh khuh d sxuho| pdwkhpdwlfdo h{dpsoh/43 lq zklfk wkh ghidxow
wlph lv I40phdvxudeoh udqgrp yduldeoh/ dqg wkh I0pduwlqjdoh kd}dug
surfhvv lv devroxwho| frqwlqxrxv zlwk uhvshfw wr Ohehvjxh*v phdvxuh1

Ohw Z eh d Eurzqldq prwlrq dqg ohw � @ vxs iw � 4 = Zw @Z4@5j1
Wkhq/

i� � wj @ i lqiw�v�4 5Zv �Z4 � 3j ^ i vxs
w�v�4

5Zv �Z4 � 3j=

Wkh txdqwlw| S +� � w>Z4 � 3 m Iw, fdq eh hydoxdwhg xvlqj wkh htxdolwlhv
i lqiw�v�4Zv � Z4

5 � 3j @ i lqiw�v�4+Zv �Zw, � Z4
5 �Zw � �Zwj

@ i lqi3�x�4�w+iZx, �
iZ4�w
5 � Zw

5 � �Zwj>

zkhuhiZ lv d Eurzqldq prwlrq lqghshqghqw riIw1 Pruh suhflvho|/ S +� �
w>Z4 � 3 mIw, @ �+w>Zw,/ zkhuh

�+w> {, @ S + lqi3�x�4�w
iZx �

iZ4�w
5 � 4

5{ � �{,

@ S + vxs
3�x�4�w

Zx � Z4�w
5 . 4

5{ � {,
@ S +5V4�w �Z4�w � {>Z4�w � {,=

�f ì @hi �?_iM|i_ |L ��U�i* ,4ih) uLh |��t i @4T*i�
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Wkhq ]w @ S +� A w mIw, @ 5�+w>Zw,> dqg wkh I0pduwlqjdoh kd}dug
surfhvv ri wkh �uvw mxps surfhvv Qw @ 44i��wj vdwlv�hv

g hIw @
�
5 C�Cw . C5�

C{5
�
+w>Zw, gw=

S�S W?uLh4@|�L?
Vxssrvh wkdw wkh ydoxh ri wkh �up lv dq dvvhw/ ru wkdw wkhuh lv dq dvvhw
vxfk wkdw wkh pdunhw lv IW 0frpsohwh/ l1h1 dq| IW 0phdvxudeoh u1y1 lv
khgjhdeoh1 Vxssrvh wkdw/ dv lq wkh odvw h{dpsoh/ wkh ghidxow wlph lv IW 0
phdvxudeoh1 Lq wklv fdvh/ li wkh lqirupdwlrq ri dq djhqw lv wkh �owudwlrq
Jw/ wklv djhqw zloo eh dq lqvlgh wudghu1 Lq dq reylrxv zd|/ li wkh djhqw
revhuyhv wkh odvw sdvvdjh wlph dw d �{hg ohyho/ dv vrrq dv wklv wlph lv
uhyhdohg/ kh zloo nqrz wkdw wkh sulfh zloo vwd| ehorz +ru deryh, wklv ohyho1
Lqyhvwljdwlqj wklv nlqg ri lqirupdwlrq lv zrun lq surjuhvv1 Li wkhuh lv qr
lqvlgh wudghu/ wkh sulfh ri d ghidxowdeoh fodlp zloo eh khgjhdeoh1

S�. +iThiti?|@|�L? A�iLhi4
Lq wkh suhvhqw vhwwlqj/ xqghu vrph h{wud k|srwkhvlv rq � +l1h1 � lv krqhvw,/
d uhsuhvhqwdwlrq wkhruhp fdq eh hvwdeolvkhg +vhh wkh sdshu e| D}�hpd/
Mhxolq/ Nqljkw dqg \ru ^5`,1 Wkh edvlf pduwlqjdohv duh khuh wkh Eurzqldq
prwlrq lq wkh hqodujhg �owudwlrq/ wkh glvfrqwlqxrxv pduwlqjdoh P> dqg
wkh pduwlqjdohv y44i��wj> zkhuh y 5 I.� > H+y m I� , @ 31

KhuhI.� vwdqgv iru �ik� = k dq|I0surjuhvvlyho|phdvxudeoh surfhvvj>
dqg I� vwdqgv iru �ik� = k dq| I0rswlrqdo surfhvvj= Lq d pruh h{solflw
irup/ dq| J0pduwlqjdoh ] fdq eh zulwwhq dv +fi1 Wkhruhp 6 lq ^5`,

]w @ e]+4,
w . e]+5,

w . e]+6,
w >

zkhuh wkh e]+l, duh ruwkrjrqdo J0pduwlqjdohv ri wkh irup
e]+4,
w @

] w

3
�+4,v g eEw> e]+5,

w @
] w

3
�+5,v gPw> e]+6,

w @ y44��w=

Lw vhhpv wkdw wkh vsdfh y44i��wj> zkhuh y 5 I.� > H+y m IO, @ 3 lv d rqh0
glphqvlrqdo vsdfh1 Wklv uhvxow vhhpv gl�fxow wr h{whqg wr wkh jhqhudo
fdvh zkhuh � lv qrw I40phdvxudeoh1
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. 5|@?_@h_ �L?t|h�U|�L?t Lu +@?_L4 A�4it
Zh vkdoo ghvfuleh d vwdqgdug frqvwuxfwlrq ri d udqgrp wlph �> lq zklfk
wklv surshuw| lv ydolg1 Vxevhtxhqwo|/ zh vkdoo h{dplqh wkh surshuwlhv ri
wkh plqlpxp ri vhyhudo udqgrp wlphv1

.�� +@?_L4 A�4i ��|� @ B��i? O@3@h_ �hLUitt
Lq wklv vhfwlrq/ zh vkdoo h{dplqh wkh frpprqo| xvhg frqvwuxfwlrq ri d
udqgrp wlph iru d jlyhq kd}dug surfhvv �= Wkh I0dgdswhg frqwlqxrxv
kd}dug surfhvv � fdq eh htxdoo| zhoo frqvlghuhg dv wkh I0kd}dug sur0
fhvv �> ru wkh I0pduwlqjdoh kd}dug surfhvv �= Lqghhg/ lq wkh vwdqgdug
frqvwuxfwlrq ri � wkh iroorzlqj surshuwlhv krog=
+l, � frlqflghv zlwk wkh I0kd}dug surfhvv � ri d udqgrp wlph �>
+ll, � lv dovr wkh I0pduwlqjdoh kd}dug surfhvv ri d udqgrp wlph �> dqg
+lll, � lv J0pduwlqjdoh kd}dug surfhvv ri d J0vwrsslqj wlph �=
Lw vkrxog eh qrwlfhg wkdw � frqvwuxfwhg ehorz lv phuho| d udqgrp wlph
+exw qrw d vwrsslqj wlph, zlwk uhvshfw wr wkh �owudwlrq I> dqg lw lv d
wrwdoo| lqdffhvvleoh vwrsslqj wlph zlwk uhvshfw wr wkh hqodujhg �owudwlrq
J=

Ohw � eh d I0dgdswhg/ frqwlqxrxv/ lqfuhdvlqj surfhvv jlyhq rq d
suredelolw| vsdfh +h> +Iw,w5LU. > hS , vxfk wkdw �4 @ .4= Iru lqvwdqfh/
� fdq eh jlyhq e| wkh irupxod

�w @
] w

3
#x gx> ; w 5 LU.> +:<,

zkhuh # lv d qrqqhjdwlyh I0suhglfwdeoh surfhvv1 Rxu jrdo lv wr frqvwuxfw
d udqgrp wlph �> rq dq hqodujhg suredelolw| vsdfh +>J> S ,> lq vxfk
d zd| wkdw � lv d I0+pduwlqjdoh, kd}dug surfhvv ri �= Wr wklv hqg/ zh
dvvxph wkdw � lv d udqgrp yduldeoh rq vrph suredelolw| vsdfh44 +a> aI > aS ,>
zlwk wkh xqlirup suredelolw| odz rq ^3> 4`= Zh wdnh  @ h � a> J @
I4  aI dqg S @ hS  aS= Zh lqwurgxfh wkh udqgrp wlph � wkurxjk wkh
irupxod

� @ lqi i w 5 LU. = h��w � � j @ lqi i w 5 LU. = �w � � oq � j= +;3,
���u UL�htic �| �t i?L�}� |L @tt�4i |�@| �i 4@) _i�?i L? Elc:c � � @ h@?_L4

�@h�@M*i 1 ���U� �t �?�uLh4*) _�t|h�M�|i_ L? dfc �oc @?_ �t �?_iTi?_i?| Lu |�i ThLUitt
[ E�i |�i? ti| 	5 ' jE1���
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Dovr/ zh vhw Jw @KwbIw iru hyhu| w>1 Zh vkdoo qrz fkhfn wkdw surshuwlhv
+l,0+lll, dovr krog1
�iNNu Nu +l,= Ohw xv �uvw fkhfn wkdw +l, krogv1 Wr wklv hqg/ zh vkdoo
�qg wkh surfhvv Iw @ S +� � w m Iw,= Vlqfh fohduo| i� A wj @ ih��w A �j>
zh jhw S +� A w mI4, @ h��w = Frqvhtxhqwo|/

4� Iw @ S +� A w m Iw, @ H�S +� A w m I4, mIw� @ h��w >
dqg wkxv I lv d I0dgdswhg frqwlqxrxv lqfuhdvlqj surfhvv1 Qrwlfh wkdw

Iw @ 4� h��w @ S +� � w mI4, @ S +� � w m Iw,= +;4,
Zh frqfoxgh wkdw � frlqflghv zlwk wkh I0kd}dug surfhvv �=
�iNNu Nu +ll,= Wkh qh{w vwhs lv wr fkhfn wkdw � lv wkh I0pduwlqjdoh
kd}dug surfhvv �= Wklv fdq eh grqh hlwkhu gluhfwo|/ ru wkurxjk htxdolw|
� @ �= Vlqfh � lv d frqwlqxrxv surfhvv/ wr vkrz wkdw � @ �> lw lv hqrxjk
wr fkhfn wkdw frqglwlrq +K3, +ru htxlydohqwo|/ frqglwlrq +K,, krogv/ dqg
wr dsso| Fruroodu| 8161

Ohw xv �uvw fkhfn wkdw +K3, lv ydolg +fi +86,,1 Zh �{ w dqg zh frqvlghu
dq duelwudu| x � w= Vlqfh iru dq| x 5 LU.

S +� � x mI4, @ 4� h��x > +;5,
zh lqghhg rewdlq iru x � w
S +� � x mIw, @ H�S +� � x mI4, ��Iw� @ 4� h��x @ S +� � x mI4,=
Dowhuqdwlyho|/ zh pd| dovr fkhfn gluhfwo| wkdw +K, krogv1 Vlqfh i� �

vj @ i�v � � oq �j 5 aI b Iv> lw lv fohdu wkdw Iw � Kw b Iw � aI b Iw=
Wkhuhiruh/ iru dq| I40phdvxudeoh erxqghg udqgrp yduldeoh �> zh kdyh

H+� mKw b Iw, @ H+� m aI bIw, @ H+� mIw,> +;6,
zkhuh wkh vhfrqg htxdolw| lv d frqvhtxhqfh ri wkh lqghshqghqfh ri aI dqg
I4= Wklv vkrzv wkdw +K, krogv1

Zh frqfoxgh wkdw wkh I0pduwlqjdoh kd}dug surfhvv � ri � frlqflghv
zlwk �= Wr eh pruh vshfl�f/ zh kdyh �w @ �w @ �w @ � oq +4 � Iw,=
Ixuwkhupruh/ dq| I0pduwlqjdoh lv dovr d J0pduwlqjdoh1
�iNNu Nu +lll,1 Ohw xv qrz fkhfn gluhfwo| wkdw � lv d I0pduwlqjdoh
kd}dug surfhvv ri d udqgrp wlph �= Vlqfh � lv d I0suhglfwdeoh surfhvv
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+dqg wkxv d J0suhglfwdeoh surfhvv,/ zh vkdoo vlpxowdqhrxvo| vkrz wkdw
� lv dovr wkh J0pduwlqjdoh kd}dug surfhvv ri d J0vwrsslqj wlph �= Zh
qhhg wr yhuli| wkdw wkh surfhvv Qw��wa� iroorzv dJ0pduwlqjdoh1 Iluvw/
e| yluwxh ri Ohppd 814 zh kdyh iru w � v

H+Qv �Qw m Jw, @ H+44iw?��vj m Jw,
@ 44i�AwjH+44iw?��vj m Jw, @ 44 i�Awj S +w ? � � v m Iw,

S +� A w mIw, =

Xvlqj +;4,/ zh jhw S +w ? � � v mIw, @ H+Iv mIw,� Iw= Wkhuhiruh

H+Qv �Qw m Jw, @ 44 i�Awj H+Iv m Iw, �Iw
4� Iw = +;7,

Rq wkh rwkhu kdqg/ li zh vhw \ @ �va� � �wa� > wkhq lq ylhz ri +l, zh
jhw +fi1 +88,,

\ @ 44i�Awj\ @ oq
�4� Iva�
4� Iwa�

�
@
]
`w>va� `

gIx
4�Ix =

Xvlqj djdlq +75,/ zh rewdlq +iru wkh odvw htxdolw| lq wkh irupxod ehorz/
vhh +89,,

H�\ m Jw� @ 44 i�Awj H+\ mIw,
S +� A w m Iw,

@ 44i�Awj
H� U`w>va� `+4�Ix,�4gIx m Iw�

4�Iw @ 44i�Awj H+Iv mIw,�Iw
4� Iw =

Zh frqfoxgh wkdw wkh surfhvv Qw ��wa� lv lqghhg d J0pduwlqjdoh1
Qrwlfh wkdw wkh uroh sod|hg e| wkh ckd}dug surfhvv* � lq +l, dqg +lll, lv

voljkwo| gl�huhqw1 Li zh frqvlghu � dv d I0kd}dug surfhvv ri �> wkhq xvlqj
Fruroodu| 715 zh ghgxfh wkdw iru dq| Iv0phdvxudeoh udqgrp yduldeoh \

H+ 44i�Avj \ m Jw, @ 44i�AwjH�\ h�w��v m Iw,= +;8,

Rq wkh rwkhu kdqg/ li � lv frqvlghuhg dv wkh J0pduwlqjdoh kd}dug
surfhvv wkhq/ iru dq| Jv0phdvxudeoh udqgrp yduldeoh \ vxfk wkdw wkh
dvvrfldwhg surfhvv Y lv frqwlqxrxv dw � zh rewdlq

H+ 44i�Avj \ m Jw, @ 44i�Awj H�\ h�w��v m Jw,= +;9,
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Li \ lv dfwxdoo| Iv0phdvxudeoh wkhq zh kdyh +vhh +;6,,
H�\ h�w��v m Jw, @ H�\ h�w��v mIw bKw, @ H�\ h�w��v mIw,

vr wkdw wkh dvvrfldwhg surfhvv Y lv qhfhvvdulo| frqwlqxrxv dw �> dqg iru0
pxodh +;8, dqg +;9, frlqflgh1

Uhpdun :14 Dvvxph wkdw � vdwlv�hv +:<,1 Wkhq +;7, fdq eh uhzulwwhq
dv iroorzv

S +� A w � v m Jw, @ 44i�AwjH
�4� h�

U v
w #x gx m Iw�= +;:,

Xvlqj +;5,/ zh �qg wkdw wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri d udqgrp
wlph � xqghu S htxdov

S +� � w, @ 4�H aS
�
h�
U w
3 #x gx

�
@ 4� h�

U w
3 �

3+x,gx>

zkhuh zh zulwh �3 wr ghqrwh wkh xqltxh lqwhqvlw| ixqfwlrq +l1h1/ I30
lqwhqvlw|, ri �=

.�2 �h_ihi_ +@?_L4 A�4it
Frqvlghu qrz wzr I0dgdswhg frqwlqxrxv surfhvvhv/ �4 dqg �5> zklfk
vdwlvi| �5w A �4w iru hyhu| w 5 LU.= Iru l @ 4>5 zh vhw

�l @ lqi i w 5 LU. = h��lw � � j @ lqi i w 5 LU. = �lw � � oq � j= +;;,
vr wkdw reylrxvo| �4 ? �5 zlwk suredelolw| 41

Zh vkdoo zulwh Jl @Kl bI> iru l @ 4> 5> dqg J @K4 bK5 bI= Dq
lqglylgxdo dqdo|vlv ri hdfk udqgrp wlph �l lq lwv uhvshfwlyh �owudwlrq Jl
fdq eh grqh dorqj wkh vdph olqhv dv lq wkh suhylrxv vhfwlrq1 Lw lv wkxv
fohdu wkdw wkh surfhvv �l uhsuhvhqwv= wkhI0kd}dug surfhvv �l ri �l> wkhI0
pduwlqjdoh kd}dug surfhvv �l ri �l> dqg �qdoo| wkhJl0pduwlqjdoh kd}dug
surfhvv ri �l zkhq �l lv frqvlghuhg dv d Jl0vwrsslqj wlph1 Wkhuhiruh/
zh vkdoo irfxv rq wkh vwxg| ri kd}dug surfhvvhv ri �l*v zlwk uhvshfw wr
hqodujhg �owudwlrqv1 Zh �qg lw frqyhqlhqw wr lqwurgxfh wkh iroorzlqj
dx{loldu| qrwdwlrq=45 Il @KlbI> vr wkdwJ @K4bI5 dqgJ @K5bI4=

�2A�L�}� 6� ' B�c |��t _L�M*i ?L|@|�L? tii4t |L Mi �tiu�* @?)�@)�



;; �Naj,,�A} Nu $juB�,| -�t"H �A ��ji��j�

Ohw xv vwduw e| dq dqdo|vlv ri �4= Zh vhdufk iru wkh I50kd}dug surfhvvh�4 ri �4> dv zhoo dv iru wkh I50pduwlqjdoh kd}dug surfhvv h�4 ri �4= Zh
vkdoo �uvw fkhfn wkdw h�4 9@ �4= Lqghhg/ iru hyhu| w 5 LU. zh kdyh

h�h�4w @ S +�4 A w mI5w , @ S +�4 A w mIw bK5w ,
dqg

h��4w @ S +�4 A w mIw, @ h��4
w =

h�4 9@ �4 zrxog wkxv lpso|
S +�4 A w mIw bK5w , @ S +�4 A w m Iw,> ; w 5 LU.=

Wkh odvw htxdolw| grhv qrw krog/ krzhyhu1 Lq h�hfw/ wkh lqhtxdolw| �5 � w
lpsolhv �4 � w> wkhuhiruh rq wkh vhw i�5 � wj> zklfk fohduo| ehorqjv wr
K5w > zh kdyh S +�4 A w mIw b K5w , @ 3= Zh frqfoxgh wkdw wkh I50kd}dug
surfhvv h�4 lv zhoo gh�qhg rqo| vwulfwo| ehiruh �5= Ixuwkhupruh/ lw fdq eh
fkhfnhg wkdw wkh vwrsshg surfhvv h�4wa�4 frlqflghv zlwk �4wa�4 =

Rq wkh rwkhu kdqg/ vlqfh J @ J4 bK5> lw lv fohdu wkdw wkh surfhvv
Q4w ��4wa�4 lv qrw rqo| d J40pduwlqjdoh/ exw dovr d J0pduwlqjdoh1 Wklv
vkrzv wkdw �4 frlqflghv zlwk wkh I50pduwlqjdoh kd}dug surfhvv h�4 ri
�4> Ilqdoo|/ �4 sod|v dovr wkh uroh wkh J0pduwlqjdoh kd}dug surfhvv a�4
ri �4=

Dv rqh pljkw hdvlo| jxhvv/ wkh surshuwlhv ri �5 zlwk uhvshfw wr wkh
�owudwlrq I4 duh txlwh gl�huhqw1 Zh kdyh

h�h�5w @ S +�5 A w m I4w , @ S +�5 A w m Iw bK4w ,=
Zh fodlp wkdw h�5 9@ �5> wkdw lv/ wkh htxdolw|

S +�5 A w m Iw bK4w , @ S +�5 A w m Iw,
lv qrw ydolg/ lq jhqhudo1 Lqghhg/ wkh lqhtxdolw| �4 A w lpsolhv �5 A w> dqg
wkxv rq vhw i�4 A wj> zklfk ehorqjv wr K4w > zh kdyh S +�5 A w mIwbK4w , @
4= Zh ghgxfh hdvlo| wkdw wkh surfhvv h�5 lv qrw zhoo gh�qhg diwhu wlph
�4=

Ixuwkhupruh/ wkh surfhvv Q5w � �5wa�5 lv d J50pduwlqjdoh> lw grhv
qrw iroorz d J0pduwlqjdoh/ krzhyhu +rwkhuzlvh/ htxdolw| h�5 @ �5 @ �5
zrxog eh wuxh xs wr wlph �5> exw wklv fohduo| grhv qrw krog,1 Lw vhhpv
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udwkhu gl�fxow wr hydoxdwh h{dfwo| wkh I40pduwlqjdoh kd}dug surfhvv h�5
ri �5> lw lv uhdvrqdeoh wr h{shfw wkdw lw lv glvfrqwlqxrxv dw �4=

Ohw xv �qdoo| qrwlfh wkdw �4 lv d wrwdoo| lqdffhvvleoh vwrsslqj wlph
qrw rqo| zlwk uhvshfw wr J4> exw dovr zlwk uhvshfw wr wkh mrlqw �owudwlrq
J= Rq wkh rwkhu kdqg/ �5 lv d wrwdoo| lqdffhvvleoh vwrsslqj wlph zlwk
uhvshfw wr J4> exw lw lv d suhglfwdeoh vwrsslqj wlph zlwk uhvshfw wr J=
Lqghhg/ zh pd| �qg dq dqqrxqflqj vhtxhqfh ri J0vwrsslqj wlphv

�q5 @ lqi i w � �4 = �5w � � oq +�, � 4
q j=

Wkhuhiruh wkh J0pduwlqjdoh kd}dug surfhvv a�5 ri �5 frlqflghv zlwk wkh
J0suhglfwdeoh surfhvv Q5w @ 44 i�5�wj=

Ohw xv vhw � @ �4a�5= Lq wkh suhvhqw vhwxs/ zh kdyh � @ �4> dqg wkxv
wkh J0pduwlqjdoh kd}dug surfhvv a� ri � lv htxdo wr �4= Lw lv dovr htxdo
wr wkh vxp ri J0pduwlqjdoh kd}dug surfhvvhv a�l ri �l> l @ 4> 5> vwrsshg
dw �= Pruh suhflvho|/ zh kdyh

a�wa� @ �4wa� @ �4wa� .Q5wa� @ a�4wa� . a�5wa� =
Zh vkdoo vhh lq wkh qh{w vhfwlrq wkdw wklv surshuw| lv xqlyhuvdo +wkrxjk
qrw qhfhvvdulo| yhu| xvhixo,1

.�� �hLTih|�it Lu |�i ��?�4�4 Lu 5i�ih@* +@?_L4
A�4it

Lq wklv vhfwlrq/ zh vkdoo h{dplqh wkh iroorzlqj sureohp= jlyhq d �qlwh
idplo| ri udqgrp wlphv �l> l @ 4> = = = > q> dqg wkh dvvrfldwhg kd}dug sur0
fhvvhv/ �qg wkh kd}dug surfhvv ri wkh udqgrp wlph � @ plq +�4> = = = > �q,=
Ri frxuvh/ wkh sureohp deryh fdqqrw eh vroyhg lq vxfk d jhqhudolw|/
wkdw lv/ zlwkrxw wkh nqrzohgjh ri wkh mrlqw odz ri +�4> = = = > �q,= Lqghhg/
dv zh vkdoo vhh lq zkdw iroorzv wkh vroxwlrq ghshqgv khdylo| rq vshfl�f
dvvxpswlrqv rq udqgrp wlphv dqg wkh fkrlfh ri �owudwlrqv1

:1614 Kd}dug Ixqfwlrq ri wkh Plqlpxp ri Vhyhudo Udqgrp
Wlphv

Ohw xv �uvw frqvlghu d vlpsoh uhvxow/ lq zklfk zh irfxv rq wkh fdofxodwlrq
ri wkh kd}dug ixqfwlrq ri wkh plqlpxp ri vhyhudo lqghshqghqw udqgrp
wlphv1
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Ohppd :14 Ohw �l> l @ 4> = = = > q> eh q udqgrp wlphv gh�qhg rq d frp0
prq suredelolw| vsdfh +>J> S ,= Dvvxph wkdw �l dgplwv wkh kd}dug ixqf0
wlrq �l= Li �l> l @ 4> = = = > q> duh pxwxdoo| lqghshqghqw udqgrp ydul0
deohv/ wkhq wkh kd}dug ixqfwlrq � ri � lv wkh vxp ri kd}dug ixqfwlrqv
�l> l @ 4> = = = > q=
�iNNuH Iru dq| w 5 LU. zh kdyh

h��+w, @ 4� I +w, @ S +� A w, @ S +plq +�4> = = = > �q, A w,
@

q\
l@4

S +�l A w, @
q\
l@4

+4� Il+w,,

@
q\
l@4

h��l+w, @ h�
Sq

l@4 �l+w,= �

�
Ohw xv qrz irfxv rq wkh fdvh ri frqwlqxrxv glvwulexwlrq ixqfwlrqv

Il> l @ 4> = = = > q= Lq wklv fdvh/ zh jhw dovr �+w, @Sq
l@4 �l+w,= Lq sduwlfx0

odu/ li �l dgplw lqwhqvlwlhv �lw @ �lw @ il+w,+4�Il+w,,�4> wkhq wkh surfhvv
+dv xvxdo/ Qw @ 44i��wj,

Qw �
] wa�

3

q[
l@4

�l+x, gx @Qw �
] wa�

3

q[
l@4

�l+x, gx

lv d K0pduwlqjdoh +qrwlfh wkdw K @K4 b � � � bKq,1
Frqyhuvho|/ li wkh kd}dug ixqfwlrq ri � vdwlv�hv � @ � @Sq

l@4 �l @Sq
l@4 �l> wkhq zh rewdlq

S +�4 A w> = = = > �q A w, @
q\
l@4

S +�l A w,> ; w 5 LU.=

:1615 Pduwlqjdoh Kd}dug Surfhvv ri wkh Plqlpxp ri Vhyhudo
Vwrsslqj Wlphv

Lq wklv vhfwlrq/ zh vkdoo dvvxph wkdw �4> = = = > �q duh vwrsslqj wlphv zlwk
uhvshfw wr vrph �owudwlrq I= Irupdoo|/ Kl � I iru dq| l> dqg wkxv
K4 b � � � b Kq � I= Vlqfh lq wklv fdvh wkh hqodujhg �owudwlrq J ghi@
K4b� � �bKqbI frlqflghv zlwk I> zh vkdoo dvvxph lq zkdw iroorzv wkdw
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�4> = = = > �q duh J0vwrsslqj wlphv +wklv qrwdwlrqdo frqyhqwlrq zloo suryh
xvhixo lq zkdw iroorzv,1

Rxu jrdo lv wr h{dplqh wkh uhodwlrqvkls ehwzhhq wkh J0kd}dug sur0
fhvvhv ri vwrsslqj wlphv �l dqg wkh J0kd}dug surfhvv ri wkhlu plql0
pxp1 Wr dyrlg glvfxvvlrq ri fdvhv ri plqru lqwhuhvw/ zh vkdoo irfxv
rq wkh fdvh zkhq wkh vwrsslqj wlph �l duh wrwdoo| lqdffhvvleoh/ vr wkdw
� @ plq +�4> = = = > �q, lv dovr d wrwdoo| lqdffhvvleoh vwrsslqj wlph zlwk uh0
vshfw wr J= Zh eruurz iurp Gx�h ^4;` wkh iroorzlqj uhvxow +vhh Ohppd
4 lq ^4;`,1

Ohppd :15 Ohw �l> l @ 4> = = = > q> eh J0vwrsslqj wlphv vxfk wkdw S +�l @
�m, @ 3 iru l 9@ m= Wkhq wkh J0pduwlqjdoh kd}dug surfhvv � ri � @
plq l@4>===>q �l lv htxdo wr wkh vxp ri J0pduwlqjdoh kd}dug surfhvvhv �l
vwrsshg dw �> pruh suhflvho|/ �wa� @Sq

l@4 �lwa� iru hyhu| w 5 LU.=

�iNNuH E| dvvxpswlrq/ iru dq| l @ 4> = = = > q> wkh surfhvv P lw @ Qlw ��lwa�l lv d J0pduwlqjdoh1 Wkhuhiruh/ e| wkh zhoo0nqrzq surshuwlhv ri
pduwlqjdohv wkh vwrsshg surfhvv46

+Plw ,� @Q lwa� ��lwa�la� @ Q lwa� � �lwa�
dovr iroorzv d J0pduwlqjdoh iru dq| �{hg l= Rq wkh rwkhu kdqg/ vlqfh
S +�l @ �m, @ 3 iru l 9@ m> zh kdyh

q[
l@4

Q lwa� @ Qw @ 44i��wj=

Wkhuhiruh/ wkh surfhvv

Qw �
q[
l@4

�lwa� @
q[
l@4

+P lw ,�

reylrxvo| iroorzv d J0pduwlqjdoh/ dv d vxp ri J0pduwlqjdohv1 Zh frq0
foxgh wkdw wkh J0pduwlqjdoh kd}dug surfhvv � ri � vdwlv�hv �wa� @Sq

l@4 �lwa� iru hyhu| w 5 LU.= �
��W| �t itti?|�@* |L @tt�4i |�@| ��c � ' � � � � c c @hi t|LTT�?} |�4i ��|� hitTiU| |L B

tL |�@| � �t @*tL @ B�t|LTT�?} |�4i� Wu � �t 4ihi*) @ h@?_L4 |�4i |�i t|LTTi_ ThLUitt
?ii_t ?L| |L Mi @ 4@h|�?}@*i�
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Wkh vwulnlqj ihdwxuh ri Ohppd :15 lv wkdw wkh J0pduwlqjdoh kd}dug
surfhvv ri � fdq eh fdofxodwhg zlwkrxw wkh nqrzohgjh wkh mrlqw odz ri
vwrsslqj wlphv �4> = = = > �q= Lw vkrxog wkxv eh revhuyhg wkdw lq rughu wr
pdnh xvh ri wkh qrwlrq ri d J0pduwlqjdoh kd}dug surfhvv � zh qhhg wr
vkrz lq dgglwlrq wkdw � dfwxdoo| srvvhvvhv uhtxluhg suredelolvwlf surs0
huwlhv1 Iru lqvwdqfh/ lw zrxog eh xvhixo wr nqrz zkhwkhu

S +� A v m Jw, @ 44i�AwjH�h�w��v m Jw, +;<,
iru w � v= Frpelqlqj Ohppd :15 zlwk Fruroodu| 817/ zh jhw lpphgldwho|
wkh iroorzlqj uhvxow zklfk jlyhv d sduwldo dqvzhu wr wkh odvw txhvwlrq1
Sursrvlwlrq :14 Ohw �l> l @ 4> = = = > q> eh J0vwrsslqj wlphv vxfk wkdw
S +�l @ �m, @ 3 iru l 9@ m= Dvvxph wkdw hdfk vwrsslqj wlph �l dgplwv dq
devroxwho| frqwlqxrxv J0pduwlqjdoh kd}dug surfhvv �lw @

U w
3 �lx gx= Li wkhsurfhvv Y jlyhq e| wkh irupxod

Yw @ H�h�w��v m Jw, @ H�h�
Sq

l@4
U v
w �lx gx m Jw,> ; w 5 ^3> v`> +<3,

lv frqwlqxrxv dw � @ plq l@4>===>q �l> wkhq iru dq| w ? v zh kdyh
S +� A v m Jw, @ 44i�AwjH�h�w��v m Jw, @ 44i�AwjH�h�

Sq
l@4
U v
w �lx gx m Jw,=

Dw wkh �uvw jodqfh Sursrvlwlrq :14 vhhpv wr eh d yhu| xvhixo dqg
srzhuixo uhvxow/ vlqfh dssduhqwo| lw fryhuv erwk wkh fdvh ri lqghshqghqw
vwrsslqj wlphv dqg ghshqghqw vwrsslqj wlphv1 Qrwlfh/ krzhyhu/ wkdw zh
idfh khuh d udwkhu gholfdwh lvvxh ri fkhfnlqj wkh frqwlqxlw| ri Y dw �=
Dv zh vkdoo vkrz ehorz/ wklv frqglwlrq lv uduho| vdwlv�hg zkhq � lv wkh
plqlpxp ri vhyhudo vwrsslqj wlphv1 Ixuwkhuhpruh/ zh duh ghdolqj khuh
zlwk J0pduwlqjdoh kd}dug surfhvvhv ri J0vwrsslqj wlphv> wklv qrwlrq lv
qrw xvhixo zkhq d jlyhq vwrsslqj wlph lv J0suhglfwdeoh +vhh h{dpsoh lq
Vhfwlrq :15,1 Lw vhhpv wr xv wkdw wkh qxpehu ri flufxpvwdqfhv zkhq
Sursrvlwlrq :14 fdq eh h�hfwlyho| dssolhg lv lq idfw yhu| olplwhg1 Rqh ri
wkhp lv h{dplqhg lq wkh iroorzlqj h{dpsoh/ lq zklfk udqgrp wlphv �l
duh frqglwlrqdoo| lqghshqghqw/ jlyhq wkh �owudwlrq I=
H{dpsoh :14 Ohw #l> l @ 4>5> eh wzr I0dgdswhg lqfuhdvlqj vwrfkdvwlf
surfhvvhv gh�qhg rq vrph suredelolw| vsdfh +>J> S ,= Zh vhw

�l @ lqi i w 5 LU. = �lw � � oq +�l, j
@ lqi i w 5 LU. =

] w

3
#lx gx � � oq +�l, j> +<4,
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zkhuh �4> �5 duh pxwxdoo| lqghshqghqw udqgrp yduldeohv/ zklfk duh dovr
lqghshqghqw ri surfhvvhv #l> l @ 4>5> dqg duh xqlirupo| glvwulexwhg rq
wkh xqlw lqwhuydo ^3>4`= Iru hdfk l> wkh hqodujhg �owudwlrq Jl @ Kl b I
vdwlv�hv Jlw @ Iw bKlw � Iw b �+�l, iru hyhu| w=

Iurp Vhfwlrq :14 zh nqrz wkdw wkh surfhvv �l uhsuhvhqwv wkh I0
kd}dug surfhvv ri �l= Lq sduwlfxodu/ iru dq| Iv0phdvxudeoh udqgrp ydul0
deoh \ zh kdyh iru hyhu| w � v +fi1 +;:,,

H+44i�lAvj\ m Jlw, @ 44 i�lAwjH
�\ h�

U v
w #lx gx mIw�= +<5,

Lq whupv ri wkh pduwlqjdoh fkdudfwhul}dwlrq/ wkh surfhvv �l lv wkh +I>Jl,0
pduwlqjdoh kd}dug surfhvv ri d udqgrp wlph �l= Dovr/ �l lv d wrwdoo| lqdf0
fhvvleoh vwrsslqj wlph zlwk uhvshfw wr Jl> dqg wkh frqwlqxlw| frqglwlrq
ri Fruroodu| 817 lv vdwlv�hg1 Lqghhg/ iru dq| �{hg v A 3> wkh surfhvv

Y lw
ghi@ H�h�lw��lv m Jlw, @ H�h�lw��lv m Iw,> ; w 5 ^3> v`>

lv reylrxvo| frqwlqxrxv dw �l= Zh frqfoxgh wkdw iru dq| w � v

S +�l A v m Jlw, @ 44i�lAwjH
�h�

U v
w #lx gx m Jlw

�

@ 44i�lAwjH
�h�

U v
w #lx gx m Iw�= +<6,

Wr h{dplqh vlpxowdqhrxvo| �4 dqg �5 dv vwrsslqj wlphv/ zh lqwurgxfh
wkh �owudwlrq J e| vhwwlqj J @ I bK4 bK5= Wkhq �4> �5> dv zhoo dv
� @ plq +�4> �5, duh J0vwrsslqj wlphv1

Ohw xv revhuyh wkdw lw lv qrw txlwh reylrxv wkdw wkh surfhvv �l lv
wkh J0pduwlqjdoh kd}dug surfhvv ri d J0vwrsslqj wlph �l= Lqghhg/ zh
nqrz wkdw �l lv d J0dgdswhg frqwlqxrxv surfhvv vxfk wkdw Qlw ��lwa�llv d Jl0pduwlqjdoh1 Lw lv wkxv hqrxjk wr vkrz wkdw Qlw ��lwa�l lv dovr dJ0pduwlqjdoh1 Ohw xv frqvlghu/ iru lqvwdqfh/ l @ 4= Wkh udqgrp yduldeoh
Q4w � �4wa�4 lv Jw0phdvxudeoh1 Lw lv wkxv hqrxjk wr fkhfn wkdw iru dq|
w � v

H+Q4v ��4va�4 m Jw, @ H+Q4v ��4va�4 m J4w ,=
Qrwlfh wkdw wkh �0�hogv J4v dqg K5w duh frqglwlrqdoo| lqghshqghqw jlyhq
J4w = Frqvhtxhqwo|/
H+Q4v ��4va�4 m Jw, @ H+Q4v ��4va�4 m J4w bK5w , @ H+Q4v ��4va�4 m J4w ,=
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Vlqfh zh kdyh vkrzq wkdw �4 lv wkh J0pduwlqjdoh kd}dug surfhvv ri �4>
zh kdyh +xqghu plog dvvxpswlrq rq Jv0phdvxudeoh udqgrp yduldeoh \ ,

H+ 44i�4Avj \ m Jw, @ 44i�4Awj H
�\ h�4w��4v m Jw,=

Lq sduwlfxodu/ zh kdyh iru dq| w � v +fi1 +<6,,
S +�4 A v m Jw, @ 44i�4AwjH

�h�4w��4v m Jw, @ 44 i�lAwjH
�h�

U v
w #lx gx m Iw�

vlqfh wkh surfhvv
hY 4w

ghi@ H�h�4w��4v m Jw, @ H�h�4w��4v m Iw,> ; w 5 ^3> v`>
lv frqwlqxrxv dw �4=

Lq ylhz ri Ohppd :15/ wkhJ0pduwlqjdoh kd}dug surfhvv � ri �> zkhq
vwrsshg dw �> lv wkh vxp ri J0pduwlqjdoh kd}dug surfhvvhv �l> l @ 4>5>
dvvrfldwhg zlwk J0vwrsslqj wlphv �l> l @ 4>5> dovr vwrsshg dw �= Zh
kdyh iru w � v

S +� A v m Jw, @ 44 i�Awj H�h�w��v m Jw,
@ 44 i�AwjH�h�

U v
w +#

4
x.#5x, gx mIw�= +<7,

Lq vkrxog eh vwuhvvhg wkdw wkh odvw irupxod lv d frqvhtxhqfh ri wkh dv0
vxpswlrq wkdw wkh xqghuo|lqj udqgrp yduldeohv �4 dqg �5 duh lqghshq0
ghqw1 Wkh fdvh ri ghshqghqw udqgrp yduldeohv �4 dqg �5 lv pxfk pruh
lqyroyhg> ohw xv rqo| revhuyh wkdw zh fdqqrw h{shfw irupxod +<7, wr krog
lq wklv fdvh1 Lqghhg/ lw vhhpv sodxvleoh wkdw wkh J0pduwlqjdoh kd}dug
surfhvv ri �4 zloo kdyh d mxps dw �5 rq wkh vhw i�5 ? �4j> dqg frqyhuvho|/
wkhJ0pduwlqjdoh kd}dug surfhvv ri �5 zloo eh glvfrqwlqxrxv dw �4 rq wkh
vhw i�4 ? �5j= Frqvhtxhqwo|/ rqh pd| frqmhfwxuh wkdw wkh vxp ri wkhvh
surfhvvhv zloo kdyh d glvfrqwlqxlw| dw �> dqg wkxv lw zloo qrw eh srvvleoh
wr xvh wkh J0pduwlqjdoh kd}dug surfhvv ri � wr gluhfwo| uhsuhvhqw wkh
vxuylydo suredelolw| S +� A v m Jw, wkurxjk d frxqwhusduw ri irupxod +<7,1

Dw wkh lqwxlwlyh ohyho/ li wkh xqghuo|lqj udqgrp yduldeohv �4 dqg �5 duh
qrw lqghshqghqw/ wkh revhuyhg rffxuhqfh ri �5 +�4> uhvs1, kdv d vxgghq
lpsdfw rq rxu dvvhvvphqwv ri wkh olnholkrrg ri wkh rffxuhqfh ri �4 +�5>
uhvs1, lq d jlyhq wlph lqwhuydo lq wkh ixwxuh1 D yhu| vshfldo fdvh ri vxfk
d vlwxdwlrq/ zkhq �4 @ �5> zdv h{dplqhg lq Vhfwlrq :151 Wkh jhqhudo
fdvh uhpdlqv/ wr rxu nqrzohgjh/ dq rshq sureohp1
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Uhpdun :15 Dowhuqdwlyho|/ zh pd| fkhfn wkdw �4 lv dovr wkh +J5>J,0
pduwlqjdoh kd}dug surfhvv ri �4= Vlqfh �4 lv d frqwlqxrxv J50dgdswhg
surfhvv dqg J @J5 bK4> lw lv hqrxjk wr yhuli| wkdw �4 frlqflghv zlwk
wkh J50kd}dug surfhvv ri �4> ru htxlydohqwo|/ wkdw

S +�4 A w m J5w , @ h��4w > ; w 5 LU.=
Wkh odvw htxdolw| lv fohdu/ krzhyhu/ vlqfh wkh �0�hogv J4w dqg K5w duh
frqglwlrqdoo| lqghshqghqw jlyhq Iw> dqg wkxv +wkh hyhqw i�4 A wj ehorqjv/
ri frxuvh/ wr J4w ,

S +�4 A w m J5w , @ S +�4 A w mIw bK5w , @ S +�4 A w mIw, @ h��4
w =

Ri frxuvh/ d vlplodu surshuw| krogv iru wkh J0vwrsslqj wlph �5 dqg wkh
�owudwlrq J4=

+iuihi?Uit
^4` Duydqdwlv/ D1/ Juhjru|/ M1 dqg Odxuhqw/ M1S1= Exloglqj prghov iru

fuhglw vsuhdgv/ suhsulqw/ 4<<;1
^5` D}�hpd/ M1/ Mhxolq/ W1/ Nqljkw/ I1 dqg \ru/ P1= Oh wk�hru�hph

g*duuahw hq xqh �q g*hqvhpeoh su�hylvleoh/ V�hplqdluh gh Suredelolw�hv
[[YLL/ Ohfwxuh Qrwhv lq Pdwk1 488:/ 466048;/ Vsulqjhu0Yhuodj/
Ehuolq/ 4<<61

^6` Elhohfnl/ W1 dqg Uxwnrzvnl/ P1= Pxowlsoh udwlqjv prgho ri ghidxow0
deoh whup vwuxfwxuh/ wr dsshdu lq Pdwkhpdwlfdo Ilqdqfh/ 4<<<1

^7` Eodfn/ I1 dqg Vfkrohv/ P1= Wkh sulflqj ri rswlrqv dqg frusrudwh
oldelolwlhv/ Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;4/ 96:0987/ 4<:61

^8` Erurglq/ D1 dqg Vdoplqhq/ S1= Kdqgerrn ri Eurzqldq Prwlrq1 Idfwv
dqg Irupxodh/ Elunk�dxvhu/ 4<<91

^9` Eu�hpdxg/ S1 dqg \ru/ P1= Fkdqjhv ri �owudwlrq dqg ri suredelolw|
phdvxuhv/ ]1i1Z1/ 78/ 59<05<8/ 4<:;1

^:` Eu�hpdxg/ S1= Srlqw Surfhvvhv dqg Txhxhv1 Pduwlqjdoh G|qdplfv/
Vsulqjhu0Yhuodj/ Ehuolq/ 4<;41
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^;` Eul|v/ H1 dqg gh Yduhqqh/ I1= Hduo| ghidxow/ devroxwh sulrulw| uxoh
ylrodwlrqv dqg wkh sulflqj ri �{hg0lqfrph vhfxulwlhv/ suhsulqw/ 4<<:1

^<` Fkrx/ F1V1 dqg Ph|hu/ S1D1= Vxu od uhsu�hvhqwdwlrq ghv pduwlq0
jdohv frpph lqw�hjudohv vwrfkdvwltxhv gdqv ohv surfhvvxv srqfwxhov/
V�hplqdluh gh Suredelolw�hv L[/ Ohfwxuh Qrwhv lq Pdwk1/ 5590569/
Vsulqjhu0Yhuodj/ Ehuolq/ 4<:81

^43` Frfr}}d0Wklyhqw/ F1= Surfhvvxv vwrfkdvwltxhv hw �delolw�h ghv
v|vw�hphv/ Vsulqjhu0Vpdl/ 4<<:1

^44` Frrshu/ L1 dqg Pduwlq/ P1= Ghidxow ulvn dqg ghulydwlyh surgxfwv/
Dssolhg Pdwkhpdwlfdo Ilqdqfh/ 6/ 860:7/ 4<<91

^45` Ghfdpsv/ M1S1 dqg Idxuh0Julpdxg/ D1= Sulflqj wkh jdpeoh iru uhv0
xuuhfwlrq dqg wkh frqvhtxhqfhv ri uhqhjrwldwlrq dqg ghew ghvljq/
suhsulqw/ 4<<;1

^46` Ghoodfkhulh/ F1= Xq h{hpsoh gh od wk�hrulh j�hq�hudoh ghv surfhvvxv/
V�hplqdluh gh Suredelolw�hv LY/ Ohfwxuh Qrwhv lq Pdwk1 457/ 930:3/
Vsulqjhu0Yhuodj/ Ehuolq/ 4<:31

^47` Ghoodfkhulh/ F1= Fdsdflw�hv hw surfhvvxv vwrfkdvwltxhv/ Vsulqjhu0
Yhuodj/ Ehuolq/ 4<:51

^48` Ghoodfkhulh/ F1 dqg Ph|hu/ S1D1= D sursrv gx wudydlo gh \ru vxu ohv
jurvvlvvhphqwv ghv wulexv/ V�hplqdluh gh Suredelolw�hv [LL/ Ohfwxuh
Qrwhv lq Pdwk1 97</ 9<0:;/ Vsulqjhu0Yhuodj/ Ehuolq/ 4<:;1

^49` Ghoodfkhulh/ F1 dqg Ph|hu/ S1D1= Suredelolw�hv hw srwhqwlho1 Fkdslwuhv
L0LY/ Khupdqq/ Sdulv/ 4<:81

^4:` Gx�h/ G1 dqg Vlqjohwrq/ N1= Prgholqj whup vwuxfwxuh ri ghidxowdeoh
erqgv/ suhsulqw/ 4<<91

^4;` Gx�h/ G1= Iluvw wr ghidxow ydoxdwlrq/ suhsulqw/ 4<<;1
^4<` Gx�h/ G1 dqg Odqgr/ G1= Whup vwuxfwxuh ri fuhglw vsuhdgv zlwk lq0

frpsohwh dffrxqwlqj lqirupdwlrq/ suhsulqw/ FDI Frshqkdjhq/ 4<<:1
^53` Gx�h/ G1/ Vfkurghu/ P1 dqg Vnldgdv/ F1= Uhfxuvlyh ydoxdwlrq ri

ghidxowdeoh vhfxulwlhv dqg wkh wlplqj ri uhvroxwlrq ri xqfhuwdlqw|/
Dqqdov ri Dssolhg Suredelolw|/ 9/ 43:8043<3/ 4<<:1
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^54` Hoolrww/ U1= Vwrfkdvwlf Fdofxoxv dqg Dssolfdwlrqv/ Vsulqjhu0Yhuodj/
Ehuolq/ 4<;51

^55` Hoolrww/ U1M1/ Mhdqeodqf/ P1 dqg \ru/ P1= Rq prghov ri ghidxow ulvn/
wr dsshdu lq Pdwkhpdwlfdo Ilqdqfh/ 4<<<1

^56` Ho Ndurxl/ Q1= Prg�holvdwlrq gh o*lqirupdwlrq/ FHD0HGI0LQULD/
Hfroh g*�hw�h/ 4<<<1

^57` Hulfvvrq/ M1 dqg Uhqhe|/ M1= D iudphzrun iru ydoxlqj frusrudwh
vhfxulwlhv/ suhsulqw/ 4<<81

^58` Hulfvvrq/ M1 dqg Uhqhe|/ M1= Ghulydwlyhv dqg fuhglw ulvn= wkh frp0
srxqg rswlrq uhylvlwhg/ suhsulqw/ 4<<91

^59` Kxeqhu/ J1= D wzr idfwru Jdxvvldq prgho ri ghidxow ulvn/ suhsulqw/
4<<:1

^5:` Kxeqhu/ J1= Wkh dqdo|wlf sulflqj ri dv|pphwulf ghidxowdeoh vzdsv/
suhsulqw/ 4<<:1

^5;` Kxoo/ M1dqg Zklwh/ D1= Wkh lpsdfw ri ghidxow ulvn rq wkh sulfh
ri rswlrqv dqg rwkhu ghulydwlyh vhfxulwlhv/ Mrxuqdo ri Edqnlqj dqg
Ilqdqfh/ 4</ 5<<0655/ 4<<81

^5<` Mduurz/ U1D1 dqg Wxuqexoo/ V1P1= Sulflqj ghulydwlyhv rq �qdqfldo
vhfxulwlhv vxemhfw wr fuhglw ulvn/ Mrxuqdo ri Ilqdqfh/ 83/ 860;8/ 4<<81

^63` Mduurz/ U1D1/ Odqgr/ G1 dqg Wxuqexoo/ V1P1= D Pdunry prgho
iru wkh whup vwuxfwxuh ri fuhglw ulvn vsuhdgv/ Uhylhz ri Ilqdqfldo
Vwxglhv/ 43/ 7;40856/ 4<<:1

^64` Mhxolq/ W1= Vhpl0pduwlqjdohv hw jurvvlvvhphqw gh �owudwlrq/ Ohfwxuh
Qrwhv lq Pdwk1 ;66/ Vsulqjhu0Yhuodj/ Ehuolq/ 4<;31

^65` Mhxolq/ W1 dqg \ru/ P1= Jurvvlvvhphqw g*xqh �owudwlrq hw
vhpl0pduwlqjdohv= irupxohv h{solflwhv/ V�hplqdluh gh Suredelolw�hv
[LL/Ohfwxuh Qrwhv lq Pdwk1 97</ :;0<:/ Vsulqjhu0Yhuodj/ Ehuolq/
4<:;1

^66` Nxvxrnd/ V1= D uhpdun rq ghidxow ulvn prghov/ Dgydqfhv lq Pdwk0
hpdwlfdo Hfrqrplfv/ 4/ 9<0;5/ 4<<<1
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^67` Odqgr/ G1= Prghoolqj erqgv dqg ghulydwlyhv zlwk ghidxow ulvn/
suhsulqw/ 4<<91

^68` Odqgr/ G1= Rq Fr{ surfhvvhv dqg fuhglw ulvn| vhfxulwlhv/ Uhylhz ri
Ghulydwlyhv Uhvhdufk/ 5/ <<0453/ 4<<;1

^69` Odvw/ J1 dqg Eudqgw/ D1= Pdunhg Srlqw Surfhvvhv rq wkh Uhdo Olqh1
Wkh G|qdplf Dssurdfk1 Vsulqjhu0Yhuodj/ Ehuolq/ 4<<81

^6:` Oheodqf/ E1= Prg�holvdwlrqv gh od yrodwlolw�h g*xq dfwli �qdqflhu hw
dssolfdwlrqv/ wk�hvh/ Xqlyhuvlw�h Sdulv YLL/ 4<<:1

^6;` Olswvhu/ U1V1 dqg Vklu|dhy/ D1Q1= Wkhru| ri Pduwlqjdohv/ Noxyhu/
4<<91

^6<` Orw}/ F1= Orfdoo| plqlpl}lqj wkh fuhglw ulvn/ suhsulqw/ 4<<<1
^73` Orw}/ F1 dqg Vfko�rjo/ O1= OLERU dqg ghidxow ulvn/ suhsulqw/ 4<<<1
^74` Pdgdq/ G1 dqg Xqdo/ K1= Sulflqj wkh ulvn ri ghidxow/ Uhylhz ri

Ghulydwlyhv Uhvhdufk/ 5/ 4540493/ 4<<;1
^75` Pd}}lrwwr/ J1 dqg V}slujodv/ M1= Prg�hoh j�hq�hudo gh �owudjh qrq

olq�hdluh hw �htxdwlrqv gl��huhqwlhoohv vwrfkdvwltxhv dvvrfl�hhv/ Dqq1
Lqvw1 Khqul Srlqfdu�h/ 48/ 47:04:6/ 4<:<1

^76` Phood0Eduudo/ S1= Wkh g|qdplfv ri ghidxow dqg ghew uhrujdqlvdwlrq/
suhsulqw/ 4<<:1

^77` Phuwrq/ U1= Rq wkh sulflqj ri frusrudwh ghew= wkh ulvn vwuxfwxuh ri
lqwhuhvw udwhv/ Mrxuqdo ri Ilqdqfh/ 6/ 77<07:3/ 4<:71

^78` Sdj�hv/ K1= Ghidxow ulvn lqvxudqfh lq hphujlqj pdunhwv/ suhsulqw/
4<<<1

^79` Surwwhu/ S1= Vwrfkdvwlf Lqwhjudwlrq dqg Gl�huhqwldo Htxdwlrqv/
Vsulqjhu0Yhuodj/ Ehuolq/ 4<<31

^7:` Uhyx}/ G1 dqg \ru/ P1= Frqwlqxrxv Pduwlqjdohv dqg Eurzqldq Pr0
wlrq/ wklug hglwlrq/ Vsulqjhu0Yhuodj/ Ehuolq/ 4<<<1

^7;` Urjhuv/ O1F1J1 dqg Zlooldpv/ G1= Gl�xvlrqv/ Pdunry Surfhvvhv dqg
Pduwlqjdohv/ Yro 51 Lwar fdofxoxv/ Zloh|/ 4<;:1
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^7<` Urjhuv/ O1F1J1= Prghoolqj fuhglw ulvn/ suhsulqw/ 4<<<1
^83` Uxwnrzvnl/ P1= *Rq prghov ri ghidxow ulvn* e| U1Hoolrww/

P1Mhdqeodqf dqg P1\ru/ zrunlqj sdshu/ 4<<<1
^84` Vfk�rqexfkhu/ S1M1= Ydoxdwlrq ri vhfxulwlhv vxemhfw wr fuhglw ulvn/

suhsulqw/ 4<<91
^85` Vfk�rqexfkhu/ S1M1= Wkh sulflqj ri fuhglw ulvn dqg fuhglw ulvn ghulyd0

wlyhv/ suhsulqw/ 4<<:1
^86` Vfk�rqexfkhu/ S1M1 dqg Vfko�rjo/ H1= Fuhglw ulvn ghulydwlyhv dqg frp0

shwlwlrq lq wkh ordq pdunhw= vlpsol�hg yhuvlrq/ suhsulqw/ 4<<:1
^87` Vfk�rqexfkhu/ S1M1= Whup vwuxfwxuh prghoolqj ri ghidxowdeoh erqgv/

Uhylhz ri Ghulydwlyhv Uhvhdufk/ 5/ 49404<5/ 4<<;1
^88` Vrqj/ V1= D uhpdun rq d uhvxow ri Gx�h dqg Odqgr/ suhsulqw/ Xql0

yhuvlw�h g*Hyu|/ 4<<:1
^89` Zdqj/ G1I1= Sulflqj ghidxowdeoh ghew= vrph h{dfw uhvxowv/ LMWDI/

4/ <80<</ 4<<<1
^8:` Zrqj/ G1= D xqli|lqj fuhglw prgho/ Vfrwld Fdslwdo Pdunhwv Jurxs/

4<<;1
^8;` \ru/ P1= Wkh glvwulexwlrq ri Eurzqldq txdqwlohv/ Mrxuqdo ri Dssolhg

Suredelolw|/ 65/ 7380774/ 4<<81
^8<` \ru/ P1= Vrph Dvshfwv ri Eurzqldq Prwlrq1 Sduw LL= Vrph Uh0

fhqw Pduwlqjdoh Sureohpv/ Ohfwxuhv lq Pdwkhpdwlfv1 HWK ]�xulfk1
Elunk�dxvhu/ 4<<:1

^93` ]krx/ F1= D mxps0gl�xvlrq dssurdfk wr prgholqj fuhglw ulvn dqg
ydoxlqj ghidxowdeoh vhfxulwlhv/ suhsulqw/ 4<<:1


